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Abstract. Let P(z) be a polynomial of degree n which does not vanish in |z| < 1, it was
proved by S. Gulzar [Anal Math 42, 339-352 (2016). https://doi.org/10.1007/s10476-016-0403-7]
that
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for every B € C with |[8] < 1,1 < s < nand 0 < p < oo. In this paper we extend the above
result to the growth of polynomials and also generalize the above and other related results in this

direction.
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1. INTRODUCTION

Let P,, denote the space of all polynomials of degree at most n over the field of
complex numbers. The subject of inequalities for polynomials and related classes
of functions plays an important and crucial role in obtaining inverse theorems in
Approximation Theory. The extremal problems of analytic functions and the results
were some approaches to obtaining the classical inequalities are developed on using
various methods of the geometric function theory are known for various norms and
for many classes of functions such as polynomials with various constraints and in
various regions of the complex plane. A classical result due to Bernstein [4] is that,
for two polynomials P(z) and T'(z) with degree of P(z) not exceeding that of T'(z)
and T'(z) # 0 for |z| > 1, the inequality |P(z)| < |T(z)| on the unit circle |z| =1
implies the inequality of their derivatives |P’(z)| < |T'(z)| on |z| = 1. In particular,
for T'(z) = 2" max,|— |P(z)| gives a famous Bernstein inequality namely, if P(z)

is a polynomial of degree n then

(1.1) max |P'(2)] < nmax |P(2)].

On the other hand, concerning the growth of polynomials we have for P € P,
and Q(z) = 2"P(2), then |Q(2)| = |P(z)| for |z| = 1. This implies |Q(z)| <
max|, - |P(z)| for |z| = 1. This further implies, by using maximum modulus
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theorem, that |Q(z)| < max, =1 |P(z)| for 2| < 1 or equivalently |z"P(1)| <
max|, =1 |P(z)|. If we take z = €’/R where § € [0,27) and R > 1, we get
(e JR™)P(Re?)| < max|,— |P(z)|. Hence, the growth estimate for |P(z)| over
a large cricle |z| = R in comparsion with its maximum modulus over the unit circle

|z| =1 is given by

These inequalities and are related with each other and have been the
starting point of a considerable literature in polynomial approximations and these
inequalities were generalized and extended in several directions, in different norms
and for different classes of functions.

Define the standard Hardy space norm for P € P,, by

1/p

27
1 4
1Pl = (5 [IPEOras) . o<p<o
0

and the Mahler measure by
2

1 .
1Pl =exp (- [ toelP(eian).
Y[
0

It is well known that lim,_.o1 || P||, = || P|lo. We also note that the supremum norm
of the space H® satisfies ||P||oo := lim, o || P||, = max; = [P(2)].
It P € P, then

13) POl <nlPEl,.

WV
—_

and for R>1

(1.4) I1P(R2)[l, < B* [ P(2)] p>0.

P>
The inequality is due to Zygmund [16], whereas the inequality is a simple
consequences of a result due to Hardy [8]. Arestov [2] verified that remains
true for 0 < p < 1 as well. Also inequalities and are further generalized
by Aziz and Rather [3] as

(1.5) HZP'(Z) + 5%P(Z)HP <nll+ g‘ IPGIL,,  p>0,
and
00 [P es(52) P <l s (5) e, >0

respectively for every 8 € C with |§| < 1 and R > 1. For p = oo, inequalities (1.5)
and (1.6) are due to Jain [I0].
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The inequalities (1.3)) and (1.4) can be sharpened if we restrict ourselves to the
class of polynomials having no zeros in |z| < 1. In fact if P(z) # 0 for |z| < 1, the
inequality (L.3)) can be replaced by

PG,

(1.7) 1P ()], < 0<p< oo,
T
whereas the inequality (1.4) can be replaced by
1+ Rz,
(1.8) I1P(R2)]l,, <HW I1P()l,,  0<p<oo.

For p > 1, inequality (1.7) is due to de Brujin [6] and inequality (1.8) is due to
Boas and Rahman. Rahman and Schmeisser [14] extended both for 0 < p < 1. For
p = o0, inequality was conjectured by Erdos and later verified by Lax [12] and
inequality by Ankeny and Rivlin [I]. Inequalities and are further
generalized by Aziz and Rather [[3] corollary 5, 6] as

/ " 3 1Pl
(1.9) +P (Z)+B§P(Z) pgnH(l+2>z+2 pm, 0,
and
P +5 (232 P
p
. R+1 R+1\"|| PGl
(1.10) H(R +ﬁ< 5 >)z+1+5( 5 ) ,,H1+z||2’ p>0,

respectively for every 8 € C with |§| <1 and R > 1. For p = oo, inequalities
and are due to Jain [I0] which were further generalized by Hans and Lal [9]
for s derivative of polynomials. Recently S. Gulzar [7] obtained an L, version of
Hans and Lal [9] results and proved following theorems:

Theorem A. If P € P, then for f € C with |5] < 1,1<s<m,and 0 < p < o0

(1.11) | 1 + @, -

2P (2) +5%P(Z)H < n
P

where ns =n(n—1)(n—2)...(n —s+1).
Theorem B. If P € P,, and P(z) does not vanish in |z| < 1, then for g € C with

IBl<1,1<s<n,and 0 < p <0
P(z

(1.12) ’ R +Z||

2 PO(z) + B2 P(:)| <
p

where ngs =n(n—1)(n—2)...(n —s+1).

2. MAIN RESULTS

In this paper, we first present the following interesting result which is compact

generalization of inequalities (1.3) — (1.6) and (1.11)).
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Theorem 2.1. If P € P,, then for $ € C with |5 < 1,0<s<n, R>1, and
0<p<x@

2P (Rz) + B(R+ 1)"”%%)
p
(2.1) < s1C(n,s) |R"™ + (R + 1)"—82% 1P(2)]l, -

The result is best possible and equality in (2.1) holds for P(z) = ¢z™, ¢ # 0.

For taking R =1 in (2.1) we obtain (1.11)). The following result is obtained by
letting p — oo in (2.1).

Corollary 2.1. If P € P, then for € C with |8] < 1,0<s<n, R>1, and
0<p<x@
_s8lC(n,s)

ZPY(Re) + SR+ 1"

P(z)

oo

(2.2) < S0, ) [ + (R+ 1" 2| P(2)..

The result is best possible and equality holds for P(z) = cz™, ¢ # 0.

Taking 8 = 0 in ([2.1)), we get the following compact generalization of inequalities
of (T3) and (T).
Corollary 2.2. If P € P,,, then for0<s<n,R>1, and 0 < p <

(2.3) ‘ 2P (Rz)

< s!C(n,s)R™™° ||P(z)||p )

P
For taking both s =1 and R =1 in , we get inequality and for taking

s = 0, inequality reduces to .

Remark 1. Inequality can be obtained by putting s =1 and R =1 in

and for s = 0, inequality reduces to (|1.6)).

Next, we present the following compact generalization of the inequalities , ,

7 and '

Theorem 2.2. If P € P, and P(z) does not vanish in |z| < 1, then for § € C with
B/ <1,0<s<n, R>1,and 0 < p< 0

(2.4)
PO (R2) + (R4 12
p
YA B 1P,
< slC(n, R R+1 — R+1 —| —.
<s (nS)K HREDT S 2+ (R o | T2l

The result is best possible and equality in (2.4) holds for P(z) = az™ + b, |a|] =
|b| = 1.
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Remark 2. By letting p — oo in (2.4)), we obtain a result due to Jain [[LI],
Theorem 3]. Inequality can be obtained by putting R =1 in .
The following is compact generalization of inequalities and is obtained
by putting 8 =0 in .

Corollary 2.3. If P € P,, and P(z) does not vanish in |z| < 1, then for 0 < s < n,
R>1,and0<p<o0

a*(1)
dzs

1P,

2*PU)(Rz) .
p 1+ 20,

< s!C(n, )
P

(2.5) ‘

’RTL—SZ +

For s = 1 and R = 1, inequality (2.5) reduces to (1.7) and inequality (1.8) is
obtained by putting s = 0 in (2.5). Also for s =1 and R = 1 in (2.4)), we obtain
(1.9) and inequality (1.10) can be obtained by putting s = 0 in (2.4)).

Finally, we establish the following result for self-inversive polynomials.

Theorem 2.3. If P € P, and P(z) is a self-inversive polynomial, then for 5 € C
with [B| <1,0<s<n, R>21, and0 < p < o0
(2.6)

PO (Rz) + (R + 1) 20

1P,

< s!lC(n, ) .
p 11 +2,

p
‘ (R"_S +(R+ 1)"_52ﬁn) z+ d;g) +(R+ 1)"_52%

If we let p — oo in (2.6)) , we obtain the following result:

Corollary 2.4. If P € P,, and P(z) is a self-inversive polynomial, then for R > 1,
and g € C with |8 <1
(2.7)

2 PO(Rz) + (R + 1)“%%%)
S'C(TLS) n—s n—s ﬁ ds(l) n—s 5
< 2D s i e ay= || 20 4 vy S e
3. LEMMAS

For the proof of these theorems, we need the following lemmas. The first lemma
is the following well known-result ([[I3] Theorem 14.1.2 and its proof , corollary
12.1.3] and [[6] Theorem 1 and its proof]).

Lemma 3.1. Let F € P, and let P be a polynomial of degree at most n, such that
|P(2)] < |F(2)| for |z| = 1. If F(2) # 0 for |z| <1 (resp. |z| > 1) and for every
z € C and every a, P(z) # ¢'“F(2), then
() IPG)] < [F()] for |2] < 1 (resp. |2] > 1),
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1 and
1.

(ii) F(z) + BP(2) #0 for |z] <1 (resp. |z| > 1) and B € C with |f|

<
(111)P(z) + AF(2) # 0 for |z] <1 (resp. |z| > 1) and X € C with |\ >

Lemma 3.2. If P € P, and P(z) have all its zeros in |z| < 1, then for every

R>1, and|z| =1,
R+1\"
pa) > (554 1P,

Proof. Since all the zeros of P(z) lie in |z| < 1, we write
n
P(z) =c H (z —rje),
j=1

where 7; < 1. Now for 0 < 0 < 27, R > 1, we have

R? 412 — 2Rr;j cos(0 — 6;) 12
| 1472 —2rc08(0 — 0;)

: 1
S Bl N G e G T
1—|—’I“j 2

P ) (5

j=1

Ret? — T e

O

Hence
Reie _ ,,,.jeiej

R

P(Re')
‘ P(e')

for 0 < 6 < 2. This implies for |z] =1 and R > 1,
R+1\"
pra) = (B34 P,
which completes the proof of Lemma [3.2] O
By applying lemma [3.2] to the polynomial P*(z), (1 < s < n), we obtain

Lemma 3.3. If P € P,, and P(z) have all its zeros in |z| < 1, then for 1 < s < n

R+1ns

‘P(s)(Rz)‘>< ’P(s)(z)‘, R>1 and |2|=1.

Lemma 3.4. If P € P,, and P(z) have all its zeros in |z| < 1, then for 0 < s < n,
s!C(n, s)

s p(s) >
2 PO(z)] > 2T

|P(z)], R>1 and |z]=1.

The above lemma is simply consequences of repeated application of Turdn theorem
[15].
Lemma along with lemma (3.3)) leads to following lemma:

Lemma 3.5. If P € P, and P(z) have all its zeros in |z| < 1, then for 0 < s < n,
_sslC(n,s)
2'IL
and for every B € C with |B| < 1, the zeros of polynomial
s s n—ss!C(n,s
2*P)(Rz) + B(R + 1)"—=26(m3) p( )
69
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lies in |z| < 1.

The second part of above lemma is the consequences of lemma [3.1]

The next lemma is due to Jain [IT].

Lemma 3.6. Let F(z) be a polynomial of degree n having all its zeros in |z| < 1
and P(z) be a polynomial of degree not exceeding that of F(z) such that
[P <IF(2), [zl =1,
then for R>1,0< s < n, and |f| <1
s s n—ss!C(n,s
2 PO(R2) + B(R+1)"* 25 P(2)]| <

zSF(S)(Rz)+ﬂ(R+1)”75%]:(2)’ for |z[ > 1.

The next lemma follows immediately from lemma by taking F(z) = Q(2)

where Q(z) = 2" P(1/%).

Lemma 3.7. If P € P, and P(z) does not vanish in |z| < 1, then for every 8 € C
with [B] <1,0<s<n, and R>1

'02(”)13()’

_¢s!C(n,s)
271

(3.1) 2P (Rz) + B(R+1)"

< |[2*QW(R2) + B(R+1)" Q(2)

forlz| > 1,

where Q(z) = 2" P(1/Z%).
Lemma 3.8. If P € P,, and P(z) does not vanish in |z| < 1 and Q(z) = 2" P(1/Zz),
then for every B € C with |8 <1,0<s<n, R>1, and « real

_s!C(n,s)

(ZSP<S> (Rz) + B(R+1)" o

P(z)) ¢o 4 " MAZ) A0 for |z <1,
where M(z) = 2°Q®) (Rz) + B(R + 1)”75&6;(%5)@(2)'

Proof. Since P(2) = Y 7_ja;2’ does not vanish in |2| < 1, therefore by lemma
B.7 for every 3 € C with |8] < 1 and |z| = 1, we have

_s8lC(n,s)

7 QU (R2) + 5 + 1 2 g )

2*P)(Rz) + B(R+1)" P(z)‘ <

=[M(z)] = [z"M(1/2)].

Since P(0) # 0 implies degQ(z) = n. Moreover Q(z) # 0 for |z| > 1 and then

lemma implies that M (z) # 0 for || > 1. Therefore 2" M(1/Z) # 0 for |2| < 1.

Then by lemma for |z| < 1

(ZSP(S)(RZ) +B(R+ 1)"—8%13@)) i + 2" M(1/Z) # 0. O
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Next we describe a result of Arestov [2].
For 6 = (80,01, ,0,) € C"™ and P(2) = X7 a;27 € Py, we define

AsP(z) = Z Sja;z.
3=0

The operator Ay is said to be admissible if it preserves one of the following properties:
(i) P(z) has all its zeros in {z € C: |z] < 1},
(ii) P(z) has all its zeros in{z € C: |z| > 1}.

The result of Arestov [2] may now be stated as follows.

Lemma 3.9. |2 Theorem 4| Let ¢p(x) = ¥ (logz) where ¥ is a convex non decreasing

function on R. Then for all P € P, and each admissible operator As,

2m 2
; S(|AsP(e)])db < ; S(A(8,n)|P(e”)])db,

where A(0,n) = max(|do|, |0n])-

In particular, Lemmaapplies with ¢ : & — P for every p € (0, 00). Therefore,

we have

27 ) 1/p 27 ] 1/p
(3.2) { / (|A5P(ew)|p)d9} < A(6,n) { / |P(ew)|i”d9} .
0 0
From lemma we deduce the following result:

Lemma 3.10. If P € P, and P(z) does not vanish in |z| < 1 and Q(z) =

2"P(1/Z), then for every 8 € C with |[8] < 1,0 < s <n, R > 1, a red, and
p>0,

27
/O

(3.3)

p

do

<ezsap(s)(RezG) + ﬁ(R'i‘ 1)7L—SS'C’2(:”S)P(619)> eta + ezneM(eiG)

d*(1)

< (s! p
< (8!C(n, 9)) Ty

+ (R+ 1)7l—82ﬁn

<Rn—s+(R+1)n—s2/6;) eia+

p 2
[1penpa.
0

where M(z) = 2°Q®) (Rz) + B(R + 1)7’_56‘6‘2(7:&)@(2)

Proof. Since P(z) = Y a;2’ does not vanish in |z| < 1. Therefore by lemma
j=o
the polynomial

AP () = (+PUe) 1o 200

27’7,

P(z)) e 4+ 2"M(1/%)

= s!C(n, s) { (R”S +(R+ 1)”85) e + d;ii) +(R+ 1)"526} anz"+

e+ 81C(n, s) {(d;g) +(R+ 1)n526n> ¢ 4 R"™* 1 (R+ l)nsfn}ao
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does not vanish in |z| < 1 for every § € C with |3] < 1 and « real. Therefore
As is an admissible operator. Applying (3.2]) we get desired result for p > 0. This
completes the proof of lemma, [3.10) O

4. PROOFS OF THE THEOREMS
Proof of Theorem [2.11 By hypothesis P € P,,, we can write

n

k
P(z) = Pi(2)Pa(2) = [[z=2) [] z=2), k=1,
j=1 j=k+1
where the zeros z1, 2o, ..., 2, of Pi(2) lie in |z| < 1 and the zeros zg41, 2k+2, - - - 2n
of Py(z) lie in |z| > 1. Since all the zeros of P5(z) lie in |z| > 1, the polynomial
Q2(z) = 2" "FPy(1/%) has all its zeroes in |z| < 1 and |Q2(2)| = |Pa(2)] for |z| = 1.

Now consider the polynomial

k n
T(z) = Pi(2)Qa2(2) = [[(z — 2) ] (1 —2%),
j=1 j=k+1
then all the zeros of T'(z) lie in |z| < 1, and for |z] =1,

IT(2)] = [P1(2)] 1Q2(2)] = [Pr(2)[ [ P2(2)] = |P(2)] -

Now on applying lemmawe getfor R>1,0<s<n,and |5 <1

S S n—s S!C(n7 S)
2*P®)(R2) + B(R+1) 2nP(z)‘
|
< [0 R + 8+ A7) o ey,
which in particular gives for p > 0,
2 I P
(4.1) / eisOP(s)(ReiH) + B(R 4 1)n—s S 2(:7 8) P(eié) do
0
27 lC’ p
< eisGT(s) (Reie) + B(R T l)n—s wz’(eze) de
0

Since all the zeros of T'(z) lies in |z| < 1, by lemma [3.5| the polynomial

2T (Rz) + B(R + 1"~ 25 T(2),
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has also all its zeros in |z] < 1 for every § € C with |8] < 1. Therefore if T'(z) =
CpZ™ 4 Cp_12" 1+ ... + c12 + cp, then the operator As defined by

|
AsT(2) = 2°T(Rz) + B(R + 1)N*S‘S‘(72(+‘°‘)T(z)
_ S1C(n, 5) (R”S +(R+ 1)“5) en 4 .
ds(1
+5!C(n, s) ( dig +(R+ 1)n_526n> o,
is admissible. Hence by (3.2) of lemma for each p > 0, we have
(4.2)
2T IC P 27
/ 0T (Re) + B(R + 1)”*58‘2(+8)T(ei9) do < (c(8))? / |T(e')|Pab,
0 0

where ¢(8) = max (S!C(n7 s)|R"* + (R + 1)71_82% , slC(n,s)| d;ip +(R+ 1)"‘32%0.
For every f € C with |f] < 1 and R > 1, it can be easily verified that ¢(§) =

slC(n, s) ‘R"_S +(R+ 1)"‘3% . Thus from (4.2), we have

2
. . I P
(4.3) / e“‘gT(s)(Re’e)—i—ﬁ(R—i— 1)n_33 2(;% S)T(ew) do
0
27
sl 0
< (510, )P [ 4 (R L / (TP do.
0
Combining inequalities (4.1]) and (4.3]) and noting that |T'(¢??)| = |P(e??)|, we obtain
2m
is0 p(s 6 n—s S!C(’ﬂ, S) i6 P
/ e P (Re?) + B(R + 1) — ()| df
0
27
BIP 0
< (s!C(n,s))P |[R"° + (R+ 1)"_52—71 /|P(e’ )|Pd6.
0
This proves theorem (2.1)) for p > 0. To obtain this result for p = 0, we simply
make p — 0+. (I

Proof of Theorem [2.21 By hypothesis P(z) does not vanish in z < 1, therefore
by lemmafor every § € C with |8] <1 and 0 <6 < 27
_s!lC(n,s)
277,
_sslC(n,s)
27‘L

(4.4) e PO (Re™) + B(R+1)" P(e")

< |e*Q¥ (Re'?) + B(R + 1)" Q")

)
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where Q(z) = 2" P(1/Z). Also by lemma
(4.5)

27

/

0

e F(0) 4 M (eif)| db

‘ p

< (8! p
< ($1C(n,5)) - -

(Rn_s+(R+1)n_Sﬂ) eia+ ds(l) _’_(R_’_l)n—s%

p 21
/ P(c?) de,
0

where
F(e) _ eisGP(s)(Rew) 4 ﬁ(R'i‘ 1>n—s SICQ(:;L,S)P(e’iQ)
and
i i 1 —ss8!C(n,s i
M(eze) — ezs@Q(s)(Rew) —l—ﬁ(R—l— 1)n s 02(n7 )Q(eza).

Integrating both sides of (4.5 with respect to a from 0 to 27, we get for each p > 0,
21 21

/]

, N—)
e"*F(0) + emeM(ew)’ dfdo

(4.6)
i 5 o, 2°0) EA
n—s n—s i n—s 60
< (s!C(n, s))p/’<R +(R+1) 2n> e S (R+1) on da/\P(e )|[Pd6.
0 0
Now for every real o, t > 1 and p > 0, we have
2 ) 2 )
[ t+e*Pda > [ |14 e"“|Pdor.
0 0
If F() # 0, we take t = |M (e?)/F(0)|, then by (&.4)), t > 1 and we get
2T 2 inGM 7 p
/ COF () + emeM(e“’)’pda - |F(0)|p/ gio . CMED)
F(0)
0 0
2 . 2m
M(eze) p

da > [F(O)P [ |1+ e“[Pda.

| ez PO [ 11+ e o

For F(f) = 0, this inequality is trivially true. Using this in (4.6)) , we conclude that
for every g € C with |8| <1

(4.7)

2 2
/|F(0)|pd0/|1+em|pda
0 0

2m B
< (s!C(n, S))”/ ’ <R”S +(R+ 1)”52ﬂn> e + dd—g) +(R+ 1)”*82%
0

p 2
da / |P(e')|Pd6.
0
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Since
i 8 a*(1) B[
/‘(R +(R+1) 2n)e + s +(R+1) on do
0
2T B ds(l) B p
—/HR +(R+1) o | +W+(R+1) on || da
0
2 ﬁ ds(l) 5 p
0

the desired result follows immediately by combining (4.7) and (4.8]). This proves
Theorem [2.2)for p > 0. To establish this result for p = 0, we simply make p — 0. O

Proof of Theorem [2.3l Since P(2) is a self-inversive polynomial, we have P(z) =
uQ(z) for all z € C where |u| =1 and Q(z) = z"P(1/Z). Therefore for every g € C
with |8] < 1

on

e0QU) (Re™®) + B(R + 1)~ 2GR=Q(e)),

eisep(s)(Rei0)+ﬁ(R+1) n—s s!C(n, S)P 16' ’_

for all z € C. Using (4.4) and proceeding similarly as in the proof of Theorem
we get the desired result. This completes the proof of Theorem (]
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