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Transition Effects of THz Helical Undulator Radiation in a Waveguide
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The radiation of a particle instantly injected into an infinite ideal cylindrical waveguide and
implementing a helical motion is considered. Additionally, the problem of the radiation of a time-
varying point charge moving stationary along a helical orbit in the same waveguide is also solved.
Additionally, an explicit expression is obtained for the longitudinal component of the electric field of
radiation with a wavefront moving together with the particle. The basic properties of radiation are
determined: the conditions for its forward propagation are obtained, and its angular directivity is
determined. A formula is given that describes radiation upon gradual introduction of a bunch into a
waveguide (modeling the injection process) and during its subsequent propagation.
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1. Introduction

The helical undulator transforms its radiation spectrum in the presence of a waveguide,
converting it from continuous to discrete, which significantly improves its radiation characteristics.
This technique is especially effective in the terahertz frequency range. At a small radius of the
waveguide, the spectral lines are located at a significant distance from each other, which makes it
possible to use it in a single-frequency mode. By appropriate selection of undulator parameters, it is
possible to achieve the concentration of most radiation energy in one of the waveguide modes [1],
which will lead to its even more efficient use, maximizing the power of the emitted mode and
suppressing the rest.

Except for works [2, 3], to date, the focus has been on the cases of stationary helical motion of
a particle in infinite rectangular [4-6] and circular waveguides [1, 7-11]. Meanwhile, there is an
injection process in real undulators, i.e., the introduction of a bunch into an undulator, which is
equivalent to the gradual appearance of bunch particles in an undulator. When considering the
helical motion of the bunch in the waveguide of finite dimensions, the deformations of the
wavefront due to the principle of causality should be taken into account because of the temporary
effects arising from the sudden appearance of a particle do not smooth out over time: the field
amplitudes remain time-dependent.

In the present work, at first, as an auxiliary one, we consider the problem of the stationary
motion of a point particle with a charge varying with time and performing a helical motion in an
infinite ideal cylindrical waveguide. Then, on its basis, the problem of a particle that suddenly
appears at a specific moment and moves along a helical trajectory in the same waveguide is solved.
In conclusion, a formula is given that describes the gradual appearance of a bunch of charged
particles, which simulates the process of its injection.
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Fig. 1. The orbit of the helically moving charge and some parameters of the waveguide.

2. Radiation of a charge varying in time

Consider relativistic point charge with longitudinal velocity V and with the charge Q(t),
arbitrary dependent from the time, moving along the helical trajectory in the homogeneous
waveguide. The motion takes place in the circular waveguide with the perfect conducting walls and

the radius of b (Fig. 1). The charge density p and the charge currentfare given in the forms:

§(r—a)

p(T, P, 2z, t) = CIQ(t) Jra 5((,0 - wbt)(S(z - Vt) (1)
J(r,0,2,t) = 4Q(t) (@paé, +VE) =2 6(p — wyt)5(z = V), (2)

where €,and €, are unit vectors in the cylindrical coordinates and V is the longitudinal velocity of
the particle, w, = 2V /4, is the particle revolution frequency, A, is the undulator period. The
helix radius a can be given in the form of a = A,K/2my, where K = 0.93B[T] - A,[cm] is the
dimensionless undulator parameter and By, is the maximum of the magnetic field on axial direction,
y is the particle Lorentz factor.

The radiation fields are determined from the wave equations: The radiation fields are
determined from the wave equations:

{a- o) E =P ©
{o-Goeti=0 @
for the electrical and magnetic components of the radiation field, respectively.
Further:
P =y, {Z—Z + CZVp} (5)
Q = —rotj (6)

The solutions of the wave equations (3) and (4) are sought by passing to the time-frequency
domain: the right-hand sides of these equations are replaced by their Fourier transforms along the
longitudinal coordinate z:
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P? = /¥ [* Peik2dz, Q7 = /¥ [* (e /*dz (7)
or, explicitly:

Pz = qQ()e/* V02 59 (—r~28(r — a) + 718’ (r — a))

PZ = quoS(r — a){(—jkVwo88% + r72c26%" + w389)Q(t) + wo5°Q' () }e/kEV0

B? = quod(r — a)r {37k (c? +V2) + Vo, d?)Q(0) + V5*Q (D)0 (g)
6% = 5(p — wyt), 6% =6"(p — wyt)

The electrical and magnetic fields are sought in the form of vector cylindrical mode
compositions, which combine TM and TE harmonics:
E=Yom=1{Eim + Enm} (9)

The longitudinal components of electric and magnetic harmonics are written in the form of
expansion terms in Bessel functions of the first kind

oTM ™ T™ _ ;Y o jn(p-wot) ,jk(z-Vt
EnmZ - Unm nm» nm _]n (]nm Z) e’ (P=wo )e] ( )

iJTE _ TE TE _ r (0 —ont K (z—Vt
Hpm, = ceoWomWnm,  Ynm =Jn (Vnm ;) eIn(@-wot) o jk(z-Vt) (10)

where j,., and v,,, are the roots of the Bessel function and its derivative, respectively: J,, Gnm) =
0, ]rll(vnm) =0.

Transverse components TM and TE of the radiation fields’ frequency distributions are written
in the form:

STM _ ¢¢cTM ¢TM 1ATE _ TE TE

Snm - {gnmrl gnm<p' 0} }[nm - {}[nmr' j{nm<pl 0}

ETM _TM =TE TRTE

Enmt = ApmEnm Hi® = Dy Ham

qTM > @TM ETE 173 < A/TE

Hnmt = CpmC& [ez X gnm] Ei® = —Bpm(cgg) " [€; X Hpm]

™  _ 9 Yhm €TM _ ;Mo TM HTE — d Yhin J(TE  — ™ TE 11
nmy — T 5, &nmgy _];lpnm nmy — T 5, ’Ytnmg _]; lpnm ( )

Putting (9), (10) and (11) in the wave equation (3) give the system of equations for the
amplitudes U,,,,, Apm and Byp,:

jk@-ve) o R ,
ebsTZn,mzl e]n((p @ot) {]nmr]n (]nm %) GA +]bn]n (Vnm %) GB} = PrZa
Jk(z=Vvt) ) ) . ,
: b3c2r Z;.lo,m=1 e]n((p—wot) {]bn]n (]nm g) GA - Vnmr]n (Vnm %) GB} = P;,
ejk(z—Vt) o jn((p—a) 0 . r 2
WZn,m:l e Ly (]nm E) Gy = P/, (12)
Here
Gx = f(gX)Xnm + bz(zijr’lm - Xrlllm); Xnm = Unms Anms Bam
fgx) = ¢*(g§ + b*k?) — b*w? = b*(@* — w?), & = 7\/g} + b?k?, (13)

Inm = Jnm for Unm and Anm and Inm = Vnm for Bym.

Note the relationship between frequency w and longitudinal wavenumber: w = kv + nw,.
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Combining the obtained equations with each other and using the well-known orthogonality
conditions for the Bessel functions [12], we obtain equations for the amplitudes U,,;,,, Anm, Brm:

Gx = f(gx)Xum + b* jwXpm — Xnm) = FX(jKXQ(t) + RXQ’(t))r X =UA,B, (14)

where

_ C2 ]n (]nm%) F, = i C2 ]n(inm a/b)
VT ) T T g )
F, = — baczwb Vnm ]rll(vnm a/b)
N D
Ky =c*k — Vo, Ry =V
K, = c?j2, — b*nw,w, R4 = b*nw,
Ks = w, Ry = —1 (15)

F

For the amplitudes of the magnetic components of the field (wave equation (4)) equations are
obtained with a structure identical to (14). In this case, we have:

Zacwb Vr3lm ]rll(vnm a/b)

Fw =] , Ky=1, Ry=0, gy=
w ] q bSO Vrzlm _ nz ]121 (Vnm) w w gW Vnm
ZCjTZlmV - bzknwb]n(jnm a/b)
¢ €o ]721—1(]nm) , ]rzlm ¢ ¢ ¢ o
Fp = —q 22t tam _Jnlum®D) e — 1, Ry =0, gw = Vam (16)

€o Vim—n? ]121(Vnm)

Equation (14) is a second order differential equation. Its complete solution can be composed
of a particular solution of an inhomogeneous equation and a general solution of a homogeneous
equation (with zero right-hand side).

The solution of the inhomogeneous equation (14) can be obtained by representing the
amplitudes X,,,,, and function Q(t) through the images X,,,,, and Q of the Laplace transform in time:

Xom = fOOO Unme_atda, Q(t) = fooo Qe “tda (17)

The connection between the Laplace images of the amplitude and the function (15) is obtained
after substituting (17) into (14) and equating the integrands in the left and right sides of the resulting
equation:

Xnm (@) = FxQ(a)Px(a) (18)

where

_ JKx—aRx
Py(a) = f(gx)-b2(2jwa+a?) (19)

The time dependence of the amplitude is determined using the inverse Laplace transform from
the coordinate a to the time domain. Thus, for all six components, the solution has an identical
form:

X)) = Fx L7 {Q()Px(a)}, X =U,A,B,W,C,D (20)

An explicit solution can be obtained from (20) by substituting in it the Laplace image Q («) of
a specific function Q(t) of the time dependence function of charge accumulation.
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3. The radiation of injected particle

Now consider of the process of injection of the case of a single point particle arising at the
time instant t = 0 at the point r = b,z = 0,¢ = 0 inside the waveguide and being drawn into
motion along a helical trajectory by external magnetic fields. The phenomenon of instantaneous
appearance of a point charged particle is described by the introduction of a step function into the
expressions (1), (2) for charges and currents instead of function Q(t): Q(t) = x(t), where y(t) =0
att < 0and y(t) = 1att > 0. The Laplace image of a step function is:

¥(@) = L{x(O}=a™! (21)

and the derivative of the step function at t > 0 is equal to zero and Ry = 0 in (19). Therefore, from
(20) we have:

Xy(®) = j;?’;v’\;{l — et (cos(@Nt) +j5)iNsin(5Nt)>} (22)

The first term in (44) coincides with the expression for the stationary solution in an infinite
waveguide
We represent the factor b2/ (gy) in the form

bZ

f_(gN) == ul + uz (23)
Here
b? 1 1
= uO = —_
flgn) . (k1—k2)(k—k1) (}Lﬁ‘kz)(k—kz)
th = k1(k1_fz)(k—k1) B ’fz(’ﬁ—kz)(’i—kz)
2= Ttak) | la-ky) Ik, (24)
anwoic\/banwg—glzv(cz—Vz)
iz = b(c2—v2)
k, , are the roots of equation f(gy) = 0 with respect to k.
Now (22) can be rewritten as:
Xy () = jEyKyug — e 7t Z(k)uy — e 9t Z(k)u, + e 72t Z, (k) (25)
with
Z(k) = jEyKy <cos(5Nt) + j%sin(@,ﬂ))
N
Zy(k) = (Ao(k)cos(a”JNt) + Bo(k)sin(a”JNt)) (26)

In (25), a general solution of the homogeneous equation for amplitudes (with zero right-hand
side)
Gy = f(gX)Xnm + bz(zij;Lm — Xpm) =0 (27)

with indefinite so far coefficients A, (k) and B, (k) is added.

The transition to the space-time domain is accomplished using the inverse Fourier transform
versus k:
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Xy@® =XP@0 + X0 +xP @) +xP (@) (28)

with
X () = jFy [7 Knuee! @ dk, xP(0) = [7 Z(k)ue " dk
XP @) = 7 z(kyue *dk, XD @) = [T Zy(k)e Tk dk (29)

The integrand of XIE,O)(t) is an analytic function on the entire complex plane k and, with the
exception of points k = k, and k = k,, corresponding to two simple poles lying on the real axis. Its
value (in the sense of the principal value) is determined by the residues of these poles in the usual

way [7]. The integrand of X,E,l)(t) has the same poles, but it is not an analytic function. The results
of integration along the edges of the cuts emanating from the branch points k = +j gy /b should be
also added to the contributions from the poles to its value. Asymptotically this contribution can be
calculated by the saddle point or stationary phase method [13] It is easy to see that the contribution

from the poles to the integral X,E,l)(t) completely vanishes the integral X,E,O) (t), and the additional

contribution of the integral X 15,1)(15) (calculated, for example, by the stationary phase method), is
compensated by the appropriate selection of the amplitudes A,(k) and By(k) in the integral

X,E,”(t). Only the third term X,E,z)(t) in (28) remains nonzero. It does not contain poles, but its
integrand is not an analytic function either. This integral

X(Z)(t) = ]FU f Ky (cos(w,vt) +]—sm(th)>e k2 qk (30)

can be calculated explicitly. In particular, for the longitudinal electric component E, we have:

E, = LUy, [Lmvezez = 22| + My, [ vezez = 72|} (31)

k1ks
for c?t? > z2? and E, = 0 for c?t? < z2. The latter is due to the time delay of radiation.

Where,
: 2 2
M, = —j%{Vnwa — z(c*t + jpmVZ) %}
R + R,
be(c?t? — 72377
R, = nrwo(c?t? = z2)(V(inmVz + ¢2t) — Zjum(c® —V?))
R, = —1(c? = V) (2(umVz + c2t) + *t(jymVt + 2)) (32)

Mlz

During of calculation (31) the following relation [14] was used

j-oo sin[bVaZ+x ]cos(xy)dx n]O[a\/bz -y ], O0<y<b (33)
0 a?+x? 0, b<y<owm

In contrast to the case of homogeneous motion in infinite waveguide, in the case under
consideration, the waveguide is filled with energy as the particle deepens into the waveguide. The
front of the propagated wave is determined by equality ct = z. Note that the field component (31)
at ct — z tends to a finite limit.
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For the presence of radiation at a certain observation point r, ¢, z inside the waveguide, as
already noted, the principle of causality must be observed, which requires the following relations to
be satisfied:

171+ %2 =t L+ lcosa =z (34)

Here [; is the distance along the z axis, indicating the position of the particle at a certain moment of
time t’ < t, at which its radiation reaches the point of observation r, ¢, z at the moment of time ¢.
[, denotes the distance between the particle and the point of observation, which is passed by the
radiation emanating from the particle at time t" and reaching the point of observation at time t; « is
the angle between the line connecting the particle and the observation point and the axis of the
waveguide.

From (52) it follows:

__ V(ctcosa~-z) _ c(z—tV)

], = Aetcosa=z)
1 ccosa-v ' 2

ccosa=V (35)

Important conclusions follow from (35) under conditions [, , > 0: (a) forward radiation is
possible if z > tV, (b) the radiation is concentrated near the axis of the waveguide within the
conical angle a« < min {{/2/(1 = VZ/c?),{[T= (z/ct)?}.

Frequency characteristics of radiation can be determined by analyzing the integrand in
formula (30). For an arbitrary value of the function f (j,..,,,), it is a rapidly oscillating function, while
with f(j.m) = 0 the oscillations remain only in phase and its modulus slowly varied with
frequency. For this reason, its frequency distribution is characterized by sharp peaks at frequencies
determined by equation f(j,,,) = 0. Thus, the resonant frequencies remain the same as in the
stationary motion of a particle in an infinite waveguide [7]. Obtained formula (31) describes
narrow-directed and narrow-band radiation. The process of the emergence and subsequent
propagation of an arbitrary bunch of uniform length t, can be described using the convolution of
the expression for the field of a point particle (31) with the charge longitudinal distribution function
f,, (t) in the bunch:

E2(t) = [" f,(t — tDE,(t)dt’ (36)

Here t,, = t at the formation of a bunch and t,, = t, at its completion.
For brevity, we obtained an explicit expression only for the longitudinal electrical component
(31). Similarly, (using formulas (15) and (16)), the rest of the components can be calculated.

4. Conclusions

The results of this work make it possible to study in more detail the processes of emission of
bunches in a helical undulator combined with waveguide, occurring during injection, subsequent
propagation, and after leaving the open end (open cross-section) of the waveguide. They will
contribute to the creation of mathematical models of the operation of an undulator-waveguide
structure close to reality. The results related to the time-varying charge of a particle can find
application, for example, when taking into account the loss of particles in a bunch arising from
scattering on the walls of the waveguide and scattering on molecules of the residual gas.
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