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Ïðåäåëüíàÿ ìàññà õîëîäíûõ áåëûõ êàðëèêîâ âïåðâûå áûëà âû÷èñëåíà Å.Ñòîíåðîì â
ðàìêàõ ïðèáëèæåííîé ìîäåëè îäíîðîäíîé çâåçäû, è áûëà âñêîðå óìåíüøåíà íà ~20% â
ðàáîòàõ Ñ.×àíäðàñåêàðà è Ë.Ä.Ëàíäàó, íà îñíîâå òî÷íîãî ðåøåíèÿ óðàâíåíèé äëÿ ðàâíîâåñèÿ
çâåçäû. Çäåñü ðàññìîòðåíû îäíîðîäíûå ìîäåëè áåëûõ êàðëèêîâ ñ ó÷åòîì ýôôåêòîâ îáùåé
òåîðèè îòíîñèòåëüíîñòè è âëèÿíèÿ êîíå÷íîé òåìïåðàòóðû. Ðåøåíèÿ ïîëó÷åíû â âèäå êîíå÷íûõ
àíàëèòè÷åñêèõ ôîðìóë è, äëÿ ìàññ, íå áîëåå ÷åì íà ~20% îòëè÷àþòñÿ îò òî÷íûõ ðåøåíèé,
ïîëó÷àåìûõ ïðè ÷èñëåííîì èíòåãðèðîâàíèè äèôôåðåíöèàëüíûõ óðàâíåíèé ðàâíîâåñèÿ çâåçäû.

Êëþ÷åâûå ñëîâà: áåëûå êàðëèêè: îäíîðîäíàÿ ìîäåëü: îáùàÿ òåîðèÿ

    îòíîñèòåëüíîñòè

1. Ââåäåíèå. Ïðè èññëåäîâàíèè ñòðîåíèÿ áåëûõ êàðëèêîâ áûëî îáíà-

ðóæåíî, ÷òî èõ ðàâíîâåñèå âîçìîæíî òîëüêî äëÿ ìàññ, íå ïðåâûøàþùèõ

íåêîòîðûé ïðåäåë, êîòîðûé èçâåñòåí êàê ×àíäðàñåêàðîâñêèé. Äëÿ óãëåðîäíî-

êèñëîðîäíîãî õèìè÷åñêîãî ñîñòàâà, ãäå íà îäèí ýëåêòðîí ïðèõîäèòñÿ äâà

íóêëîíà, 2 e , ýòîò ïðåäåë ðàâåí M.461 . Âïåðâûå âûâîä î ñóùåñò-

âîâàíèè âåðõíåãî ïðåäåëà ìàññû äëÿ õîëîäíûõ çâåçä, ðàâíîâåñèå êîòîðûõ

ïîääåðæèâàåòñÿ äàâëåíèåì âûðîæäåííûõ ýëåêòðîíîâ, áûë ñäåëàí â ðàáîòå

Ñòîíåðà [1], êîòîðûé ðàññìàòðèâàë ìîäåëü áåëîãî êàðëèêà îäíîðîäíîé

ïëîòíîñòè, ñì. òàêæå [2]. Îí îáîáùèë ðàññìîòðåíèå äàâëåíèÿ âûðîæäåííûõ

ýëåêòðîíîâ, ñäåëàííîå â ðàáîòàõ [3,4] íà ñëó÷àé áîëüøîé ïëîòíîñòè â

óñëîâèÿõ óëüòðàðåëÿòèâèñòñêîãî âûðîæäåíèÿ, â êîòîðîì óðàâíåíèå ñîñòîÿíèÿ

äëÿ õîëîäíîãî âåùåñòâà ïðèíèìàåò âèä [5]

   
 

. 
4

3 3434

34

312





 K

m

c
P

ue


(1)

Çäåñü e  - êîëè÷åñòâî íóêëîíîâ íà îäèí ýëåêòðîí, m
u 
- àòîìíàÿ åäèíèöà

ìàññû, ðàâíàÿ 1/12 ìàññû èçîòîïà 12C. Ìàññà ïîëèòðîïíîé çâåçäû,

ñîîòâåòñòâóþùåé 34 , n = 3, ñîãëàñíî òåîðèè Ýìäåíà, íå çàâèñèò îò

ïëîòíîñòè è îäíîçíà÷íî îïðåäåëÿåòñÿ ïàðàìåòðîì Ê â âèäå [5]

ÒÎÌ 64 ÍÎßÁÐÜ, 2021 ÂÛÏÓÑÊ 4

À Ñ Ò Ð Î Ô È Ç È Ê À



552 Ã.Ñ.ÁÈÑÍÎÂÀÒÛÉ-ÊÎÃÀÍ,   Å.À.ÏÀÒÐÀÌÀÍ

. 0182, 4 33

23

.MM
G

K
M p 










 (2)

Èñïîëüçóÿ (2), ×àíäðàñåêàð [6] è Ëàíäàó [7], íåçàâèñèìî è ïî÷òè îäíîâðåìåííî

ïîëó÷èëè äëÿ óðàâíåíèÿ ñîñòîÿíèÿ (2) ïðåäåëüíóþ ìàññó áåëîãî êàðëèêà â

âèäå
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Äëÿ îïðåäåëåíèÿ ïðåäåëüíîé ìàññû íàáëþäàåìûõ áåëûõ êàðëèêîâ ×àíäðàñåêàð

[6], ñëåäóÿ Ñòîíåðó [1], èñïîëüçîâàë çíà÷åíèå 52.e  , ïîëó÷èâ çíà÷åíèå

M.Mwd 9330 . Ýòî óòî÷íÿëî çíà÷åíèå Ñòîíåðà M.Mwd 11 , ïîëó÷åííîå

ïðè òîì æå 52.e   â ìîäåëè ñ îäíîðîäíîé ïëîòíîñòüþ. Èç òåîðèè ýâîëþöèè

çâåçä, à òàêæå èç íàáëþäåíèé ñëåäóåò, ÷òî ïî÷òè âñå áåëûå êàðëèêè ñîñòîÿò

èç ñìåñè óãëåðîäà 12C è êèñëîðîäà 16O, äëÿ êîòîðîé 2e  [8], à M.Mwd 461 .

Â ðàáîòå [7] âïåðâûå áûëî ïîëó÷åíî ðåàëèñòè÷åñêîå çíà÷åíèå ïðåäåëà ìàññû

áåëîãî êàðëèêà, êîòîðûé çàñëóæèâàåò áîëåå ñïðàâåäëèâîå íàçâàíèå, êàê ïðåäåë

Ñòîíåðà-×àíäðàñåêàðà-Ëàíäàó.

Îòìåòèì, ÷òî çäåñü ïðèâîäÿòñÿ çíà÷åíèÿ ïðåäåëüíûõ ìàññ áåëûõ êàðëèêîâ

ñ èñïîëüçîâàíèåì óòî÷íåííûõ ñîâðåìåííûõ âåëè÷èí äëÿ âñåõ êîíñòàíò, ÷òî

ïðèâåëî ê îòëè÷èþ íà íåñêîëüêî ïðîöåíòîâ îò âåëè÷èí, ïðèâåäåííûõ â

îðèãèíàëüíûõ ðàáîòàõ.

Â äàííîé ðàáîòå îäíîðîäíàÿ ìîäåëü èñïîëüçóåòñÿ äëÿ ïîñòðîåíèÿ ïðèáëè-

æåííûõ ìîäåëåé áåëûõ êàðëèêîâ ïðîèçâîëüíîé ìàññû ïðè êîíå÷íîé òåìïå-

ðàòóðå ñ ó÷åòîì ïîñò-íüþòîíîâñêèõ ïîïðàâîê ê íüþòîíîâñêîé ãðàâèòàöèè çà

ñ÷åò ýôôåêòîâ îáùåé òåîðèè îòíîñèòåëüíîñòè (ÎÒÎ). Èç ñðàâíåíèÿ ðåçóëüòàòîâ

äëÿ ïðåäåëüíûõ ìàññ áåëûõ êàðëèêîâ â òî÷íîé è îäíîðîäíîé ìîäåëÿõ,

îøèáêè â îïðåäåëåíèè âñåõ âåëè÷èí â îäíîðîäíîé ìîäåëè ñîñòàâëÿþò 20%.

2. Áåëûå êàðëèêè â ïðèáëèæåíèè øàðà ïîñòîÿííîé ïëîòíîñòè.

Äëÿ ïðèáëèæåííîãî ðàññìîòðåíèÿ îäíîðîäíûõ çâåçä âçÿò ýíåðãåòè÷åñêèé

ìåòîä, èñïîëüçîâàííûé Ñòîíåðîì [1] äëÿ áåëûõ êàðëèêîâ, è ïîçæå äëÿ

îáùåãî ñëó÷àÿ â ðàáîòàõ [9,10]. Ðàñïðåäåëåíèå ïëîòíîñòè ïðèíèìàåòñÿ

çàäàííûì, ñ åäèíñòâåííûì ïàðàìåòðîì â âèäå öåíòðàëüíîé ïëîòíîñòè, ïðè

èçìåíåíèè êîòîðîé èçìåíåíèÿ â çâåçäå ïðîèñõîäÿò ãîìîëîãè÷åñêè.

Äëÿ îäíîðîäíûõ çâåçä òàêèì ïàðàìåòðîì ÿâëÿåòñÿ ïîñòîÿííàÿ ïî çâåçäå

ïëîòíîñòü. Çàïèøåì ïîëíóþ ýíåðãèþ îäíîðîäíîé çâåçäû   â âèäå
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Çäåñü E
T
 - âíóòðåííÿÿ ýíåðãèÿ åäèíèöû ìàññû, ãðàâèòàöèîííàÿ ýíåðãèÿ

îäíîðîäíîãî øàðà G  îïðåäåëåíà â [11]. Ðàâíîâåñíîå ñîñòîÿíèå è óñëîâèå

óñòîé÷èâîñòè äëÿ çâåçäû ìàññû Ì îïðåäåëÿþòñÿ, ñîîòâåòñòâåííî, ñîîò-
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Çäåñü èñïîëüçîâàíû òåðìîäèíàìè÷åñêèå ñîîòíîøåíèÿ [12]
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Èç ïåðâîãî ñîîòíîøåíèÿ äëÿ ðàâíîâåñèÿ â (5) ïîëó÷àåì åäèíñòâåííîå

ðåøåíèå äëÿ ìàññû îäíîðîäíîé çâåçäû M
u
, â ñëó÷àå óðàâíåíèÿ ñîñòîÿíèÿ

34 KP , â âèäå

. 4635
23











G

K
.Mu (7)

Èç ñðàâíåíèÿ ìàññ M
u
 èç (7) è M

p
 èç (3) ïîëó÷àåì äëÿ ïðåäåëüíîé ìàññû

. 1991
3

4

5

3

23

ududu M.M
M

M 







 (8)

Òàêèì îáðàçîì, ïðèáëèæåííîå çíà÷åíèå äëÿ ïðåäåëüíîé ìàññû îäíîðîäíîé

çâåçäû, ïî Ñòîíåðó, ïðèìåðíî íà 20% ïðåâûøàåò òî÷íîå. Äëÿ ïðîèçâîëüíîãî

óðàâíåíèÿ ñîñòîÿíèÿ èç (5) ïîëó÷àåì ñëåäóþùåå âûðàæåíèå äëÿ çàâèñèìîñòè

ìàññû çâåçäû îò ïëîòíîñòè
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Äëÿ õîëîäíûõ áåëûõ êàðëèêîâ ñ óðàâíåíèåì ñîñòîÿíèÿ [5]
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(10)

ïîëó÷àåì ïðèáëèæåííóþ çàâèñèìîñòü  M  äëÿ áåëîãî êàðëèêà â îäíîðîäíîé

ìîäåëè, ïðåäñòàâëåííóþ ñïëîøíîé ëèíèåé íà ðèñ.1. Â óëüòðàðåëÿòèâèñòñêîì

ïðåäåëå èç (10) ïîëó÷àåì óðàâíåíèå ñîñòîÿíèÿ (1), èç êîòîðîãî ñëåäóåò

ïðèáëèæåííîå çíà÷åíèå ïðåäåëüíîé ìàññû (7), (8). Ïðè ó÷åòå ìàëûõ ïîïðàâîê

çà ñ÷åò îòêëîíåíèÿ îò óëüòðàðåëÿòèâèñòñêîãî ãàçà ïðè y >> 1 è ìàëûõ

òåìïåðàòóðíûõ ïîïðàâîê 12  kTcme , óðàâíåíèå ñîñòîÿíèÿ ïðèíèìàåò

âèä [5]
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(11)

Òîãäà â îäíîðîäíîé ìîäåëè çàâèñèìîñòü ìàññû îò ïëîòíîñòè ïðè áîëüøèõ

ïëîòíîñòÿõ, ñ ó÷åòîì (9), çàïèñûâàåòñÿ â âèäå
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3. Ìîäåëè îäíîðîäíûõ áåëûõ êàðëèêîâ ñ ó÷åòîì ìàëûõ

ïîïðàâîê íà ÎÒÎ. Ðàññìîòðèì ìîäåëè îäíîðîäíûõ áåëûõ êàðëèêîâ ñ

ó÷åòîì ïîñò-íüþòîíîâñêèõ ïîïðàâîê íà ÎÒÎ.

Äëÿ ðàâíîâåñíûõ çâåçä ïîñò-íüþòîíîâñêèå ïîïðàâêè ê ýíåðãèè ðàññ÷èòàíû

â [9], ñì. òàêæå [13] â èíòåãðàëüíîì âèäå, êîòîðûå äëÿ îäíîðîäíîãî øàðà

âû÷èñëÿþòñÿ àíàëèòè÷åñêè:
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Â èòîãå ïîëó÷àåì ïîïðàâêó íà ÎÒÎ äëÿ îäíîðîäíîé çâåçäû â âèäå
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Äëÿ ïîëèòðîïíîãî øàðà èìåþò ìåñòî ñîîòíîøåíèÿ [5]
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Ó÷èòûâàÿ (15) â ïåðâîì ÷ëåíå (14), ïîëó÷àåì âûðàæåíèå ïîïðàâêè íà ÎÒÎ

äëÿ ïîëèòðîïíîé çâåçäû îäíîðîäíîé ïëîòíîñòè â âèäå
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Äëÿ ýìäåíîâñêîé ïîëèòðîïíîé ìîäåëè ñ n = 3 ïîïðàâêè íà ÎÒÎ ñîñòàâëÿþò [9]
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Ïðè ó÷åòå ïîïðàâêè íà ÎÒÎ ïðèáëèæåííîå óðàâíåíèå ðàâíîâåñèÿ â

îäíîðîäíîé ìîäåëè, ñ ó÷åòîì (5) è (16), çàïèøåòñÿ â âèäå
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Çàâèñèìîñòü  M  â îäíîðîäíîé ìîäåëè áåëîãî êàðëèêà ñ ó÷åòîì ýôôåêòîâ

ÎÒÎ, ñëåäóþùàÿ èç (18), ñ èñïîëüçîâàíèåì óðàâíåíèÿ ñîñòîÿíèÿ (10), ïðèâåäåíà

íà ðèñ.1. Ìàêñèìóì ìàññû äîñòèãàåòñÿ ïðè 9106894  .m  ã/ñì3, M.Mm 6721 .

Àíàëîãè÷íûå êðèâûå äëÿ áåëûõ êàðëèêîâ â òî÷íûõ ïîëèòðîïíûõ ìîäåëÿõ

ïîñòðîåíû â ðàáîòå [10].

Èç ñðàâíåíèÿ âèäíî, ÷òî êðèâûå äëÿ îäíîðîäíîé ìîäåëè ïðèìåðíî íà

20% âûøå, ÷åì íà ñîîòâåòñòâóþùèõ êðèâûõ èç [10], è òåðÿþò óñòîé÷èâîñòü

çà ñ÷åò ýôôåêòîâ ÎÒÎ ïðè ïëîòíîñòè ïðèáëèçèòåëüíî â 5 ðàç ìåíüøåé èç-

Ðèñ.1. Çàâèñèìîñòè ìàññû îò ïëîòíîñòè áåç ó÷åòà è ñ ó÷åòîì ýôôåêòîâ ÎÒÎ. Ñïëîøíîé
ëèíèåé îáîçíà÷åíà îäíîðîäíàÿ ìîäåëü áåç ó÷åòà ýôôåêòîâ ÎÒÎ. Øòðèõîâîé ëèíèåé

ïðåäñòàâëåíà îäíîðîäíàÿ ìîäåëü ñ ó÷åòîì ìàëûõ ïîïðàâîê íà ÎÒÎ. Ìàêñèìóì äîñòèãàåòñÿ
â òî÷êå 
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çà áîëüøîãî âëèÿíèÿ ýòèõ ýôôåêòîâ â îäíîðîäíîé ìîäåëè, ïî ñðàâíåíèþ

ñ òî÷íîé ïîëèòðîïíîé ìîäåëüþ n = 3. Èñïîëüçóÿ óðàâíåíèÿ (11) è (18),

ïîëó÷àåì óðàâíåíèå äëÿ ìàññû îäíîðîäíîãî áåëîãî êàðëèêà ñ ó÷åòîì ýôôåêòîâ

ÎÒÎ ïðè êîíå÷íîé òåìïåðàòóðå.
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Çàâèñèìîñòü ìàññû îò ïëîòíîñòè îäíîðîäíûõ áåëûõ êàðëèêîâ äëÿ ðàçíûõ

òåìïåðàòóð, ñ ó÷åòîì ýôôåêòîâ ÎÒÎ, ïðèâåäåíà íà ðèñ.2.

Çàâèñèìîñòü ìàññû îò ïëîòíîñòè äëÿ èçîòåðìè÷åñêèõ áåëûõ êàðëèêîâ â

ïîëèòðîïíîé ìîäåëè ïîëó÷åíà â ðàáîòå [10]. Îòìåòèì, ÷òî âëèÿíèå ýôôåêòîâ

ÎÒÎ íà óñòîé÷èâîñòü áåëûõ êàðëèêîâ âïåðâûå èññëåäîâàíî Êàïëàíîì [14].

Äàííàÿ ðàáîòà ÷àñòè÷íî ïîääåðæàíà ãðàíòîì ÐÔÔÈ 20-02-00455.

1 Èíñòèòóò êîñìè÷åñêèõ èññëåäîâàíèé ÐÀÍ, Ìîñêâà, Ìîñêîâñêèé ôèçèêî-

 òåõíè÷åñêèé èíñòèòóò ÌÔÒÈ, ã. Äîëãîïðóäíûé, e-mail: gkogan@iki.rssi.ru
2 Íàöèîíàëüíûé èññëåäîâàòåëüñêèé ÿäåðíûé óíèâåðñèòåò ÌÈÔÈ, Ìîñêâà

Ðèñ.2. Êðèâûå äëÿ èçîòåðìè÷åñêèõ îäíîðîäíûõ áåëûõ êàðëèêîâ ïðè áîëüøèõ ïëîòíîñòÿõ
ñ ó÷åòîì ýôôåêòîâ ÎÒÎ.
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WHITE DWARFS IN A UNIFORM SPHERE
APPROXIMATION, WITH ACCOUNT OF GENERAL

RELATIVITY EFFECTS

G.S.BISNOVATYI-KOGAN1,2, E.A.PATRAMAN1

A limiting mass of cold white dwarfs was first calculated by E.Stoner in the

frame of approximate model of a uniform star, and was decreased soon by ~20%

in works of S.Chandrasekhar and L.D.Landau, basing on exact solution of stellar

equilibrim equations. Uniform models of white dwarfs are considered here with

account of General Relativity effects, and influence of a finite temperature.

Solutions are obtained in the form of finite analytic formulae, and, for masses,

not more than ~20% differ from exact solutions, obtained by numerical integration

of differential equations of stellar equilibrium.

Keywords: white dwarf: uniform model: general relativity
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