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OnTuMaJIbHBIN BBIOOP THUIIA KOHEYHOM KOH(Urypaliuu NpU OrpaHUuYeHHOM
YIpaBJIeHUHU II€peMeIeHNeM cXBaTa JBY3BEHHOI0 MaHUMYJIATOPA

KuaroueBble cjioBa: : IBYy3BeHHBIH MAaHUIYISATOD, OTPAHUYEHHOE YIIPABJIEHUEe, KOHEYHBIN THI KOH(MUTYpAIUn

PaccmarpuBaerca 3amada OTpAHHYEHHOIO YIPABJIEHHS MEPEMEIEHHeM TOYETHOr0 CXBATA ILIOCKOTO JIBY3BEH-
HOrO MAHHUIYJATOPA C MPIAMOJIUHEIHBIMU 3BEHbSMH DABHOW IJIMHBI M CO BTOPBIM CTATHYECKH YPABHOBEIIEHHBIM
3BeHOM. Ha mIockocTu 0600IEeHHBIX KOOPAMHAT MAHUILYJISITOPA MOCTPOEHBI 00JIACTH, MO3BOJISIONINE TI0 33 TaHHBIM
KOOPAMHATAM TEPMHUHAJIBHOIO MOJIOXKEHUS] MAHUIIYJIATOPA OIPEIEJUTD YIIPABICHNS, 00ECIeYNBAIOIINE IEPEMEIIEHIE
MAHHUILYJISITOPA M3 HAYAJIBHOIO IIOJIOZKEHUs IIOKOsS B 33/aHHOE TEPMUHAJIBHOE II0JIOXKEHHE IIOKOsi 33 KOHEYHOE Bpe-
Ms 6e3 HapYIIeHus] OrPAHWYEHNH Ha YIPABJIEHUS, & TaKyKe BBIOPATH TUI KOHEYHOH KOHMUTYPAINH, IPU KOTOPOM
BpeMs IepeMeIleHns] CXBATa MUHUMAJIbHO. UHCIeHHBIMIA pAacieTaMH YCTAHOBJIEHO, YTO ONTHMAJBHBIA BHIOOD THIIA
KOHEYHON KOH(MUTYPAIMK MOYKET MPUBOJAUTH K 3HAYNTEIbHOMY YMEHBIIEHWIO BPEMEHU TEePEMEIeHMs CXBATa, MAaHU-
nynaTopa. Jlana omeHka 0IHM30CTH PE3YJILTATOB, IOJIYIAEMBIX C IOMOMIBI0 PACCMATPHBAEMOM CIIOCOOe YIPABICHHS

¥ ONTHUMAJIBHOM IO OBICTPOAEHCTBHUIO yIPABICHUN.
WYtyphuywin Jd.Jd.

Gplonul dwithwymypyuypnph pptwlui Yniphgmpughwih puwih owpyphdwy pinppnipymip
prihsh pinuihnpufwt vwhdwbwthwl nEjujupduwt pypmd

Nhdtwpwntp tpyonuly dwihwynijuynp, vwhiwbwthwly ntjuupnd, YJepetiwlui Ynbphgnipughwyh phuwy:

Yhypwplynud E mnnughd b hwjwuwp Gpupnipyudp onuyjutipny hwppe tponuly dwihwnijjuypnph Yaqpught prbhsh
ptinupwpdiwd vwhdwbwthwy nhjudupdwb pbnhpp, tipp dwihwni jupnph Gpypnpng onuyp uypugphnptit hwjwuwpunyud
E: Uwbhwyniyjugpnph pinhwipugyuwd Ynnpnhbunpbtinh hwppnipijub dbe unniggwd th hwuwbtith Ynbdhgmpughwitiph yphpnypbtn
, npnbp hmpwynpnipynid GO puwthu puyp dwbhwnyjupnph yptpdhtwy nhpph Ynnpnhtwpotiph npnptp wyt nEjuyupnudbtipp,
npnip wwywhnymd G0 dwbhyniyupnph plinuthnpunudp uyqpbwyud hwbquph nhpphg ppjwd ptipdhtwy hwbquiph nhpp
Ytpowynp dwiwbwlyn wpwig nijujupnidtiph ypuw npjwd vwhdwbwthwynitbph ewfugqpdwd, hbsytu bwb pbypty Jipebwub
Untdhgnipughwyh puwlyp, nph nhypnid ppthsh phnuihnfudwt dwdwbwyp bfuqugny bl £ GJuyht hwpguplitipnyg hwugqugy by
L, np Jtpotwlwl Ynbdhgnipughwyh phuwhh owyphdwy plppnieyniip Yupnn £ pipt dwhwnyjuwypnph pebihgh plinuthnfudwi
dudwbwyh qquih jugtgdwbn: Spywd L wprynmbpbtiph dnyphympyjut qbwhugpuuip, npnip upugynid b nphypupyynn
ntjujupiwb b owyyphdwy puyp wpuqugnpdnipyub nEjujunpdwd nhypbpnd:

We consider the limited control problem for the motion of a point gripper of a plane two-link manipulator
with linear links of equal length, the second link being statically balanced. Regions are constructed on the plane of
the generalized coordinates of the manipulator that allow, based on the specified coordinates of the manipulator’s
terminal position, to determine the controls that ensures the manipulator moves from the initial rest position to
the specified terminal resting position in a finite time without violating the controls constraints, and also to select
the type of final configuration in which the movement time is gripper is minimal. It is established by numerical
calculations that the optimal choice of the final configuration can significantly reduce the motion time of the
manipulgtor gripper. An estimate is given for the proximity of the results obtained using the considered control
method and time-optimal control.
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Introduction

Two-link robotic manipulators are widely used in various branches of modern industry. They
are used both independently and as part of the structures of multi-link manipulation robots for
which it is these two links that perform the bulk of the robot’s motions when it performs various
technological operations. One possible approach to the rational calculation of control modes is their
optimization according to some manipulator performance criterion (time of transport operations,
energy consumption, etc.). An essential component in the formation of algorithms for controlling
the motion of a two-link manipulator is taking into account its design and geometric features. For a
plane two-link manipulator, each position of the gripper corresponds to two feasible configurations
differing by the sign of the angle between the links. Consequently, the performance of the gripper
motion to the terminal position depends both on the type of the final configuration and on
the control method that brings the manipulator into this configuration. In [1l 2], optimal and
suboptimal control laws were constructed for a two-link manipulator with zero-lag links in the
two-point problem of moving a gripper with a load. A significant dependence of the time it takes
to bring the gripper to the terminal state on the manipulator configuration type was revealed,
and the problem of choosing the optimal configuration type was solved. In 3], a graphic-analytical
approach was developed to constructing time-suboptimal open-loop controls that bring a two-link
manipulator with arbitrary geometric and lag characteristics from the initial rest configuration to
an arbitrary final rest configuration. The publications [4H9] deal with optimization methods for
solving the problem of controlling robots, including two-link manipulators, and calculating their
design parameters. Models of mechanical and electromechanical plane two-link manipulators with
statically balanced second link and with arbitrary lag characteristics are considered in [TOHI3].
Assuming that the manipulator design allows full clockwise and counterclockwise rotation of the
links, it was established that the manipulator can be brought to the same final configuration by
various combinations of rotations of the links. For each of the two types of final configurations,
the graphic-analytical procedure solved the problem of choosing the directions of rotations of the
manipulator links and determining the control method for which a given control criterion (the
response speed [I0, 1], the energy consumption [13], and a combined functional [12]) attains
its minimum value. The optimal type of the final configuration was found by a straightforward
calculation. In [I4] [I5], a parametric optimization method was used to construct a quadratic-
functional-suboptimal control of the motion of a plane two-link manipulator taking into account
feasible manipulator configurations corresponding to given gripper positions at the beginning and
end of the motion. In [I6], a mechanical model of a two-link manipulator [3] is considered, the
design of which allows only half a revolution of the links in the positive and negative directions.
For a given terminal position of the manipulator gripper, the type of final configuration and a
control method have been determined, which ensure the movement of the gripper to a given final
resting position in a minimum time. In [I7] 18], using the generalized method of constructing a
limited control [19], explicitly found the controls and the corresponding finite time, at which the
two-link manipulator of the initial state of rest is brought to any final state of rest in the working
zone without violating the restrictions on the speed.

This article discusses a mechanical model of a two-link manipulator [I6]. On the plane of the
generalized coordinates of the manipulator, regions are constructed that allow, based on the given
coordinates of the terminal position of the manipulator, to determine the limited controls that
ensures the movement of the manipulator from the initial resting position to a given terminal rest
position in a finite time, as well as to determine the type of final configuration at which the time
of movement of the gripper is minimal.

1 Design of the manipulator model
Consider a mechanical two-link system consisting of two absolutely rigid links G; and G5 of the

same length joined with a hinge Os. The link G is attached to a stationary base using the hinge
O1. The hinges are perfect and cylindrical, and their axes are parallel to each other. A gripper is
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mounted on the end of the second link at point O3. We will assume that the linear sizes of the
gripper are much smaller than the lengths of the links and consider the gripper to be a material
point when studying transport motions. The manipulator control under study is accomplished with
two independent drives Dy and Dsy. The first link and the base interact via the drive Dy and Do
is responsible for the interaction between the links G; and G2 of the manipulator. The control
functions in the manipulator model under study are the torques M; and M, about the axes O;
and O3 generated by the drives D1 and Ds, respectively. The system performs a plane-parallel
motion in a horizontal plane perpendicular to the axes of the hinges O; and Os.

The Lagrange equations describing the motion of the system under consideration in the case
when the link of the manipulator is statically balanced have the form [3]:

(I + moL?)p1 = My — Mo,  Irjo = Mo, (1.1)

Here we have introduced the following notation: ¢; is the angle between the axis O;z and the
straight line O103; 9 is the angle between the axis O;x and the straight line O203; L = |0103] =
|O20s] is the length of the first and second links; I; and Is are the moments of inertia of the links
G1 and G about the axes of the hinges O; and Os, respectively; and mo is the mass of the link
G2. We assume that the positive sense of the angles ¢, and ¢s is counterclockwise from the line
011‘.

The control torques M; and M, are subject to the constraints

[Mi| < MY, |Ms| < My, (1.2)

where MY and MY are given constants.

2 Statement of the problem

The manipulator control objective is to bring the gripper into a given spatial position by rotating
the manipulator links in the positive and negative directions within a half turn. It follows from the
geometry of the two-link manipulator that there exists a one-to-one correspondence

x = L(cospy +cosps), y = L(sing; + sin ¢s). (2.1)

between the Cartesian coordinates x,y of the projection of the point O3 and the generalized
coordinates 1, 2.

However, the angles ¢1, o are not uniquely determined by the Cartesian coordinates z,y. Let
the working area of the manipulator be a semicircle R = {(fc,y) sl y? <AL x> O}. We
solve system (2.1) with respect to 1, 9

%+ y2 —2I2

i 1
vi(z,y) = arctg% + (—1)15K(5, 0 = arccos { 512

], K=4+1, i=1,2. (2.2)

It follows from (2.2) that each gripper position (z,y) inside the manipulator working area R is
associated with two configurations of the two-link manipulator that differ in the sign of the angle
0 = o — 1 between the links. The quantity ¢ in (2.2) is the angle at the vertices O; and O3 of
the triangle O1020s3. As follows from (2.2), the values K = 1 and K = —1 are associated with
the configurations for which 6 > 0 and 6 < 0, respectively; i.e. K = signf. Let us denote them by
{pi(z,y), p2(z,y)} g, K = £1. In what follows, the arguments (z,y) of the functions ¢;(z,y) will
be dropped.
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Fig. 1

Thus, on the plane ® = {1, p2: —7 < 1,2 < 7} of manipulator’s generalized coordinates,
the points (@1, p2) and (p2, ¢1), corresponding to the configurations {y1, 2},_; and
{¢1,92 } o, respectively, are symmetric about the bisector of quadrants I and III, and one
has

(P15 @2) €{p1, p2 € P 2 > @1} = P(+1),

(2.3)
(2, p1) €E{p1, P2 € P 2 <1} = O(—1).
We will consider system (1.2) under the initial conditions
0i(0) =), i(0)=0, i=1,2, (2.4)
which are associated, according to (2.1), with the initial gripper rest position
x(0) = L(cos ¢y + cos ©9) = 2°, #(0) =0, (2.5)

y(0) = L(sin g} +singy) =4°, 5(0) = 0.

Assume that we are given distinct initial gripper position (z°,y°) (2.5) and final gripper position
(2T, 4T) in the manipulator working area R. Since the position (z,y?) is associated with the two
configurations {golT,gog}K, K = +1, for the terminal conditions for system (1.2) we take the
conditions

Pi |K (T) = (PzT ‘K y Pi |K (T) =0, i=12 K==I1, (26)

which are uniquely associated with one and the same gripper rest position

z(T) = L(coscptlp |k + cosapQT k) = 2T, z(T) =0,

K =41 (2.7)
y(T) = L(singp] |k +sineg] |x) =y", §(T)=0,

System (1.2), (1.3) is completely controllable in the class of piecewise continuous functions
M (t) and Ms(t) [3], therefore, for given edge gripper states (2.5), (2.7), each combination of
conditions (2.6) (K = +1, —1) and each feasible controls M; and M, are associated with some
transfer time 7). From the above it follows that there is a dependency for the travel time
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T =T [{oT, 03} |k . M1, Ms], K = +L. (2.8)

Consider the following problem of control of the manipulator gripper motion with allowance
for the final configuration type.

Determine the type K = +1 of the final configuration (2.6) and the law of change of the controls
M = M, (t) and M = M;(t), that ensure the minimum of functionality (2.8)

= min T ({6767} i , My, My) (29)

when bringing the manipulator gripper from the initial rest state (2.5) into the given rest state
(2.8) without violation of restrictions (1.2).

3 Construction of bounded controls

In (1.1), (1.2), (2.4) - (2.7) we pass to the dimensionless variables

t = (MO (msL?)'?t, Ty = L/ (mal?), M’y = M;/M,

,0,T

(3.1)
:Cl:,’E/L, y/:y/La 80/1‘2801‘—80?7 "2} :(P?7T_Q0(i)7 1=1,2.

If now we omit the primes, then relations (1.1), (1.2), (2.4) are simplified <p(1)’2 =0, mg =1,
L =1, MY =1, and system (1.1), the constraints (1.2), and the boundary conditions (2.4), (2.6)
acquire the form

(L + 1)@ = My — My, (3.2)
Iy o = Mo,
[My| < M7, M| <1, (3.3)
pi(0) =0, ¢;(0)=0, i=1.2, (3.4)
¢ile (M) =] | @il (T)=0, i=1,2; K==1. (3.5)

First, consider the problem of constructing a limited control M = (Mj, Ms) of the system (3.2)
- (3.5) without taking into account the type of the final configuration. When solving this problem
under the boundary conditions (3.5), we omit the parameter K.

The change of variables

@ = (I + 1), 92 = I2p2 (3.6)
reduces system (3.2)-(3.5) to the form

G = My — M, G2 = Mo, (3.7)

My < MY, |Mp| <1, (3.8)

@1(0)=¢) =0, ¢1(0)=0, ¢(0)=g5=0, ¢2(0)=0 (3.9)

o) =qf =(Li+1¢f, @) =0, @) =g =Ly, @T)=0. (310
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The phase vector of system (3.7) is formed by the variables q1, g1, ¢2, g2. We represent the
system of equations (3.7) in the vector form

i = Az + BM, (3.11)

© = (21,09, 23,24) = (q1,41,2,d2) , M = (M, My)"

with constant matrices A and B having dimensions 4x4 and 4x2, and a fundamental matrix
Q(t), respectively

01 00 0 O 1 ¢ 0 0
0 0 0O 1 -1 01 00
A=1g 00 1l B=lo o> ®O=1g o 1 ¢ (3.12)
0 0 0O 0 1 0 0 0 1
We write the initial (3.9) and final (3.10) conditions in the form
z(0) =0, (3.13)
o(T) =o' = (a},0,23,0)". (3.14)

We will use the well-known approach to constructing the control [I9]. Following the indicated
approach, we seek the control solving the problem without taking into account constraints (3.8) in
the form

M(t)=Q'(1)C, Q)= Q7' (t)B (3.15)

Here C' = (C1, Cs, Cs, C’4)T is the constant vekctor determined from the system of the following
linear algebraic equation

T
R(T) - C =d YT)z', R(T)= /Q(t)QT(t)dt. (3.16)
0

Since the system (3.11), (3.12) is completely controllable, then the matrix R(T) is nondegenerate
[19] and therefore (3.16) has a unique solution

C=RYT) QYD)a!, 2'=(2},0,2}0)". (3.17)

After calculating the matrices Q1 (¢),Q~1(T),R~Y(T),C, taking into account (3.12), the
components of the sought vector control (3.15) can be represented in the form

Ml(t) = g(tv T)xi + g(tv T)*T:l%v M2(t) = g(tv T)mil’n g(ta T) =—12T"% + 6T72' (318)

Solution z(t) of system (3.11) - (3.13) under control M (¢) with components (3.18) for any T > 0
satisfies the boundary condition (3.14). In this case, however, the components of the constructed
control do not necessarily satisfy the imposed constraints (3.8). In order to take these constraints
into account, let us estimate the control modules M; and M

[Mi(t)] < |g(t, T)| a1 + 3

.| M| < |z |g(t, T)]. (3.19)

Since the linear function g(t,T") (3.17) decreases monotonically on the interval [0, 7], taking
maximum ¢(0,7) = 672 and minimum ¢(7,7) = —67~2 values at the ends of this interval,
respectively, then inequalities (3.19) can be rewritten as

|My| <6|af +as| T2, |Ma| <6|a| T2 (3.20)
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If now the required transition time T of the system (3.11), (3.12) from state (3.13) to the state
(3.14) is chosen from the relation

T = max(Tl,Tg), (321)

where

Ty = /6ot + 2l (M)}, T, = \/@ (3.22)

is the roots of the following equations 6 |z{ + x§| =2 = MY, 6 |x3| T~2 = 1 respectively, then
constraints (3.7) will be satisfied for all ¢ € [0, T'.

From (3.21), (3.22) we obtain

Ty = \f6 12t + 22| (M), if MO |ad| < |2t + 4], (o)

T=91 = M, if M7 |x3| > |21 + 3 (b) (3.23)
Ty =Ty, if MY |zs] = |o] + 23] (©)

)

After the time of motion (3.23) is determined for a given final state x! (3.14), the control
functions M (t) and, M2(t) can be calculated at each moment using formulas (3.18).

In the initial variables (3.6), (3.11), relations (3.18), (3.23) take the form

My (t) = (=12T3 + 6T?) (I + 1) + (=127t + 6T?) ],

3.24
My(t) = (1273t 4+ 6T%) LT, (8:24)

where

Ty = \J6](I + DT + Lol | (M), if (o7, 0]) € 01, (a)

T=91, = \/6|Lel|, if (o], 0F) € s, (b) (3.25)

T =Ty, if (<p1T7ap2T) cd' U (¢)

On the plane of finite configurations (¥, ¢1"), the regions ®;, i = 1,2 and @', ®”, appearing
in formulas (3.25) are determined as follows:

—ApT < T < BT, T >0} U
o= LT Ty ca: (A < L7 : 3.26
SR IELTse e Dl A (320
BoT <ol oI >0} u{-ApT <ol, T <0}u
b, — T,TE(I)I{ 1 2 1 = 1 2 1 = , 3.27
2 {“”1 22) €® 1 Gror < DA, o >0} U {of < BT, of <0} (3.27)
O ={(p],03)e®: o =-Apl }, " ={(¢],¢])€®: ¢} =Byl }, (3.28)
where

-1 -1

A= (L +1)(M+1) I;Y, B=(L+1)(M) 1) Lt (3.29)
Thus, according to the given values 7, | the time of the process (3.25) is first determined,
and then the desired controls (3.24), at which the required displacement of the manipulator is

carried out without violating the constraints (3.3).
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4 Determining the optimal type of the manipulator’s final
configuration

Let us assume that the manipulator is characterized by the following dimensional parameters
appearing in (1.1), (1.2)

L=1m,my =4kg, I, = I, = (10/3) kg -m*, MY =1 N-m, MY =1 N -m, (4.1)

which correspond to the manipulator, the links of which are the same homogeneous rods.
After passing to dimensionless parameters according to (3.1), we obtain from (4.1) that

L=1my=1,1 =1, =1/3, M} =1, M) = 1. (4.2)

Note that the problem solving procedure does not substantially change for other geometric and
physical manipulator parameters.

Let us proceed to finding the minimum with respect to the parameter K in (2.9). Let the end
position of the gripper (z7,y7) € R = {(:U,y) cat+yt <4, x> O} be fixed. Then from formula
(2.2) we find two terminal points (o7, ¢I) € ®(+1) and (¢I, pT) € ®(-1) (2.3), which, according
to (2.2), are associated with the manipulator configurations {goip7 0¥ K—t1 and {(,0{7 cpg}Kz_l,
respectively. In both cases, we write down the constructed controls, in which the superscripts ()
and (=) will correspond to the values K = +1 and K = —1, respectively.

If K = +1, then according to (2.3) (p7,¢2) € ®(+1). Then (3.24) takes the form

12 6 12 6
M) = (- t+ ——=)I1 + 1] + (———t+ ——) L3,
1 () ( T(Jr)g T(Jr)z)( 1 )‘pl ( T(+)3 T(Jr)z) 2¥2 (4 3)
12 6 :
My () = (——t + —— ) Iro¥,
2 () ( T(+)3 T(+)2> 2¥5
where
7 = \/6 |+ 1)l + It |, (a)
6
if (o1, 05) € U1 (+1)U i(+1) |,
T (], 3) = L:J3 (4.4)

T, = /6| L], if (o, ¢3) € Ua(+1), (b)

T =1 i (o] ,p3) € 2(+1) N (R US"). (o)

The following notation is introduced in formula (4.4):

Ui(+1) = {o1, 03 € B(+1): ¢ <3, @] >0},
Uy(+1) = {95 € ®(+1): —Ap] <¢3, ¢ <0},
Us(+1) = {o] 95 € B(+1) : —pf <95 <—Ap], ¢l <0},
T T -1 T T T T (45)
Uy(+1) = {p1,05 €®(+1): —A7'p] <¢3 <—pf, ¢ <0},
Us(+1) = {o], 905 €(+1): 0< ) <—A7'ol, o] <0},
Ug(+1) = {o], 05 € B(+1): o] <3 <0, ¢f <0},

6
where, taking into account (3.29), (4.2), A = 2. At the same time <U \I/i(Jrl)) = P(+1).

i=1
Since the domains ®(+1) and ®(—1)(2.3) are symmetric to each other about the straight line
03 = o' we conclude that the change of variables o] — oI | I — T transforms the domains
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U, (+1),i=1,...,6, into the respective domains ¥,;(—1), i = 1, ...,6, symmetric about the straight
line o2 = ©T.
Therefore, if K = —1, then the point (¢, ¢T) € ®(—1). Then from (3.24) we obtain

12 6 12 6
M T)(t) = + I +1 -t LT,
1 () ( T(7)3 T( )2)( 1 )302 ( T(7)3 T( )2) 2901 (4 6)
12 6 ’
My () = (———t + LT,
2 () ( T(7)3 ( )2) 2‘:01
where
T(—):\/6\11+1¢§+12901T, (a)
_ f 9027901 < \I/ ) U\Ijﬁ(_l),
T (pF T = U (4.7)
1) =4/6|Le]|, if (¥3,¢7) € Us(-1), (b)
7 =10 i (0 e]) e (-1 N (@' UP"). (o)
where

0 <3 <<P1}
—A7ol <] <0, 9] >0},

(-1)
(-1)
el 08 €®(-1) : —pl <pf <-A71l, of >0},
(-1)
(-1)
(-1)

(4.8)
Uy(—1) = {1, 03 €P(-1): —Ap] <3 <—p1, ¢ >0},
U5(—1 {901 902 € P(-1 (pgS—AQO{, @{20}7 A=2,
Ug(—1) ={pf, 03 €B(-1): ¢ <¢f, o] <0}.

Thus, calculating the minimum in (2.9), taking into account (4.5), (4.6) and (4.7), (4.8), reduces
to choosing the smallest of two times:

7™ = min [ (+) (Qpl 7902) ‘(@?,@%)E‘Pi(+1) ) T(i)(cpgwa 90?) ‘(cp;,tp’f)e\l&(fl)v 1<i< 6:| . (49)

Calculating the minimum in (4.9) for the numerical values of (4.2), as a result, we obtain

Ty (ol 03), i (0], 93) € Tr(+1) U Ts(+1), (1)
T (], 03), if (07, 93) € Ua(+1), (2)
T = STV (5, 01), i (93, 01) € Ta(=1) U T6(=1),  (3) (4.10)
T (03 7). if (3, ¢7) € Us(—1), (4)
Ty (], 03) =T (05, 0]), if 0 =¢i.  (5)

where U;(£1), ¢ = 1,...,6 determined from (4.5), (4.8). Let us provide a numerical example.
For the manipulator with the dimensionless parameters in (4.2), we take the gripper initial and
terminal coordinates in the form

=2 4y'=0, 2T =1, 4T =-0,5. (4.11)

The values of the coordinates of the gripper initial and terminal states (4.11) are associated
with the initial configuration ¢§ = ¢9 = 0 and with the two terminal
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Fig. 2

configurations (2.2), wich are in turn associated with the two points, symmetric about the
straight line o2 = ¢T on the angular manipulator plane (the angles are given in radian and angle
degree measures):

{e1,03 } oyt (91.93) = (—1.699rad, 0.514rad) = (—97°37’, 29°46), (4.12)

{1,035}t (¥3,01) =(0.514rad, —1.699rad ) = (29°46’, —97°37"). (4.13)

In the case under consideration, the point (o, ) € W5(+1), and the point (pZ,p?) €
U5(—1)(fig. 2). Consequently, according to formula (4.10) (4), the minimum travel time of the
gripper is achieved at point (4.13), which corresponds to the final configuration corresponding to

the value K = —1. In this case, one should use the controls M), M2(7)(4.6), in which the travel
time is determined by the formula (4.7)(b): T* = 757 = ,/6 |27 | and equal T* = 1,84 (2.925).
The figure in parentheses give dimensional values of these times with the use of the conversion
formulas (3.1). For comparison, note that if we choose the terminal configuration (4.12) (K = +1),
then the gripper transfer time turns equal T3 P (o7, pT) = \/6 |(I1 + 1)l + I3[ (4.4) (a) and

out to be much worse; namely, T3 (V) = 3.54 (5.59s).
The constructed controls are not time optimal, but simple enough for calculation and practical
implementation. It is established by formulas (3.25) - (3.28) that

1) the domains ®; and ®5 up to notation, coincide with the domains constructed in a similar
time-optimal problem [16],

2) between the time of optimal movement 7°[16] and the time (3.25) there is the following
ratio: T°/T* =~ 0.816. For comparison, we present the results of calculating the time-
optimal movement T° for the end positions of the gripper (4.12) and (4.13). With the final
configuration K = —1 the time-optimal is equal 7% = 1.5 (2.37s) and with K = +1 is equal
TO = 2.89 (4.57s).

Conclusions

On the configuration plane of a two-link manipulator with a second statically balanced link,
regions are constructed that allow, based on a given terminal position of the manipulator, to
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determine the laws of controls change, which brings the manipulator from the initial resting
configuration to the terminal resting configuration in a finite time without violating controls
constraints, and also to choice the type of final configuration for which the time of movement
of the gripper is minimal. It has been established by numerical calculations that the optimal choice
of the type of the final configuration can lead to a significant decrease in the travel time. An
estimate is given for the proximity of the results obtained using the considered control method and
time-optimal control.

The work was supported by the Science Committee of RA, in the frames of the research project
Ne21T-2D255
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