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Abstract. The element of the Walsh system, that is the Walsh functions map from the unit
interval to the set {—1,1}. They can be extended to the set of nonnegative reals, but not to the
whole real line. The aim of this article is to give an Walsh-like orthonormal and complete function

system which can be extended on the real line.
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1. THE TRIADIC FIELD

We shall denote the set of all non-negative integers by N, the set of all integers
by Z. Let F denote the set of double infinite sequences

= (x,:n€Z)

where x, = 0,1 or —1 and z, — 0 as n — —oo. Thus, to each z € F with x # 0

there corresponds an integer s (z) € Z such that

Ty(z) 7 0 but z, = 0 for n < s(z).
Let x = (zy, :n € Z) and y = (y, : n € Z) be elements of F. Define the sum of x
and y by

z+y=((rn+yn)mod3:necZ).

Notice that (F,+) is an Abelian group. The algebra F is normed. Indeed, for x =
(z, :n € Z) € F define

L |$n‘
|.’13| T Z 3nt+l’

neZ
It is easy to see that |z| > 0,

lz 4+ y| < |z + |yl
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A character on F is a continuous complex-valued map which satisfies (z,y € F)

p+ty)=¢@) p(y) and |p(z) =1

It is evident that ¢ (0) = 1. Let e; denote the element x = (z,, : n € Z) which
satisfies z; = 1 for some j € Z and z,, = 0 for n # j (n € Z). Since ¢ is continuous

on F and e; — 0 in F as j — oo, we have

plej) =@ (0)=1
as j — 00. On the other hand,e; + e; 4+ e; = 0. Hence
L=0(0)=p(ej+e;+e) =4 (),
pley) = V=5

Consequently, there is a sequence y = {y; : j € Z,y; = —1,0,1} such that for every

k=-1,0,1.

—j—1>s(y) and

oy (€5) = emiv=i=,
It is easy to show that

o (zjej) = (¢ ()™ .
Then from the continuity of ¢ we can write

oy () =] (0(e;)" =e

jez

P
FME DD Y— 1Ty
J€Z

(x,y € F).
The functions ¢, (y € F) exhaut the character of the additive group (F,+).

2. THE WALSH-FOURIER TRANSFORM IN [

For a given f € L; (F) the Walsh-Fourier transform of f is the function on F
will be defined by

Fo) = [ 109, @dut) e,
F

It is quite well-known that a clasical Walsh function maps from the unit interval
to the set {—1,1} and also that it can be extended to the set of nonnegative real
numbers (see e.g. [6], [4]). But cannot to the whole set of reals. Besides, the same
situation hold for the Vilenkin functions (see e.g. [I]). Therefore, in order to involve
the real line we must do something different. Basically the "problem” with the Walsh
functions is that we can “stay” or "step right”. We should be ”able to step left” also.
Next, we introduce Walsh-like functions on the real line as follows. It is easy to

prove that every real number y € R can be expressed by the following sum.

+oo
Yk
37k’

k=—o0
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where yr € {—1,0,1} for all & € N. The digits —1,0,1 mean that we're going
to the left, or getting nowhere, or we're going to the right by 1/3*. There is no
convergence problems, since y is a finite real, and consequently, y, = 0 for k’s
small enough (limg_ ooy = 0). We can identify y be the sequence (yx, k € Z).

Unfortunately, this identification is not always a bijection, since for all j € N the

numbers
. . . +oo
67 +1 1 1 -1
J _ J _J y !
2. 3n+1 3n 2.3n+1 3n 3n+l 3Ic
k=n+2
. “+ o0
] 0 1
= g Tgan T > 3%
k=n+2

have two corresponding —1, 0, 1 sequences. The set of these numbers is called the set
of triadic rationals. In this situation we choose the one terminates in —1’s. Anyhow,
the set of these reals is countable (j,n € N), and consequently of minor importance.
Define the addition & : {—1,0,1}° — {—1,0,1} as the mod 3 addition. (E.g.
1®1 = —-1,(-1) ® (—1) = 1.) Then define the addition @ on R as z @ y :=
(zk ® Yy, k € Z). The inverse operation is denoted by ©
Introduce the set of triadic intervals on R. Let n € Z, and ¢t € R. Then the set

I,(t) ={yeR:y, =t; for i <n}

is called a (triadic) interval. We also use the notation I_.(t) = R. It is easy to

have
1 1 2k—1 2k+1
In(t) = t(n>—2,3nat<n)+2.3n) = [2.3" ’ 2~3”)’
where
n
toy = D /3

l=—00
and

n
(2.1) k= Z tl3nil.

l=—00
The Lebesgue measure of an interval: mes (I, (1)) =37" for all n € Z and t € R.
Introduce the generalized Walsh function in the following way. Let x,y € R, and

oo 1
w(@,y) 1= r2r=-oe TRY=k=1  p — exp (27”3) 1 =1+—1.

Some properties of the Walsh function:

wl=1, w,y) =wly,z), wEozy) =w@yw(y)

for z,y,z € R, and = @ z is triadic irrational.
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The Walsh-Fourier transform of an f € L; (R) is defined by

Fo) =5 [t@e@pis Gewr).
R

3. INVERSION OF THE WALSH-FOURIER TRANSFORM

For each f € L; (R) and ¢ > 0 define the Walsh-Dirichlet integral by

&mwr:/f@wmwmu

By Fubin’s theorem it is evident that

t

s = [ 5| [Hwe@de] Gy
R

—t
t t

= o[ | [ewpe i) f -

R —t
_ é/f(u)Dt(u@m)du,
R

where

for t €e Ry and f € Ly (R).
Theorem 3.1. Let N € Z. Then

Dy (2) = 3Ny 0 (@),
where Ly (x) is the characteristic function of the set E.

Proof. Let € In_5(0) and y € [—%,%) Then zp = 0,k < N — 2 and
yr =0, £ < —N. Hence,

3.1 w(x = e%m‘Zk:,m ThY—k-1 — 1.
Y =
6
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Now, we suppose that © ¢ Iny_5(0). Then there exists | € Z such that | < N —2
and x; € {—1,1}. We can write

D~ (2)

53
Z

w(z,y)dy

I
m“"’z \M‘

C2nim, 2pi SN2 ,
= E / e 3W1Ile37rzzk:foo,k:;ﬁlxky*kfldy

S (ST N BV A

+ Z / e%wizl.oegmx,?;f&k#l Jzky_k_ldy
meffjffgjl%_’?zl_}l’_g}l—l—l(Ov-~~10’y—N+1,...,y_l_2,0)

+ Z / e%”imlegﬂiZkN;foo,k;ézf”kyfk—ldy
el N gyt OO i=t-2)

— E / (efgﬂ'ia:, +6§7Ti11~0 +e%ﬂ'iml)

y7n6{_17071}7

I_;_4(0,...,0,y— ey Y—j—9,—1
MEENA1, ... —1 2y 100,00,y —N41, - Y—1—2,—1)

2 N-2
xe3™ 2= oo kAl xky*kfldy

Since
— 2z 2 riz;0 2 iz
e 3T 4 3™ L3 = (0, 7y € {—1,1}
we obtain that
(3.2) D% (£) =0,z # In_2(0).

Combining (3.1)) and (3.2) we complete the proof of Theorem |

Now, we prove some inversion result for the Walsh-Fourier transform.
Theorem 3.2. Let f € Ly (R) be W-continuous on R. If f € Ly (R) then

f(y)z/f(x)W(x,y)dx.

Proof. We can write

(3.3) / F@)w (e y)de
R

Il
N‘%\M‘

F@)w(z,y)de + / f(@)w(z,y)de =1+ I1.
ml-i 2]
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Since f is integrable for I1 we get

(3.4) |[I1| < / ‘f(x)‘dxﬁo (n — 00).
]

R\[-3},

We can write

3n
2

—

Fa)wmde =) =5 [ £you) Dy wdu-1)

_ 3" R
g2 / [y ®u) — f () du.
In72(0)

Hence,

o~

F@)w @,y do— f ()] <37 / F @ — f ()| du
I,-2(0)

m‘f‘; \m‘“:

Lrt € > 0, fix y € R, and choose an integer n > 0 such that

[flyeu) —fy)l<e

for all y € R which satisfy u € I,,_5 (0). Then we obtain

3n
2

(35) [ F@eo@pd- )| <
3n
2
Combining (3.3), ([3.4) and (3.5 we complete the proof of Theorem [3.2] O

4. GENERALIZED WALSH FUNCTION

Theorem 4.1. Let n € Z. Then the system
{3"/% (z,3"%5) ,j € Z}
is orthonormal and complete in Lo (I, (0)).

Proof. Proof of the orthonormality. For the sake of brevity we prove Theorem [4.1]
for Lo(I_,(0)) instead of Lo (I,(0)). That is, we discuss the system {37"/%w (z,37"%2j) ,j €
Z}. Recall that I_,,(0) = [-3"/2,3™/2). Since to see the normality it is trivial, then
we can suppose that j # k, j, k € Z. We are to prove

(4.1) / : w(z, 37" 25w (2, 37" 2k)dx = 0.
_3n

8
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‘We can write

an an

2 2

/ w(a, 372w (x, 372 k) de = / w(a, 37" (j O k))dz
3n

2

= Dy (37" (jOK)).

It is easy to see that3™"*2 (j O k) & I,_2(0)  (j # k). Then, from Theoremwe
prove (4.1)). The proof of the orthonormality is complete. Completeness is discused
later. O

Define the Dirichlet kernel functions with respect to the system (3"/%w(z,3"*15),
JjEZ) as:
Dy(z) := Z 3"w(z,3" %) NeNncZurecR.
{5€z:|j|<N}

We prove a formula for the Dirichlet kernels D v, .

Theorem 4.2. Let x € I, (0) and N € N. Then
3N ifx € I4n (0)
Dy () —{ 0, if & ¢ Inyn (0)

Proof. Integrate the function [Dsv., (z)|? on the interval I,, (0). By the help
2

of Theorem that is, by orthonormality we have:
2

/ D,y (z)|de = / E 3"w(x,3" 25| da
Lo 2 10 | cjraitan)
° 2

= Z 32n/ w(x’3n+2j)@($,3n+2k)dm
{3keze k) 1j1 <205+ ) 1,(0)

= > 32" / ldz = 3"V,
1,(0)

AR LES!
{iez:1j1<252 }

It is easy to see that w(z,3"2j) = 1,2 € L.+ n (0),]j] < ?’NT“ On the other hand,

this also gives:

g = / Dy, (2) [Pde = / IDovy, (2) [Pda
I,(0) 2 In4+n(0) 2

+/ ID vy, (2) [Pde = 37N +/ Dy, (z)|*dz.
In(O)\In+N(O) 2 In(O)\In+N(O) 2

This means:

/ Don s (2)[2dz = 0.
I, (0)~1,,+n(0) 2

Consequently, the function D v, (x) equals with zero for almost every x on the
2
set I, (0) ~\ I,+n (0). Since the Walsh-like function w(x, 3"*2j) is continuous, then
9
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so does the Dirichlet kernel Dy~ (x). That is, this function is the constant zero
2
function on the set I, (0) \ I, (0). O
Define the Fourier coefficients of the integrable function f : I,,(0) — C as

)= [ pa)s s e,
I,(0)
where j € Z. It is easy to have for the partial sums of the Fourier series

Sviy) o= S ()2 Py 372)

{J€Z:|j|<N}
~ | f@Dxyond.
1, (0)

Consequently,
St ) =3 [ s,

Inyn(y)
By this equality in the standard way one can prove that the system

(w(w,3"%245), 7 € Z) is complete in the Banach space of the integrable functions on
the interval I,,(0). It is also of interest, that the Dirichlet kernel are integer valued
functions. The reason of this fact is that if w(z, 3"*2;) occurs as an addend in the
kernel function, then so does its conjugate w(x, —3"*2j). The sum of these two
thingsis 2 (1+1=2)or =1 (r+7=—1).

In the sequel we discuss the uniform convergence of these partial sums of the
Fourier series of continuous functions. Denote by the (triadic) modulus of continuity
of the function f : I,(0) — C by

w(In(0), N, f) := sup [f(z) = flzoh)| (NeN).
he€l,in,x€l,(0)
If it does not cause any misunderstood, then we write w(N, f) simply. This is
a monotone decreasing nonnegative sequence. It is not difficult to prove, that a
function f on I,,(0) is continuous if and only if it modulus of continuity converges
to zero. We have

Suanf )= S [ 1f(a) - fw)lda

Intn(y)

< <w(n+ N, f).

gr N / fy @ h) — f(y)dh
I.+n~(0)

Remark 4.1. It seems also to be very interesting to discuss some other materials
with respect to this system, and harmonic analysis. Dirichlet kernels D, the norm
(and pointwise) convergence of the partial sums Sy, the Fejér kernels and means.
We suppose that there are many similarities with the ordinary Walsh system, since
the function w(x, 2"+15) + w(x, —2"*+15) can take the values +2 and —1.

10
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5. THE WALSH-FOURIER TRANSFORM IN L, (1 < p < 2)
2) the Walsh-

It this section we obtain that in cases when f € L, (R) (1 <p

Fourier transform is as a limit of truncated Walsh-Fourier transforms

Theorem 5.1. Let f € L, (R) ( < 2) and % + % =1. Then

Fla,a) = /f(y)w(x,y) dy

converges in L, norm. Moreover,
1

//f w(z,y)dy| dx < /\f )P dx B

Proof. Set
2k—1 2k+1
A = = /
k |:23n’23n)’ ap f(u)dua
Ain72)
b, (z) = Z W (x,3_"+2k) ,
|k|<m
® () :==37"2®,, (z) = Z ap3™ W (z,37"%k),
|k|<m
where

m = [a-S"_Q] ,a > 0.

Applying Riesz’s inequality [B] we can write
1/q 1/p

|El<m

3’7L
2

JRLICIEE I T (D DR I
3N

where M := 37"/2. Hence,
i o =
[en@rae < of 3 [ @ra]  <of [Ir@ra
—an \k\<mA;n_z) Ca
For any fixed A < % we obtain
e
(5.1) /\cb z)|Tdr <9 /|f )P du

It is easy to see that
w(z,y) =w (x, 3*”+2k)

11
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ifxe [f%, %) =1_,(0) and y € Aé"_Q) :=I,_2 (t). Indeed,

n—2 ¢ o T
3l7 3k
l=—o0 k=—n+1
Then
w(2,372) = At niatnst)
5
—  eimi(Toni1Yn—2+T ni2yn-st) _ w(z,y) .
Hence

D, (z) = Z / fuw)du | w(z, 37" k)

Al
(2m—1)/(2:3"72)
= Z / f(w)w(z,u)du = / f(w)w(z,u)du,

S ON G (—2m—3)/(2:37~2)

—/f(u)wxudu

(—2m—-3)/(2-3"72)

< [ v [ jfwlduo
—a (2m—1)/(2-37~2)
as n — o00. Then from (5.1]) we obtain

/ﬁ ooy du] dr < Ofw@

Consequently, when A — oo we have

52) /ﬁ ooyl ds < Uuw@

Set
f (J}, a) = f (JI) I[(7o<>,7a]u[a,oo) (JI) .

For b > a we have

/ /bf (,y) dyqdw <9 (/blf(y,a)lpdy) h
R b

Il
e
~
=
QU

i

o

—b,b]\[—a,a]
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as a,b — co. On the other hand,

b q
R//bf(y,a)w(x,y)dy dx
b a 1
- [|[rweeni- [1@e@a)
R o —a
= R/f(x,b)—f(a:,a)’ dr — 0

as a,b — oco. Hence, there exists a function f € L, (R) such that

(5.3) lim |7 ()= F ()

a— o0

=0.
p

Since (see (5.2)))
o b
[|F@nl a<o| [1rwpra
—00 —b
from we conclude that

7 7f(y)W(w7y) qdw<9 7|f(U)|pdu

Theorem is proved.

_1
p—1
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