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Abstract. In this paper, we study the existence of infinitely many nontrivial solutions for a
class of nonlinear Kirchhoff type equation
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MSC2020 numbers: 35H20; 35J61; 35A30; 35J20.

Keywords: Kirchhoff type equation; symmetric mountain pass theorem; strongly
degenerate elliptic operator.

1. INTRODUCTION

This paper is concerned with a class of nonlinear Kirchhoff type equations
(1.1) — (a—!—b/ V,\u|2daj) Ayu+V(z)u = f(z,u), in RY
RN

where constants a,b > 0, N > 1, V € C(RY,R), Vy = (\0z,U, ..., \NOru) and

A, is a strongly degenerate elliptic operator of the following form
N
Axi=) 0,,(Ns,), A=, ) RV 5 RV,
i=1

Kogoj and Lanconelli in [7] firstly introduced the strongly degenerate elliptic
operator Ay. After that, a growing attention has been devoted to Aj,-Laplacians.
Kogoj and Lanconelli in [7] assume that the operator is homogeneous of degree
two with respect to a group dilation in RY. Kogoj and Sonner [8] showed that
global well-posedness and long-time behavior of solutions of semilinear degenerate
parabolic involving the Ajy-Laplacians, and this result was extended in [9], where
hyperbolic problems were considered. Ahn and My [2] proved that Liouville-type
theorems for elliptic inequalities involving the Aj-Laplacians. Finally, Kogoj and

Sonner remark that the Aj-Laplacians belong to the more general class of X —
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elliptic operators. The A, operator contains many degenerate elliptic operators

such as the Grushin-type operator
Gy =A, + |:10|2aAy7 a >0,

where (z,y) denotes the point of RVt x RNz | N, + N, = N, and the operator of

the form
Popry = Dotz Ay 4z [y AL, (2,9, 2) € RN xRN xRN Nj4+Ny+N3 = N,

where a, f and v are real positive constants. We can refer the readers to [I] for
some important properties of this operator.

In the last decades, A, elliptic equations

—Aj\u = Q

(1.2) { My /(@) . e o0
where  is a smooth bounded domain of R, has been studied by many authors.
See [3], [ [, 13), 14, 19] and the references therein. The nonlinear term f satisfies
the Ambrosetti-Rabinowitz(AR) condition is studied in [7]. The (AR) condition
guarantees the boundedness of the Palais-Smale(PS) sequence of the energy functional,
which is essential for the application of the critical point theorem. When f does
not satisfy the (AR) condition is studied in [3] [I, 14]. At present, some authors
began to consider problem on unbounded domain RY. The main difficulty in
RY is lack of compactness of Sobolev embedding. For this reason, some authors
work on the subspace of Sobolev space to overcome this difficulty. Luyen and Tri
[15] considered that V'(x) is a coercive potential, which ensures that the weighted
Sobolev space embedding is compactness. They proved that Ay equation possess
infinity many solutions with the nonlinear term has (AR) condition.

Recently, a class of Kirchhoff-type elliptic equation
(13) { ;iao—i— b fon [Vul|?de) Au = f(z,u), i 2 gg,z’
has received extensive attention and research by many authors. Cheng and Wu [4]
proved the existence result of positive solutions to Kirchhoff-type problems with
the variational method. Mao and Zhang [16] shows that in the absence of (PS)
condition, the minimax methods and invariant sets of descent flow are used to
study multiple solutions of Kirchhoff type problems. The problem (|1.3)) is related

to the stationary analogue of the Kirchhoff equation

(1.4) Uty — (a + b/ Vmu|2d;z;> Ayu = g(x,u)
Q
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which was proposed by Kirchhoff in 1883 as a generalization of the well-known
d’Alembert’s wave equation

9%u B <P0 E [Ylou

ox

"oz ~\ 7 tar ),

2 2
dm) % = g(x,u)

for free vibrations of elastic strings. Kirchhoff’s model takes into account the changes
in length of the string produced by transverse vibrations. Here, L is the length of
the string, h is the area of the cross section, F is the Young modulus of the material,
p is the mass density and Fp is the initial tension. Problem models several
physical systems, where u describes a process which depends on the average of
itself. A parabolic version of equation be used to describe the growth and
movement of a particular species. The movement, modeled by the integral term, is
assumed dependent on the “energy” of the entire system with u being its population
density. Alternatively, the movement of a particular species may be subject to the
total population density within the domain (for instance, the spreading of bacteria)
which gives rise to equations of the type u; — a(fQ udx)Au = h.

In this paper, we want to use the idea of [2I] to study the existence of infinitely
many nontrivial solutions for the Kirchhoff type problem with Ay type operator.

Now, we give the following assumptions on potential V' (z):

(Vl) Ve O(RN,R), inf, ey V(.T) > 0.
(V3) There exists a constant R > 0 such that

/ Vldz < .
|z|>R

For the nonlinearity f, we give the following assumptions:

(f1) f € C(RN x R,R) and there exist constants C1,Cy > 0 and p € (2,25)
such that

|f (2, u)] < Crlul + ColuP™t, V(z,u) € RN x R.

where 2} = QZ—% and @ denotes the homogeneous dimension of RY with

respect to a group of dilations(see Section 2 for more details).
(f?) f(x,u) = —f(.'II, _u)7 V(m,u) € RN x R.
(f3) limyy|—oe0 |F|(f"f)| = 0o, uniformly in z € RN, Q < 4, and there exists
ro > 0, such that F(x,u) >0, ¥(z,u) € RV xR, |u| > ro, where F(z,u) :=
Jo [z, t)dt.
(f1) There exist 3 > 0 such that F(z,u) < % f(z,uw)u+ Bu?, V(z,u) € RN x R.
(fs) F(x,u) > 0,V(z,u) € RY x R and G(z,h) < G(z,1) whenever (h,l) €
RT x RT and h < I, where G(z,u) := 1 f(z,u)u — F(z,u).
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In the following theorem, we give the multiplicity result of the solution of problem
(1.1) when f satisfies the superlinear condition.

Theorem 1.1. Assume that the potential V() satisfies (V1), (Va) and nonlinearity
f(z,u) satisfies (f1) — (fa). Then the problem(1.1) has possesses infinitely many

nontrivial solutions {u} such that

1 b ?
lim — (a|lVaugl® + V(2)ui) do+~ </ |V>\uk2dx> 7/ F(z,uy)dz = +o0.
k—oo 2 RN 4 RN RN

Theorem 1.2. Assume that the potential V(z) satisfies (V1), (Va) and nonlinearity
f(z,u) satisfies (f1) — (f3) and (f5). Then the problem(1.1)) has possesses infinitely

many nontrivial solutions {u} such that

1 b ?
lim f/ (a|lVaug]® + V(2)up) do+-— / |V ug |2 da —/ F(z,ug)dz = +o00.
2 RN 4 RN RN

k—o0

Next, in addition to discussing the above results, we also consider the multiplicity

result that can still obtain a solution of problem when f satisfies the sublinear.
(fs) f € C(RYN x R,R), there exist constant 1 < ¢; < g2 < 2, such that
[f(2 )] < quft]™ ™ + gt =7
(f7) There exist a bounded open set B C RY and constants 6,¢ > 0, g3 € (1,2)
such that
F(z,u) > £|u|®, Y(x,u) € B x [-4,4].

Now, we give the second result:

Theorem 1.3. Assume that the potential V(x) satisfies (V1), (Va) and nonlinearity
f(x,u) satisfies (f2), (fs), (f7). Then the problem (1.1]) has possesses infinitely many

nontrivial solutions {uy}.

Remark 1.1. Compared with problem , we extend the equation to operator
A, because operator Ay is more complicated with the addition of function A\. As
can be seen from [7], when the function \ is smooth, then A is the general operator
class studied by Homander in [5], and is hypoelliptic. The typical example is the
Grushin-type operator, which means that Ay is a generalization of Grushin-type
operator. Later, Ay belongs to the more general X — elliptic operators introduced
in [10], and has some of the same important homogeneity as the classical Laplacian.
Therefore, it is meaningful for us to extend the problem to a more general

Kirchhoff-type equation, and it is applicable to more environments.

Now, we give an example that satisfies all the assumptions of Theorem as
follows f(x,u) = ulsin z|-+|u[*u| cos z|, obviously, F(z,u) = Ju?|sinz|+2|ul*| cos z.
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Of course, there is also f that satisfies the sublinear condition, such as f(z,u) =
§|u|_%usin2m + g|u|_% cos?z, and F(z,u) = |u|? sin®z + |u|% cos? z. Through
simple calculations, it can be verified that the assumptions of each theorem are
satisfied.

The main structure of this article is as follows. In the second section, we give
some preliminary knowledge and main theorems. In the third section, we use the
symmetric mountain pass theorem to prove Theorems and In the fourth
section, we apply the theorem in [18], to get the multiplicity result of the solution.

2. PRELIMINARIES

We recall the functional setting in [7, B]. We consider the operator of the form

N
Ay =Y 02,(\0a,),
=1

e}

Bwi ?

strictly positive and of C' outside the coordinate hyperplane, i.e. \; > 0,i =
1,...,N in RY \(T], where [] = {(x1,...,2n) € RV : H?’:lxi = 0}. As in [7], we
assume that \; satisfy the following properties:

1) M(x) =1, N(z) = N1, o oy@im1), i =2,...N;

(2) Forevery x € RNV, \;(z) = \i(z*), i = 1,..., N, where 2* = (|1],...,|zn])

if = (z1,...,2N);

where 0,, = i =1,...,N. Here the function \; : RY — R are continuous,

(3) There exists a constant p > 0 such that
0 < 20z, Ni(x) < phi(x), Vhe{l,...,i—1},i=2,...,N,
and for every x € Rﬂ\_’ ={(z1,...,on) ERN 12, >0, Vi=1,...,N};
(4) Exists a group of dilations {d&; }+~0
8 RN 5 R, 64(z) = 0u(wr,...,zn) = (t9 21, ..., tVay),
where 1 < €1 < €3 < ... < ey, such that \; is §; — homogeneous of degree
€ — 1, ie.
Ni(0(x)) =t N(x), Ve e RN, t>0,i=1,...,N.
This implies that the operation Ay is é; — homogeneous of degree two, i.e.
Ax(u(8(x))) = t2(Axu) (0 (), Yu € C=(RN).
We denote by @ the homogeneous dimension of RN with respect to group of

dilations {d; }+0, i-e.

Q:=¢e +-+en.
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The homogeneous ) plays a crucial role, both in the geometry and the functional
associated to the operator Aj.

Now, we denote by V[/'/\l’2 (R™M) the closure of C&(RY) with respect to the norm

1
2
oy = ([ (Fvul? + a)ie)
A ]RN

is Hilbert space with the inner product
(u,v) = / (VauV v 4+ uv)dz.
RN
Under the hypotheses (V;), we define space

E = {u € W/\I’Q(RN) : V(x)utde < +oo} ,

RN

with the inner product
(u,v) = / (VauVyv + V(z)uv) de,
RN
and the norm
Jull? = [ (9sul? + V) )da.
RN
Here, we denote || - ||, as the norm of Lebesgue space LP(RY).

Proposition 2.1. Under the assumptions (Vi) and (Vz), the embedding E —
LP(RN) is compact for every p € [1,2%).

Proof. In [I5], we know that under the assumption of (V;), the embedding
E — LP(RY) is continuous for p € [2,2}], and E — LP

P (RY) is compact for

p € [1,2%). Then there are constant C), such that
(2.1) lully < Cyllull, Vu € E.

When we want to embedding F — LP(R") is compact for p € [1,2}) under the
assumption of (V1) and (V3), it suffices to prove the result for p = 1. Assume u,, — u

in E. For any R > 0, write

(2.2) / |ty — u|dz = / |, — uldz + / |ty — u|da.
RN lz|<R lz|>R

By the Holder inequality to obtain that
/ V=ldx | =og(1),
|z|>R

(2.3) / |y, — uldz < / Vun — ul*dz
lz|>R |z|>R

where og(1) is a quantity that converges to 0 as R — oo uniformly for n. Then
(RM). O

N
Nl

u, — u strongly in L' (RY) since u,, — w in L},
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Remark 2.1. Several important problems arising in many research fields such
as physics and differential geometry lead to consider semilinear variational elliptic
equations defined on unbounded domains of the Euclidean space and a great deal
of work has been devoted to their study. From the mathematical point of view,
probably the main interest relies on the fact that often the tools of nonlinear
functional analysis, based on compactness arguments, can not be used, at least
in a straight forward way, and some new techniques have to be developed. The
seminal paper [II] by Lions has inspired a (nowadays usual) way to overcome the
lack of compactness by exploiting symmetry. This approach is fruitful in the study
of variational elliptic problems in presence of a suitable continuous action of a
topological group on the Sobolev space where the solutions are being sought.
Here, we use another skill following the idea of Rabinowitz [17] to get the Sobolev
embedding is compact by the potential V. Luyen and Tri [I5] use the idea of
Rabinowitz to get the Sobolev compact embedding, but they only obtained the
embedding map from E into LP(R") is compact for 2 < p < 25. We want to study
the sublinear case, so we give a wider interval for the Sobolev embedding. Moreover,

Assumption (V3) makes V' look like a well-shaped potential.

Now, we define the following energy functional

1 b ?
J(u) = 7/ (a|Vau|?> +V (z)u?)dz+ / |V \u|?dz —/ F(z,u)dz, u € E.
2 RN 4 RN RN
Obviously, given constant a > 0, [on (|Vaul?+V (z)u?)dz is equivalent to [p (a|Vaul?+
V(z)u?)dx. Hence, the norm of u in E denoted by

2

[Jull = (/RN (a|Vaul® + V(x)u2)dx)

that is,

(2.4) T(u) = %HuHQ + g (/RN vAuPdag)Z - /RN Fla, u)da.

Definition 2.1. A sequence {u,} C F is said to be a (C). — sequence if J(u,) — ¢
and J'(u,)(1 + ||unll) — 0. J is said to satisfy the (C). — condition if any (C). —

sequence has a convergent subsequence.

Definition 2.2. A sequence {u,} C FE is said to be a (P.S) — sequence if J(u,) < ¢
and J'(u,) — 0, n — oo. J is said to satisfy (P.S)—-condition if any (PS)—sequence

has a convergent subsequence.
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Definition 2.3. Let X be a Banach space, J € C'(X,R) and ¢ € R. Set

Y={Ac X —{0}: Aisclosed in X and symmetric with respect to 0},
Ke={ueX:Ju)=c¢J(u)=0}, Jo={ue X:J(u)<c},

for A € 3, we say genus of A is n denoted by v(A4) = n if there is an odd map
¢ € C(A,R" . {0}) and n is the smallest integer with this property.

Theorem 2.1. ([I8]) Let X be an infinite dimensional Banach space, X =Y & Z,
where Y is finite dimensional. If J € C*(X,R) satisfies (C). — condition for all
c>0, and
(J1) J(0) =0,J(—u) = J(u) for all u € X;
(J2) there exist constants p, o > 0 such that J|oppnz > ;
(J3) for any finite dimensional subspace X C X, there is R = R(X) > 0 such
that J(u) <0 on X ~ Bg.

Then J possesses an unbounded sequence of critical values.

Theorem 2.2. ([I8]) Let X be a Banach space, J be an even C* functional on X
and satisfy the (PS) — condition. For any n € N, set

Y, ={AeX:~v(A) =n}, ¢, = inf supJ(u).

A€Zn yeA
(1) If ¥, # 0 and ¢, € R, then ¢, is critical value of J;
(ii) If there exists k € N such that ¢, = ¢p41 = -+ = Cpyp = ¢ € R, and

¢ # J(0), then v(K.) = k+ 1.

3. THE SUPERLINEAR CASE

Lemma 3.1. Assume (V1), (Va) and (f1) are satisfied. Then J(u) is well-defined
and of class C*(E,R) and
(3.1)

(J'(u),v) = (u,v) +b (/RN |V,\u|2dm) /RN ViuVyvdx — flz,v)vdz, u,v € E.

RN

And, the critical points of J(u) in E are also solutions of problem (1.1)).
Proof. We can get from (f;), one has
C C
(3.2) |F(x,u)| < ?IW + 2w, V(z,u) € RN x R,
p

for 2 < p < 2%, where F(z,u) = fé‘ f(z,t)dt. It can be known from Proposition
and the above formula, J(u) defined by (2.4)) is well-defined on E.
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Let H(u) = [pn F(z,u)dz. For all u,v € E and 0 < [t| < 1, by the Mean Value
Theorem and (f1), there exist 6 € (0,1) such that
|F (2, u(z) + to(x)) — F(z, u(z))|
I
<Cilu(@)l|o(@)] + Cilv(@)” + Colu(z) + Otv(z) P~ o ()]
<Cilu@)[Jv()] + Cilv(@)* + 277 CoJu(@) [P~ o ()| + [v(z)[P).

= |f(@, u(z) + Otv(z))v(z)]

The Holder inequality implies that
[ @ lo@dz <[u@)lp @) 2.
RN
| @l <@l e
]RN
[ @l o@lde <) ol

2 2(p—1
[ et@)rde <o) 2@ 20,
RN 3

2(p—1)

Hence,
v(z) := Cilu(@)ljo(@)] + Ci|u(@)[* + 277 C(|u(z) [P~ Ho(z)] + Jo(2)P) € LN (RY).

which implies H(u) € C'(E,R). By Lebesgue’s Dominated Convergence Theorem
and Mean Value Theorem, we obtain
H - H F - F
(H'(u),0) = lim (u + tv) (u) ~ im (z,u+ tv) (z,u)
t—0T t t—0+ JpN t

= lim f(z + tbv)vdx / f(x,u)vde.
t—0t JrN RN

dx.

Next, we prove the continuity of H'. Let u,, — u in E, then u,, — u in L?(RY) by
Proposition for p € [1,25). Note that

[ (un) — H'(w)|| = sup [(H'(un) — H'(u),v)]

llvll<1

/ [f(xaun) - f(m,u)]vdx
RN

<smg4Nuumm—fWWMMm.

llvll<1

= sup
llvll<t

By the Holder inequality

sup [ 1f(@,1a) = flaw)llolde

llvl<1
p—1

p=1 1
< sw ([ 1)~ feoitan) T ([ o) o
o<1 \JRN RN
as n — oo. Hence, H' is continuous. This shows that (3.1)) holds. Moreover, by a

standard argument, it is easy to show that the critical points of J in E are solutions

of problem (1.1)). O
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Lemma 3.2. Assume that (V1),(V2), (f1),(f3), (f4) are satisfied. Then any (C). —

sequence {uy} of J is bounded in E.

Proof. We will use the contradiction method to prove the boundness of {uy,},

assume that ||u,| — oo, as n — co. Let {u,} C E be (C). — sequence such that
(3.3) J(un) = ¢, (1+ |lunl))J (un) — 0,

then we have

(3.4) cH13 J(un) -+

J0 (), ).

Setting vp := 2y, then |lvn||=1. And assume that

v, = v in F,
vp — v in LP(RY), for 1 < p < 23,

vp(2) = v(z) ae. z € RY,

If v = 0, then v, — 0 in LP(RY), Vp € [1,2}), and v, (z) — 0 a.e. in RY. By (f4)

and (3.4), we have

c+1 1 ( 1, .,
2 ot () - {0 )
lunll® ™ Jlunl? 4
(3.5) - <1||u ||2+/ 1f(as n)tn — Fz,u )dm)
. ||un||2 4 n RN b n n b n
1 u?
20 —"5 5 v2d$7
4 RN IIunII2
as n — 0o, which 1mphes =+ < 0. Thus, it is a contradiction.

If v # 0. For 0 < § < &1, let A,(00,61) = {z € RN : 6y < |u,| < 61}. Setting
B :={z € RY : v(x) # 0}. Thus, meas(B) > 0. For almost every x € B, we have
lim,, s 00 |Un(z)| = c0. Hence, B C A, (rg,00) for large n € N, where rq is given in
(f3). By (f3), we have

Pl _ @)

n—oo  ||uy|* n—oo  |uy,|*

55
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From Fatou’s Lemma, (3.2)) and (3.3]) we can get

c+o(1) 5 J(un)

0= 1 - =
nooo fun|t - nooo [up
1 1 b 2
= 1 _— — n 2 — V nzd _/ F y n d
5 T (2'“ | +4(/RN' Atn] ””) o T (B un) T
b (f N \VAuanx)Q 1 1
=— 1 R lim ——— (=, ||?
I Tt A e gl

—/ F(z,u,)dx — / F(z,up)dx
An(0,70) An (ro,+00)

(3.6)
b 1 F ) lonl? F(x,u,
<o+ dim | o f/ LZ) v |2|vn\2d:177/ Luél)dx
4 noo \ 2llun| An(0re)  [unl® [usl An(rotoo)  luall
b . 1 Cl CQ _92 1 2 F(:L‘7’Ll,n) 4
<- + limsu [—i— <+rp 7/ v |“dx — ——— v, |"dz
AT e T T )l S T T
F n
<é + C3 — lim inf/ M|vn|4dx = —00,
4 n—oo f 4. |un|4
which is a contradiction. Thus, {u,} is bounded in E. O

Lemma 3.3. Assume that (V1), (Va), (f1) — (f3) and (f5) are satisfied. Then any
(C)e — sequence {u,} of J is bounded in E.

Proof. The proof method is similar to Lemma also assuming that ||u,|| —
00, as n — oo. We may assume that v, — v in E, by Proposition [2.1} v,, — v in
LP(RY) for 1 < p < 2%, and v, (x) — v(x) a.e. z € RV,

If v = 0, we define

totly) = J(tuy,).
J(tnuy,) Jnax, (tun)

For any K > 0, set v,, = V4K 2 = V4Kuvy, then |v.]|> = 4K. By (3.2) and

Proposition [2.1] we have

/ F(z,v,)dz
RN

Therefore, for a sufficiently large n such that

C C
< —1/ Wn|2dx+—2/ [On|Pdx — 0, n — 0.
2 Jrw P Jry

1 b 2
(3.7) J(tpun) = J(Tp) = =|[oal* + = / |V AT |?d —/ F(z,7,)dz > K.
2 4 RN RN
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Hence, by(f3), (fs5), we obtain

) = 3 )i} =3l + [ () = Floun) ) do

1 1
2f||tnun||2 + / (f(ac,tnun)tnun — F(x,tnun)> dx
4 v \ 4

1
=J(tpun) — 1 (J (tpun), tntin) -

According to , which implies lim, o J(tpu,) = 00, and due to the choice
of t, we know (J'(tnuy), tyu,) = 0. That is, J(u,) — 3 (J'(un),un) > 0o, which
contradicts with .

If v # 0, contradictions can be obtained by similar argument as . The proof

is complete. ([

Lemma 3.4. ([20]) Assume that p1,p2 > 1,7, > 1 and Q@ C R. Let g(x,t) be a

Carathéodory function on RN x R and satisfy
(3.8) lg(x, t)| < ar[t| P~V 4 ag|t| P2~V v(x,t) € RN xR,

where ay,az > 0. If u,, — u in LP*(RN) N LP2(RN), u,(2) — u(z) a.e. x € RV,
then for any v € LP19(RY) N LP29(RY),

(3.9) lim [ [g(e,un) — gla, )| |o|*da = 0.

n—oo RN

Lemma 3.5. (|20]) Assume that p1,p2 > 1,7 > 1 and Q C R. Let g(x,t) be
a Carathéodory function on RN x R and satisfy (3.8)). If u, — w in LP1(RN) N
LP2(RY), u,(x) — u(z) a.e. v € RN, then

(3.10) lim lg(x, up) — g(x, w)|" |uy, — u|ldz = 0.

n—oo RN

Lemma 3.6. Assume that (V1),(Va), (f1),(f3) and (f4) or (fs) are satisfied. Then

any (C). — sequence {u,} has a convergent subsequence in E.

Proof. By the previous lemma, we know that {u,} is bounded in E. Going if
necessary to a subsequence, we can suppose that u,, — u in E. By Proposition [2.1
u, — win LP(RY) for 1 < p < 2%, and together with by Lemma one has

(3.11) /RN |f(z,un) — f(z,u)||un — uldz — 0,n — oo.
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Observe that,

(J' (un) — J' (w), tp — u) =|Jtn, — ul®> +b </ VAun|2dx> / Viaun Va(u, —u)de
RN RN

—b(/ qu|2da:)/ VauVy(uy, — u)dz
RN RN

- /RN [f (2, un) = 2, )] (un — u)dx
(3.12) =[Jun —ul)® +b (/RN an|2dx> /RN Vil — ufde

—b(/ \VAu|2—/ |V)\un|2dx)/ VauVy(un — u)dz
RN RN RN

_ /RN [f (2, un) — fz,w)] (un, — u)da
>l =l = [ [FGon) = £ )

—b(/ \VAu|2—/ |V)\un|2dw)/ VauV(u, —u)dz.
RN RN RN

et — ull® < (un) = (), 2, — ) + /R () = ) (o — w)de

—I—b(/ |V,\u|2—/ |V,\un2da:>/ VauV (i, — u)dz.
RN RN RN

By the definition of weak convergence, we have

It is clear that,

(3.13)

(3.14) (J' (up) — J'(w), up, —u) = 0, n — oco.

_ 1
Set E = {u € L*(RY) : Vyu € L*(RY)} with the norm [lullz = ( [z~ [Vaul?dz)?.
Then the embedding F — E is continuous. Hence, u,, — u in E. According to the

boundedness of {u,} in E, one has
(3.15) b </ |V aul? — / |V>\un|2dx> / VauVy(un, —u)dz — 0, as n — oo.
RN RN RN

From the (3.11)-(3.15) we can get u, — w in E, as n — co. O

Let {e;} is an orthonormal basis of ' and define X; = Re;,
Ve =@ X;, Z =02, 1 X;, kel
Lemma 3.7. Assume that (V1) and (V) are satisfied. Then

B = sup lull, = 0, k& — o0, p€[1,2}).
u€Zy,|lul|=1

Proof. It is clear that 0 < Byy1 < Bk, so that By — 6 > 0, £ — oo. For

every k € N, there exists u, € Z, such that [jug|ls > 2 and [luz| = 1. We denote
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v = Zj‘;l c;je;, for any v € E/ by the Cauchy-Schwarz inequality, one has

o0 oo o0
[k, o) = | [ s s || =1 ums D cies || < llunll | Y ciey
i= i=k i=k
1 1 1
2 2 2

o0 o0 o0
Zc? Ze? = Zc? — 0, as k — oo,
j=k j=k j=k
which implies that ur, — 0 in E. By Proposition we have uy, — 0 in LP(RN).

Hence, letting k£ — oo, we get 8 = 0. (]

Lemma 3.8. Assume that (V1), (Va) and (f1) are satisfied, there exist constants

p, a =0 such that Jx|op,nz,, = «.

Proof. By Lemma [3.7] we can choose an integer m > 1 such that
3.16 5 <
(3.16) Jul < QC

According to (2.4]) (3.2]) and ( , for u € Z,,, we have

ﬂ@:bWW+i(@|%m%02—/ Fla, u)dz

1 Cs
>f||u||2 f/ F(z,u)dx ,” 1> - fll 15— —=Ilull?
RN p

Lo o P21
1<||uu ul) = > =a >0,

—lull, Jlull? < T@”“”pv Vu € Z,,.

choosing p = [Ju|| = 3. O
Lemma 3.9. Assume that (V1), (Va), (f1) and (fs) are satisfied. Then for any
finite dimensional subspace E C E, there is R = R(E) > 0 such that
J(u) <0, Yu € E \ Bg.
Proof. For any E C E, there is a positive integral number m such that E C E,,.

Since all norms are equivalent in finite dimensional space, there is a constant > 0

such that

(3.17) ulls = nllull, Yu € En,.

By (f1) and (f3), one has

(3.18) F(x,u) = 6ul* — Cs|ul?, V(z,u) € RN xR,

for any 6 > ; 4 and constant Cs > 0. Hence, by (3.17) and -, we have

I0) < glulP+ hall =Sl +Calul < (5 + 0603) fulP= (51 - 7 ) Il € .

Hence, there is a large R = R(E) > 0 such that J(u) <0 for allu € E~ Bg. O
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Proof of Theorem[I1 Let X = E, Y =Y,, and Z = Z,,. Obviously, J(0) = 0 and

(f2) implies J is even. By Lemmas and all conditions of Theorem
are satisfied. Thus, problem (|1.1)) possesses infinitely many nontrivial sequence

solutions {uy} such that J(up) — oo as k — oo. O

Proof of Theorem[I.4 Let X = E, Y =Y,, and Z = Z,,. Obviously, J(0) = 0 and

(f2) implies J is even. By Lemmas and all conditions of Theorem
are satisfied. Thus, problem (|1.1)) possesses infinitely many nontrivial sequence
solutions {uy} such that J(ug) — oo as k — oo. O

4. THE SUBLINEAR CASE

Lemma 4.1. Assume that (V1),(Va),(f2), (f6),(f7) are satisfied. Then the J satisfies
the (PS)-condition.

Proof. Obviously, from (V1), (fs), we know the functional J € C'* and also have
the derivative functional (3.1). According to the (fs), one has

(4.1) P, u)] < Jul” + [u]%, ¥(z,u) € RY x R.

From the above formula, for 1 < g1 < g2 < 2, we can get

1 b ?
s = gt + 5 ([ 9sar) - [ P
2 1\ Jan .
1 1
(1.2 > gl = [Pl Gl - [ (a4 jul)ds
2 RN 2 RN

1
= Slull® = CL (flul™ + [lu]**) — oo,

as ||u|| — oo. Hence J is bounded from below. Next we show that J satisfies (PS)-
condition. Suppose that {u,}n,en C E is (PS)-sequence. Therefore, according to
(2.1)), there exist a constant n > 0, such that

(4.3) [ulla < Collul <.
By Proposition let a subsequence still denoted by {u,}, such that

Up — u in B,
t, — win LP(RN), for 1 < p < 23.
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It follows from (fg) that

/ |f($7un)*f(l’,u)||un—u|dx
RN

</\
RN

(4.4)

<q1 (/ |un _ ulqldl‘> a1 [(/ |Un|q1daj> a1 _ (/ |uq1dx> a1
RN RN RN
+ g2 (/ [t — uq2dx>
RN

a1(Jun] ™7 = a7 + ga(un| 27 — w2 |fu, — ulde

| S

2

’ [(/ |unq2dm> - (/ |u|q2dx> " ] — 0,
RN RN

as n — 00. According to (3.12)), we know

lun = ull® (I (un) = J'(w), wp — u) +/ (f (@, un) = f(2,u))(un — u)dz

RN

+b(/ \VAu|2—/ |V,\un|2dx>/ VauVy(u, — u)dz.
RN RN RN

It follow from (3.14)), (3.15), (4.4) and (4.5), we have ||u, —ul| = 0, as n — co. O

Proof of Theorem[I.3 We take n disjoint open sets B; for any n € N, such that
U, B: € B. Let u; € (Wy*(B;) N E) ~ {0} and ||ug||p = 1, i = 1,2,...,n, and

(4.5)

Ay = span{uy,uz, - ,unt, Ao ={u € Ay :|jul|lp =1}

For any u € Ay, there exist 7; € R, i = 1,2, ...,n such that
(4.6) u(zr) = Znui(x), r € RV,

Hence,

qui (x

[l gs

(/RN|u|q3dx);3:</RN )qsdx>q3

(4.7) = (Zlnl‘”/ |ui(z I‘Bdfr> 3,

n

IIUI|2=/ (a|Vaul* + V() =
RN N
(4.8) B =t

= rlul® = ZT&
i=1 i=1

which together with (4.7]) implies there exists a constant x > 0 such that

72 /~ (a|Vui]* + V(x)ui)dx

B;

(4.9) Allull < llullgs, u € A
61



J. CHEN, L. LI, SH. CHEN

It follows from (4.6) — (4.9) and (f7), we have
bt 2
J(tu) = 2 ||ul|* + = (/ |V,\u|2dx> —/ F(z,tu)dx
4 RN RN

bt "
<t2|\u||2+j|\u||4—2/é Flx, tryus)da
=1 i

bt
<P+ 2l - e 3ol [ fudeds

=1 g

2 2 bt4 4 q3 q3
= lull” + -l = &et a3

2 2 bt4 4 q3 q3
S Eull® + - flull® = €r)® flu]
4

bt
=1+ " E(tr)® = —0, u € Ag.

Hence, there exist 0 < ¢ < 1 and o > 0 such that J(tu) < —o, u € Ag. Let
n
h={turue Ao}, B=1 (11,72, ,Tn) GR":ZTf < 2
i=1

Therefore J(u) < —o, u € A,. And by (f2), we know J is even and J(0) = 0, can
deduce Ay, C J77 € X. Also, in view of (4.6), (4.8)), there exist an odd mapping
¢ € C(Ay,dB). By properties of the genus, we obtain that

(4.10) Y(J77) 2 (Ay) = n.
Hence, we get for any n € N, there exists o > 0 such that y(J~7) > n. Now let

¢, = inf sup J(u).
" Aeznueg ( )

In view of J is bounded below on E and (4.10)), one has
(4.11) —o00<c, < —0o<0.

In other words, for any n € N, ¢, is negative real number. Thus, we can apply the
Theorem to get that problem (|1.1)) has infinitely many solutions.
O
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