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1. INTRODUCTION

To study the asymptotic behavior of the analytic continuation of certain power series,
Edouard Le Roy considered the following example [18, Section 6]

[eS)
Zk

(k)

(1.1)

v >0,
k=0

when z — oo along the real axis. Recently, S. Gerhold [6] and, independently, R.
Garra and F. Polito [5] introduced a generalization of (1.1)) by

n

(1.2) F) =Y m (2 €C,a,B,7 € C,R(a) > 0),
n=0

which turns out to be an entire function of the complex variable z for all values of
the parameters such that ®(«) > 0,8 € R and v > 0.

Obvious specifications of parameters lead to a set of well-known special functions
like the Mittag-Leffler E, = Y

a,l

two parameter Mittag-Lefler E, g = F(ilg7 multi-

parameter Mittag-Leffler function (Eg 5= Fc(jg, ~v € N) and their subsequent special

cases.
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Various geometric properties has been studied for different classes of special functions
such as Mittag-Leffler function, Wright function, hypergeometric functions, Bessel
functions, Fox-Wright function and some other related functions are an ongoing part
of research in geometric function theory. We refer to some geometric properties of
these functions [I} [17} [16], [27) 28], [13], [T4] [3], [7, 8 [2], [IT, 12] and references therein.

Let H denote the class of all analytic functions inside the unit disk D = {z :
|z] < 1}. Suppose that A is the class of all functions f € H which are normalized by
f(0) = f(0) — 1 = 0 such that f(2) =2+ > ,o,axz”, for all z € D.

A function f € A is said to be a starlike function (with respect to the origin 0)
in D, if f is univalent in D and f(D) is a starlike domain with respect to 0 in C.
This class of starlike functions is denoted by S&*. The analytic characterization of &*

is given [3] below:

Zf’(2)> .
§R<f(z) >0VzeD <«— feS§".

If f(2) is a univalent function in D and f(D) is a convex domain in C, then f € A
is said to be a convex function in D. We denote this class of convex functions by /.

This class can be analytically characterized as follows:

§R<1+ Zf,/;g)) S0,V2€D «— fek.

It is well-known that zf’ is starlike if and only if f € A is convex.

A function f(z) € A is said to be close-to-convex in D if 3 a starlike function g(z)

in D such that
A
9(2)

for all z € D. The class of all close-to-convex functions is denoted by C.

A function f € A is said to be uniformly convex (starlike) if for every circular arc
~ contained in D with center ¢ € D the image arc f(7) is convex (starlike w.r.t. the
image f(¢)). The class of all uniformly convex (starlike) functions is denoted by UCV
(UST) [20]. In [10, @], A. W. Goodman introduced these classes. Later, F. Ronning

[20] introduced a new class of starlike functions S, defined by
S,(D):={f: f(z) = 2F'(z), Fe UCV}.

The main focus of this paper is to study certain geometric properties including

univalency, starlikeness, convexity and close-to-convexity in the open unit disk of
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the normalized Le Roy-type Mittag-LefHler function defined by
F3(2) = 0B FL)(2)
(1.3) s re) 1" N
= =: A k.
e | I R
Geometric properties of normalized form of Mittag-Leffler function F&l)ﬁ (2) :=Fq5(2)
were discussed by Bansal and Prajapat in [I]. Recently, in [I7],[16] geometric properties
of normalized form of F, g(z) were studied, which improve some results of [I]. The
above results inspire us to study the geometric properties of Le Roy-type Mittag-
Leffler function and improve the results available in the literature.

Each of the following definition will be used in our investigation.

Definition 1.1. (Mitrinovié¢ and Vasi¢ [I5]) A sequence of real numbers {a,}, n =

0,1,2... satisfying the condition
(1.4) 20p41 < ap + apto, n=0,1,2...

is called convex sequence. Putting Aa, = a, — @41 and A2a, = Aa, — Aa,i1.
Condition (1.4) may be written as A%a,, > 0,n = 0,1,2... It is well known that If
f(z) is convex function (of real variable) for = > 0, then the sequence a,, = f(n),n =

0,1,2... is convex.

Definition 1.2. An infinite sequence {b,}~ of complex numbers will be called a

subordinating factor sequence if whenever

(1.5) f2) =2 anz"

is analytic, univalent and convex in D, then
(1.6) {Z anbn2™ 2 € D} C f(D), (a1 =1).
n=1

For more information on the various geometric properties involving subordination
between analytic functions, we refer the reader to the earlier works [3, 23] and also

to the references cited therei

2. USEFUL LEMMAS

In order to prove our results the following preliminary results will be helpful.
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Lemma 2.1. Let min(a,v) > 1,8 > 0 such that a + § > 2. Then the following

inequality

(2.1) FOL(2) < 2+ 200 (e* — 1),
holds true for all z > 0, where

re) 1"
2.2 60 — {} :
22 = [Ta+5)

Proof. First, we prove that the sequence

[ Tty
(2.3) T = { [C(ak + B)]7 }k>1 ’

is decreasing. Let min(«,y) > 1 and 8 > 0, then we have
zhy1 _ (4 D[ (ak + B)]
v, [D(ak+a+ )
(k+D[(ak+B)]" _ k+1 _ k+1
= [Dlak+B8+1D]  (ak+B)Y ~ ak+ 8

It is easy to proved that the function (&) defined by

(@) =(a=-1)f+p-1,

(2.4)

is non-negative for all @ > 1 such that o + g > 2.
This in turn implies that the sequence (xy)>1 monotonically decreases. Therefore,

for z > 0 we get

Faupe) _y, §o IO+ 1)
z = [C(ak+ )] k!
R AN
ST+070> 5 =1+04(* = 1),
k=1
This proves (2.1). O

Lemma 2.2. ( Ozaki [19]) Let f(z) = 2 + > poy ApzF. If 1 < 245 < ... < nA, <
m+1)A1 <...<2,0or1>24,>...>2nA, > (n+1)A,11 > ... >0, then f is

close-to-convex with respect to —log(l — z).

Lemma 2.3. [11] Let f € A and |(f(2)/z) — 1| < 1 for each z € D, then f is
univalent and starlike in Dy o = {z : 2] < 1/2}.

Lemma 2.4. [12] Let f € A and |f'(z) — 1| < 1 for each z € D, then f is convex in
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Lemma 2.5. [24] If f € A and satisfy
2f'(2)
f(z)
where M is a solution of the equation cos M = M, then R(f’'(z)) > 0.

-1 <M, zeD,

Lemma 2.6. [25] Assume that f € A.

2f"(2)

(1) 4 ( ]
(2)

f'(z)
Lemma 2.7. (Féjer [@]). If A, > 0, {nA,} and {nA, — (n + 1)A,41} both are

( )
nonincreasing, then the function f(z) = z+ Y, A,z™ is in S*.
n=2

<f then f € UCV (D).

‘< , then f € Sp(D).

Lemma 2.8. (Féjer [4]). Let {a,} be a sequence of nonnegative real numbers such

that a1 = 1, and that for n > 2 the sequence {a,} is a convexr decreasing, i.e.
ay—ag > -2 ap —appr = -0 2 0.

Then
o0

(2.5) R <Z anz"1> >1/2, zeD.
n=1

Lemma 2.9. (Wilf [29]). The sequence {b,}{" is a subordinating factor sequence if
and only if

(2.6) m{1+22bkzk}>o,zep.
k=1

3. MAIN RESULTS

Theorem 3.1. Let min(a,y) > 1 and 8 > 0 such that a+ 8 > 2. Then the following
assertions hold true:

(a). If (e — 1)[I'(B)]” < [T(a+ B)]", then the function IFS;(Z) is starlike in Dy /5.
(b). If2(e = [I'(B)]" < [['(a + B)]" and B > 2, then the function F( ") 5(2) is convex
m Dl/Z'

Proof. (a) In view of (2.1]) and straightforward calculation would yield

F(’Y) (
2 < ZAk+1|z|

gFEZ}g( )1
S 9(()1)6(6 - 1)5
36
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for all z € D. Hence, under the given hypotheses we obtain

FO(2)

z

-1 <1, zeD,

and consequently the function Ffjé(z) is starlike in D, /5 by the means of Lemma
(b) A simple computation becomes
/ oo
(Ffj,)g(zo — 1= (k+1)Ap2*
k=1

_Ooykz
=2 ;

(3.2) )

where (yi)x is defined by
[CB)PT(k+2)

(33) Yk = [ (ak+ﬂ)]'\f y - 1.
We define the function fy; (&) by
)y _L(E+2)
Jor© = ag P £ 7
Therefore
(3.4) (FOH©) = FOUO(E +2) — ari(at + B)).

Under the given conditions, we deduce that ¥ (af + 8) > ¥ (£ + 2) and consequently
the function fé”g(g) is decreasing on [1,00). This implies that the sequence (yx)k>1
monotonically decreases for all « > 1,8 > 2 and v > 1. Therefore
/ oo
(3.5) ‘(Fg)ﬁ(z)) - 1‘ < % —yi(e— 1).
k=1 """
This implies that

!/
‘(]F((;’)ﬁ(z)) — 1‘ <1, zeD.

Hence, the function Ffj)ﬁ(z) is convex in Dj,; by Lemma This completes the
proof of Theorem [3.1] O

On setting a = 1 and v = 2 in Theorem [3.1], we get the following results as follows:

Corollary 3.1. The following assertions hold true:
(a). If B > /e — 1, then the function F?g(z) is starlike in Dy /5.
(b). If B8 > 2, then the function Fﬁ);(z) is convex in Dy y.

Remark 3.1. Theorem indicates that the function Fy g(z) is convex in D /o if

B > 2. Tt concludes that our result improve the result proved in [I, Theorem 2.4 (b)].
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Theorem 3.2. Suppose that o, 8,7 > 0 such that [['(a + B)]Y > 2[T(5)]", then the
function IF((J%(Z) is close-to-convex with respect to starlike function —log(1—z) in D,

and consequently it is univalent in D.

Proof. To prove that IF((JEB(Z) is close-to-convex with respect to starlike function
—log(l — z) in D, it is sufficient to prove, in view of Lemma that the sequence
{kAg}r>1 is decreasing. A simple computation gives

BA — (b + D) A = k { LB LB )]7

raE ) ¢ [rsaw
N [réﬂ(fﬂﬁm Kr&(ﬁ ﬁﬁ) /3)) - Z 1} '

Fgf(;a ). a > 0 is increasing we deduce that

By using the fact that the function z —

{(ris3m) o

is increasing provided that a > 0 and v > 0, on the other hand the sequence {%}kzl

the sequence

is decreasing sequence. This implies that the sequence

(i o= (a1 ¢ m)W Sl

is increasing and consequently

Lo+ B)* — 20 ()]
e ’

which is non-negative under the given hypotheses. Hence

Vg > v =

kAk — (k + I)A]H_l >0

for all k& > 1. This completes the proof of the Theorem [3.2] O

Corollary 3.2. For o> 1,7 >0 and 8 > 2'/7, then the function F((J)B(Z), close-to-

convex with respect to starlike function —log(l — z) in D.

Theorem 3.3. Let a > 0,5 > 0,7 > 0. Assume that any one of the following
conditions (Hy),(H{) or (H?) hold true:

0. min(a,8,7) > 1,07 > 2,

(
(Hy):q (). [P (e—=1) < [[(a+B)
(ii5). oL 4 HetAOT <,

38
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(¢). min(a,y) >1,a+ 8> max(4%,2),
(H{):{ (i). The function L] 5: 2+ (2 +1)* = z(az + )7 is decreasing on [1, 00),
(idi). 07 <L,

(H?): [D(a+ B = 4[L(B))",

Then the function F V)ﬁ(z) is starlike in D.

a’

Proof. First we assume that the hypothesis (H;) holds. By using the triangle
inequality and using the fact that the sequence (z,,) is decreasing (see the proof of
Lemma, then for all z € D we get

FE| ™ e g S T
> =z —Z kt+1]2]" > 1= [I(B)] ZE
>1-[D(8)] % =1-67%(e—1)>0,
k=1

where 9((;% and (xy) are defined in 1) and 1) respectively. On the other hand,

we have

() o0
]Fa (Z) ByzF
(3.7) (Fh(2) - == =3 = z€D,
k=1
where (By) is defined by
.
P (V) L

Clak+ 8 7~
The sequence (By)i>2 is monotonically decreases for all @ > 1,8 > 2 and v > 1 such

that ay > 2. Indeed, for this we consider the function g;’é’ P (z) defined by
rE+1)

() _
fos® = Fagvar ¢~ °
Then
(3.8) (FO©) = £7)(e) §+w<f+1>—aw<a§+/3> .

Since the digamma function () is increasing on (0,00), then for @ > 1,8 > 2 and

v > 1 we have

Y(ag+B) > Pp(E+2), £> 1.
With the aid the functional relation

w<5+1>=¢<s>+§,§>o
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combining with the above inequality and (3.8]) we thus get

2—ay ay
B9 DO <0 [a-anue+ 220 - ] <o
for all £ > 2. Consequently, the sequence (Bj)r>2 is decreasing. It follows that
() 00
Fo5(2) B
a,3 k
FOy () - L=<y =
k=1

(3.10) .
1
gBl+BQZﬁ = B) + By(e — 2).
k=2

Keeping (3.6) and (3.10) in mind, we get
AFHE) 1| B+ Ba(e—2)

(3.11)
ngg(z) 1— efjg(e —1)

<1,

for all z € D, under the given hypothesis. This implies that

for all z € D which implies that the function FEJ/)B(Z) is starlike in D under the

conditions (H;). Now, we assume that (H{) is valid. Since o > 1 such that a+3 > z*

we obtain
(3.12) [[(ak + o+ B)]" > [C(ak + 1+ 5)]".

Thus, we get
Biy1 < (k+1)?
B, — k(ak + 5)7 ’

Moreover, since the function z +— L, 5(z) is decreasing on [1, 00) such that L, 4(1) <

0 we conclude that the sequence (By)r>1 is decreasing. Therefore, we have

) /
2(F,) 5 (2 B
(3.13) ((“/7)5())1|§(’y)1<1’
F,'5(2) 1-0,5(e—1)

for all z € D. Finally, we suppose that the hypothesis (H?%) is valid. In view of Lemma

we have to show that both {kAx} and {kAr — (k + 1)Ak+1} are nonincreasing

sequences for all n > 1. In Theorem we have already proved that {kAx} is

nonincreasing sequence for all o,y > 0 and [I'(a + 5)]” > 2[I'(8)]”. Now it remains

to show that {kAx — (k + 1)Ak41} is nonincreasing or {kAy} is convex sequence

(see Definition [I.I)). That is kA — 2(k + 1) Ajiq + (k + 2)Ajp2 > 0 (for all k > 1).
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Neglecting the third term and taking difference of first two term, i.e.

K AR — 20k + 1) Ap 1 = k[L(B)] [(F(r(amm )”_2<k+1>]

[T (ak + B)]7 a(k—1)+B) k
As the function z — F(FZ(JZF)“ ), a > 0 is increasing and hence the sequence
I'(ak + 5) )7}
3.14 S L o
(44 {(Gr==cr) B

is increasing provided that a > 0 and v > 0, on the other hand the sequence

{M} is decreasing sequence. This implies that the sequence
k>1

(3.15) {urtrzr = {(my - 2<k]2_1)}k21

is increasing and consequently

[C(a+ B)1* — 4L (B)*
NG

which is non-negative under the given hypotheses. Hence

Up > Uy =

kA, — 2(/6 + 1)Ak+1 + (k + 2)Ak+2 >0

for all £ > 1. This completes the proof of Theorem O

Corollary 3.3. If 8 > /e =~ 1.6487212707, then the function FEQ%(Z) is starlike
on D.

Proof. Upon setting o = 1 and v = 2 in the hypotheses (H{) of Theorem
Then, the condition ” (H{) : (i)” and ” (H;) : (#4)” hold true for all 8 > 1. In addition,
the condition " (H] : (i4)” holds true if and only if 82 > e. O

Corollary 3.4. If 5 > 1.29, then the function F g(2) is starlike on D.

Proof. Specifying « = 2 and v = 1 in the conditions (H7) of Theorem Then the
conditions " (Hy) : (¢)” and ”(Hy) : (#4)” are valid for all § > 1. Using mathematical
software, we can verify that the condition ”(H;) : (¢44)” holds true for all 3 > 1.29. O

Remark 3.2. In [I, Example 2.1], the authors proved that the function Fs 5(2) is
starlike in D if 3 > (—1 4+ +/17)/2 =~ 1.5615... Further, according to [T, Theorem
2.2], Fy 5(2) is starlike in D if 8 > (3 + /17)/2 = 3.56155. Moreover, [I7, Theorem
6] indicates that Fo 5(2) is starlike in D if § > 3.214319744. Hence, Corollary
provides results for Fy g(z) , better than the results available in [I, Theorem 2.1,
Theorem 2.2] and [17, Theorem 6].
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Theorem 3.4. Let a, 8 > 0 and ~y be positive real numbers, and also let the following
conditions (H3) or (H3) be satisfied:
(i) a>1,8>3ay>2,

(Hy) : { (1) 2(%? }]Z[F( 1);( 2)[[F((g]j B,
(@) Taimr T rearpr - < L

(Hy) : [C(a+8)]" = 8[L(B)],

then the function ngg(z) is convex function in D.

Proof. It is well known that f(z) is convex if and only if zf/(z) is starlike. So in

order to prove IE"((;% (z) is convex it is sufficient to prove that the function
G(W)( ) = (F(W)( )Y

is starlike. We have

(3.16) (GU%(2)) —Gh(2) /2 =

where (Ck)g>1 is defined by
PAPAT(k+2)
[T(ak+6)" 7~

Next, we define the function ggg, by

Cy =

§r(€+2)

M ¢y —
%8 = Tag+ B0

;€21

Thus we get

(@00 = 6 E

Again, by using the fact that the digamma function is increasing on (0, 00) we have

Plag+B) 2 (€ +3)

forall ¢ > 1,a > 1 and 8 > 3. Keeping in mind the above relations we obtain

6L <)) [

<0,

e+ - awmew)] |

2—ay 1—ay ay
3 E4+1 &£+2

. av)w(é)]

for all £ > 2 and ay > 2. This implies that the sequences (Cy)ir>2 is decreasing.
Then, by (3.16]) we get

= C:
(3.17) j(@%(z))’ . Gggg(z)/z‘ <Ci+Y 2 =CitGofe-2),
k=2
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We see that the sequence (yx)x>1 defined in (3.3) is also decreasing under the conditions
(Hz). Therefore, by (3.2)) we get
o0 k
Ykz
G ()2 = |FQ ()| > 1= 22
(3.18) — K
>1—yi(e—1).

Having (3.18)) and (3.17) in mind we obtain

2G)(2)) Cr + Cale—2)
(3.19) 7((@5],};(2) < T =1

The above inequality needs to be less than 1, this gives the conditions (Hgs) : (ii7).

2 (v) 2))
%< (G%a( ) ) -
(Gap(2)

for all z € D. This implies that the function G(sz;(z) is starlike on D and consequently

Thus we get

the function ]Fg)ﬁ(z) is convex on D under the conditions (Hz). Now, assume that the

condition (H1) is valid.

T (2) =2 3 szkZ'Z OO~Zk
(3.20) G, 5(2) = +};k[r(a(k—1)+ﬂ)] ' +k2=23k .

In view of Lemma we have to show that the sequence {kzék} is both decreasing

and convex for all £ > 1.

(3.28By — (k+ 1) Bysr — K[I(B)]" K I'(ak + B) ))V _ (’HUT .

[C(ak + B)] [\T'(a(k—1)+ 2
Now using the same argument as in the proof of Theorem under the conditions
(H}), we have kBj, — (k+1)Bj;1 > 0 for all k > 1 under the condition [['(a+ 38)]” >
4[T'(B)]7, which is true under the hypothesis of Theorem Now it remains to show
that {kBy} is convex sequence. That is kBj, — 2(k + 1)Bjy1 + (k + 2)By12 > 0, for
all k > 1. Neglecting the third term and taking difference of first two term i.e.
~ ~ k2[0(B)]Y I'(ak T2(k+1)?

k=206 DB = g O (s 1) o

which is non-negative under the hypothesis that [I'(« + 8)]7 > 8T'(3)]. O

If we set (« = 1,7 = 2) and (& = 2,y = 1) respectively in the second hypotheses
of Theorem [3:4] we get the following results as follows:

Corollary 3.5. The following assertions hold true:

(a). If B > 2v/2, then the function Ffé(z) is convex in D.

(b). If B > _1%‘/@ ~ 2.3722..., then Fy g(2) is convex in D.
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Remark 3.3. Recently, the authors [I7, Theorem 7| proved that F, g(2) is convex
in Dif a« > 1 and B > 3.56155281. Therefore, the second assertions of Corollary

improve the results in [I7] for a = 2.

Theorem 3.5. Let o > 1,8 > 1,7 > 1 such that ary > 2. Also, suppose that the

following conditions

1+ Me - D)TE] | 4e-2[TB] _
[C(a+B)] [T(2a+ B)]" ’

are valid, where M is a solution of the equation cos(M) = M. Then

» <[ng}3(2)}'> > 0.

Proof. The proof of this result go along the lines introduced in the proof of
Theorem [3.3] when we used Lemma [2.5] such that the function

LA (e~ 1) < [P(a+ A7 and

0 + Bsy(e - 2)

o <M,
1-6 a’fﬁ (e—1)
where M is a solution of the equation cos(M) = M, we omit the details. O

Theorem 3.6. Let « > 1,5 > 1,v > 1 such that ay > 2. Also, suppose that the

following conditions

c+ DB, 8-
Ta+dp ' [Ca+p)

LB (e —=1) < [I(a+ P and <1,

are valid. Then

F()(2) € S,(D).

Proof. The proof of this result is very similar to the proof of Theorem [3.3] when
we used the part (2) of Lemma such that

95)1)3 + B2(6 — 2)

<1/2,
1-6)(e 1)
thus, we omit the details in this case also. O

Theorem 3.7. Leta > 1,8 >1 and v > 1 such that a+ 8 > 3. In addition, assume
that the following conditions hold true:

(6e =2)[L(B)]" < [F(a+H)]7.

Then the function IF((JEB(Z) s uniformly convex in D.
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Proof. Simple computation gives

> Dkzk
(3.22) (FO)(2)" = :

k!
k=0

where the sequence (Dy)g>0 is defined by

~_ [T@PT(k+3)
De=trak v oy F2°

We define the function hg% defined by

B I +3)
C(ag + B+ a)]

7,f>0.

Therefore

(h5() = h{H(E) [W(E +3) — avplag + B+ )] & > 0.
Again, by using the fact that the digamma function is increasing, we deduce that the

function hfj)ﬁ(f) is decreasing on [0,00) for all @« > 1,8 > 1 and v > 1 such that
a + > 3. This implies that the sequence (Dy)r>0 is decreasing. Then

2e[l(B)]"
3.23 ‘ FO) ()| < 22220
( ) ( a,ﬁ(z)) = [F(OZ + 5)],\/
We observe that the sequence (yx)r>1 = (Di/(k+2))r>1 is also decreasing under the
conditions of this Theorem. Then implies that the inequality (3.18)) holds true. Now,

bearing in mind the inequalities (3.18)) and (3.23)) we conclude

ze€D.

2(F(2)" 200% .
FEDL () |~ 1—2(e—1)87)

where 9((1'% is defined in . So, for the uniformly convex of the function Fg% (2)
the above bound needs to be less than %, by the means of part (1) of Lemma
This gives the condition
(6e —2)00) <1,
or equivalently
(6e = 2)[['(B)]" < [F(e+ B)]".

With this, the proof of Theorem is complete. O

Specifying @ = 2 and v = 1 in Theorem [3.7} we conclude the following result as

follows:

Corollary 3.6. If3 > =itv2de—T V224H ~ 3.3157163, then the function Fa g(2) is uniformly
convez in D.
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Remark 3.4. In [16, Theorem 2.6], Noreen et al. proved that the function Fs 5(2) is
uniformly convex in D if 5 > 9.11125. Hence, Corollary improves Theorem 2.6 in
[16].

Theorem 3.8. For a,y > 0 and [['(a + B)]7 > 2[I'(8)]” we have
(2

[(
FO )
(3.24) %( “i )

Proof. In view of Lemma it is sufficient to prove that the sequence {A}r>1,

1
>—, ze€D.
B z

where Ay is defined by (|L.3]), is decreasing and convex.

(3.25) Ap = Apr = (p(ol:ﬁ ﬁ))7 Kl“(ol;((kaﬁ;ﬁ—i ﬁ))V N 1]

and
(3.26)
INE)) )7[( I'(ak + pB) )7 ( I'(ak + B) )”}
Ap—2A Apyo = —92 o\ AR )
281t Ant2 (F(ak+6) T(a(k— 1)+ f) "\Tak+)+5)
Now using the same argument as in Theorem A — Agy1 >0 for all n > 1 under
the condition [['(« 4+ 3)]” > [[(B)]”, which is true under the hypothesis of Theorem

Similarly Ay — 24,41 > 0 for all k& > 1 (neglecting the third term) under the
hypothesis that [['(a+ 8)]7 > 2[I'(8)]". O

Corollary 3.7. For o,y > 0 and [I'(a + )] > 2[[(8)]?, the sequence
{(rts) ).
L(an+ B) el
is a subordinating factor sequence for the class K.

Proof. The result can be easily proved using Theorem and Lemma SO we

omit details here.

Theorem 3.9. For a,y > 0 and [I'(a + 8)]7 > 2[I'(B)]Y
1
(3.27) ;}%{(}Fg},(z))'} >3, z€D.
Proof. From (1.3)), we get
(3.28) FEOL () =1+ Bkt

where (By)y is defined in (3.20), and proceeding similarly as in Theorem [3.8) we
achieve the desired result by the means of Lemma 0
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Corollary 3.8. For o,y > 0 and [['(a + 8)] > 2[[(B)]?, the sequence

{(n + HIB)”
(C(an + 5))

}oo
n=1

is a subordinating factor sequence for the class K.

Proof. The claim follows by the means of Theorem [3.9] and Lemma [2.9] hence we

omit details here.

Remark 3.5. The following are graphs of the functions IF% (2),Fy z(2) and Fy 5 (2)

over D. These figures depict the validity of our results.

iy ‘ S
= N\

Yy Yy

A  Ims

o

05 -10 05 00 05 10 -10 05 00 05 10

e 02 T : :
Mapping of Fg%(z) over D Mapping of F, 1 (z) over D Mapping of F, 5 (z) over D
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