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Abstract. In this paper, we introduce the weighted central Campanato spaces CP** (w) and
characterize C?**(w) by the boundedness of the commutators [b, H] and [b, H*] from weighted
central Morrey spaces to weighted central Morrey spaces for w € A;, where the commutators are
generated by n-dimensional Hardy operators and symbol b. In particular, the Weighted Lipschitz

estimates for the Commutators of Hardy operators are obtained if 0 < A < 1/n.
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1. INTRODUCTION

In 1963, Campanato space CP*(R™) was first introduced by Campanato [I] in
order to study elliptic regularity in the context of the heat equation. Let —1/p <
A< 1/nand 1 <p < oo, a locally integrable function f is said to belong to the
Campanato space CP*(R™), if

1

1 P
B L — fplPd ,
IFllons ey =00 (i [ 1960) = ) < oc

where the supremum is taken over all balls B C R", fp = ‘—él I f(y)dy, where |B|
is the Lebesgue measure of B. If the supremum is taken over all balls B(0,r), it
is the central Campanato space C.'I”)‘(R”). The excellent structures of Campanato
spaces render them useful in the studies of the regularity theory of PDEs, which
allows us to give an integral characterization of the spaces of Holder continuous
functions. This leads to a generalization of the classical Sobolev embedding theorem
[2, 13, [4, 5L [6]. Tt is well known that b is the dual space of the Hardy space
H? when 0 < p < 1 [7]. Especially, C1:* = BMO(R™).

Many authors have focused on the researches of commutators for which the

symbol functions belong to BMO spaces and Lipschitz spaces which are the special
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cases of Campanato spaces. More precisely,
BMO(R"™ =
CPA(R") = { Lipg?lé")) ())\< g,< 1/n.

Recently, there are lots of studies concerning Campanato spaces and central
Campanato spaces. In 2013, Shi and Lu [§ @] characterized the space CP* via
the boundedness of fractional integral and Calderén-Zygmund singular integral
operator on Morrey spaces. In [10], Zhao and Lu gave some creative characterizations
of central Campanato spaces via the boundedness of commutators associated with
the Hardy operators for A > 0. In 2015, Shi got another characterization via the
boundedness of commutators associated with the Hardy operators for —1/p < A < 0
[L1].

As is well known, Lipschitz spaces and Campanato spaces have equivalent norms
if 1 < p < oco. In 2018, Wang and Zhou [12] proved that they are still equivalent
to 0 < p < 1. In the weighted setting, J. Garcia-Cuerva [I3] proved the equivalence
of weighted Lipschitz spaces and weighted Campanato spaces, which is stated as

follows:

. ~ 1 L _ P 1-p »
lins. = p o (g 1) — Falrote ae)

~ SSPW/QJC(I) — foldx
ifl1<p<oo,0<pf<1andwe A;. Moreover, Hu and Zhou [14] extended its
equivalence to 0 < p < 1.

Inspired by the above works, in this paper, we introduce the weighted central
Campanato spaces and characterize the weighted central Campanato spaces via the
boundedness of commutators associated with the Hardy operators. In particular,
we obtain characterizations of weighted central BMO spaces if A = 0, the weighted
Lipschitz estimates for the commutators of Hardy operators are derived according

to the equivalence of weighted Lipschitz spaces and weighted Campanato spaces if
0<A<1/n.

2. SOME PRELIMINARIES AND NOTATIONS

Most the notations we use are standard. B(x,r) denotes the ball centered at x
with radius r. For any a > 0, aB(x,r) = B(z,ar). For a locally integrable function
[ = ﬁ J f(x)dz, the Lebesgue measure of B by |B|. Also, w is a nonnegative
locally integrable function i.e. w(E) = [, pw(x)dr, p' is the conjugate of p satisfying
1/p+1/p’ = 1. C always stands for a constant independent of the main parameters

and not necessarily the same at each occurrence.
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In 1995, Christ and Grafakos [15] gave the definitions of the n-dimensional Hardy
operator and its adjoint operator,
1 . fly n
m@ = [ mye = [ Wy sern oy
1™ Jiyi<a) yi>lal 1]
H and H* satisfy

| s@tf@is= [ g
n RTL
Let b be a measurable locally integrable function and 7T be a linear operator.

Then the commutator [b, T is defined by
b, T|f =bTf =T(bf).

In [I6], R. Coifman, R. Rochberg and G. Weiss proved that the commutator [b, T
is bounded on LP(R™) if b € BMO(R"™) and 1 < p < oo, where T is a Calderén-
Zygmund singular integral operator.

In this article, the commutators of H and H* are defined by
Hyf =[b,H]f =bHf - H(bf), Hyf=[bH"|f=0bH"f—H"(bf).

This article will prove that Hy f and H} f are bounded from weighted central Morrey
spaces to weighted central Morrey spaces if and only if b belongs to the weighted
central Campanato spaces.

In the following, we give the definitions of weighted central Campanato spaces
and weighted Morrey spaces.
Definition 2.1 Let w be a nonnegative locally integrable function, a function f €
i,

for —1/p<A<1/nand 1 <p<oo,if

(R") is said to belong to the weighted central Campanato space C*(w)(R™)

1

||f||c'*p,x<w) = iglg <w(B(071,r))1+Ap /B(o}r) |f(z) — fB(O,r)|pw(:17)1pdx> ' < 00.

If w =1, CP*(w)(R") = CP*(R™). If the supremum is taken over all balls B ¢ R™
and w = 1, CPMw)(R") = CPAR"), if A = 0, it is the weighted central BMO
space CMOP(w).

Definition 2.2 Let 1 < p < o0, w is a nonnegative locally integrable function,
a function f € LI (R™) is said to belong to the weighted central BMO space
CMOP(w) if

1
I lemorc = (i oo 1) = FotonPata) )" <o
Obviously, CMOP(w) C CMO%w) if 1 < g < p < co. When w =1, CMOP(w) =
CMOP(R™). In particular, BMO(R™) C CMOP(R™) if 1 < p < 0o, CMOP(R™) C
CMOIR"™)(1 < g < p < 00). There is no analysis of the famous John-Nirenberg
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inequality of BMO(R™) for CMOP(R™), so CMOP?(R™) and CMO(R"™) are not
equivalent.

Definition 2.3 [17] Let 1 < p < 0o, —1/p < A < 0, w1, w2 are nonnegative locally
integrable functions, a function f € LfOCMQ (R™) is said to belong to the weighted

Morrey space MP(wy,ws) if

1 1/p
||f||MPv>\(w1,w2) = Slép <u_)1(B)1+>\p/B |f($)pW2($)de'> < 00.

If wi = wy = 1, MPMwy,wy)(R™) is the classical Morrey space MP*(R™). In
particular, Sakamoto and Yabuta [I8] pointed out that CP*(R™) is equivalent to
MPAR™) when 1 < p < oo and —1/p < A < 0. But Lin [I9] gave a counterexample
to verify that MP*(R") C CP*(R") when 1 < p < oo and —1/p < A < 0.

In order to characterize the weighted central Campanato spaces, we give the

following definition of the weighted central Morrey space MP*(wy,ws).

Definition 2.4 Let 1 < p < o0, —1/p < A < 0, wy,ws are nonnegative locally
integrable functions, a function f € Lf’oc’m (R™) is said to belong to the weighted
central Morrey space Mp’)‘(wl, wo) if
1 1/p
||fHMPv*(w1,wz) = BS(%% (wl(B(07r))1+>\p /B(O,r) |f(a?)|pw2($)dx) < 00.
If wy = wy =1, it is the central Morrey space Mp”\(R").
Definition 2.5 Let 1 < p < oo, we say w € A, if

sup (|;|/Bw(x)dx> <|;|/Bw(x)p]1dx>p_l < 0.

For the case p = 1, we say w € Ay if

1
B /Bw(w)dx < Cessrueljfgw(x)

for every ball B C R". A weight function w € Ay if it satisfies the A4, condition
for some 1 < p < oo.
Lemma 2.6 [20]. Let w € A, then there are constants Cy, Cy and 0 < 6 < 1 for
any measurable subset £ C B,

E| _w(E E|\°
(21) e < 2 <)
Lemma 2.7 [21]. Let w € Ay, then for 1 < p < oo,

(2.2) / w(z)' " dz < C|BIP w(B)'*,
B

where 1/p+1/p’ = 1.
Proof: Since A; C A,, w satisfies the condition of the weight A,,. The above lemma
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can be obtained by simple calculation.
Lemma 2.8 [22]. The function class is called the reverse Holder class if a function

f satisfies the following condition
c
(2.3) sup [f(z) — f| < — | [f(z) = fBldz.
z€B |B| B

Reverse Holder class contains many kinds of functions, such as polynomial functions

[23]. For more theories about reverse Holder class, see [24].

3. A CHARACTERIZATION OF WEIGHTED CENTRAL CAMPANATO SPACES

The main theorems are as follows.
Theorem 3.1. Let w € A;(R™), 1 <p <oo, —1/p< A <0, =1/p; < X; <0(i =
1,2), A=A+ X, 1/p =1/p1+1/ps, b satisfies (2.3), then the following statements
are equivalent:
(i) b € CPr (w);
(ii)[b, H] and [b, H*] are bounded from M?2*2(w,w) to MP* (w,w!'~P).
Theorem 3.2. Let w € A;(R"),1 < p < o0, 1/p+1/p’ =1, —min{1/(2p),1/(2p')} <
A < 0, then the following statements are equivalent:
(i) b € CmaxPp)A ()
(i) [b, H] and [b, H*] are bounded from M?*(w,w) to M??*(w,w'~?). In addition,
[b, H] and [b, H*] are bounded from M? *(w,w) to M? 2 (w,w! "),
Theorem 3.3. Let w € 4;(R"),1 <p < o0,1/p+1/p' =1, —min{1/(p),1/(p")} <
A < 0, then the following statements are equivalent:
(i) b € CMO™x@:p") (),
(i) [b, H] and [b, H*] are bounded from M?*(w,w) to M??*(w,w'~?). In addition,
[b, H] and [b, H*] are bounded from M? *(w,w) to M? 2 (w,w! "),
Proof of Theorem 3.1:
(i) = (i4), for simplicity, we write By, = {z € R" : |2| < 2¥}, Cy = By \By_; for
k € Z. For a fixed ball B = B(0,7) C R, let B(0,r) = By, with ko € Z, we just

need to prove that

| N
60 (o [ @R ) < i
0 ko

and

(¢

1
(3.2) (Mﬁﬂwwé%mwmwmmkwﬂ < Ol flltma.na o)
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On the one hand,

ko
<c /
k:z Ch
ko
+C Y /
k=—

Applying Holder’s inequality, (2.1) and (2.2), we have the following estimates,
ko 1k P

I1=C / — /bx—bkfydyw

_z_: . le”._z C‘I() Bl ()] (

<022’w"/ (z) — bp, [Pw(z) Pdz Z/|f |dy

1
|z

|Hy f (2) o) Pde = /

B

./|<| | (b(z) — b(y)) f(y)dy| w(z)' Pdz

ko
1

[

P
w(z) Pdx

/B 10(e) ~ b, |17y

P
w(z)"Pde =T+ I1.

e, )~ b5l

) Pde

k=—o0 i=—00

ko —kpn (lfm)p e s p
—c Y 2 [ bla) = b P() T wta) | 3 L 15wl e Fay

k=—o00 k 1=—00

P

ko H p
<C Z 2’%(/ Ib(z) — b, plw(x)lpldx> W(By)
B

(/ |F)IP2w( dy) - (/Ciw(y)l"’;dyfé '

ko
<Oy o 1 sy S 27 "(Bi) A7
k=—oc0

ko
< O Iy S BT

k=—o0

1=—00

k P
> |Bilw(B)*

1=—00

k P
Z 9(i=k)n(1+X2)

1=—00

ko
< C||b||’épM1 w)\|f||Mp2 N () w(By ) TP Z o(k—ko)n3(14+Ap)

k=—o0

< CIbZ, 0, oy 1 W oy @(Bio) 7

Due to 1/p = 1/py + 1/p2, using Hélder’s inequality, (2.1) and (2.2), we can get

II=C ko 1 k , , . p g < ¢ ko s on
- kzoo/(fk Wz_ZmL| %) = s, |If (W)ldy| wlz) ~Pdr < k;m
k . »
X/ck. i__oo</31. ('b(y)‘kalf<y>l)’°w<y)1"’dy) w(B)7 | w(z)'Pdx
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(/ b(y) — b [P ()’ pldy)ll

P
w(z) Pdx

ko
<C Z 27k:pn/

k=—oc0 k

x (/B If(y)p"W(y)dy) Ew(Bi)i

k +-2
< C||bHCp1 )\1 ||fHMp2 >\2 w Lz.)) Z 2 npw p 1 P1
k=—o00
k Loy, L p
></ w(z)"Pdx Z w(B;)rz T2t
By,
S C“ngpl,Al (w)”fH MP2:A2 (w, w) Z 1+/\p
ko

(Bk0)1+>\17 Z 2(k7k0)’n5(1+)\p)

k=—o00

w(Bp, ).

1=—00

< C|lbll

CP1:21 (W) ||fHMp2 A2 (w w)
< I oy 1 s
Based on I and I, we obtain (3.1). For (3.2),

/B B Pa) e = /B ) /M F(y)dy

ly|™
</
BkO

/ |<|y|<2koe Mf(y)dy ’
o,

ly|™
I +1Ir.

w(z)"Pdx

w(z)"Pdx

w(z)"Pdx

ly|™

L., S|

For I’, using the same discussion as (3.1), we omit the details. The analysis of IT’

is different.

I g/
BkO

ko
<C Z 2—knp/

k=—00 By

1

p
W W(I)lipdx
T

/| |<2koa |b(x) — b(y)[f(y)ldy

Z/w b))y

i=—00

w(a)!Pde

< C|lollz

1+X
CP1 A1 (w)”f”Mpz A2 (w, w)w( ko) P,

For the term II’, we proceed to show that

oo b - p
H’S/ Z/ le(y)\dy w(x)! "Pdx
Bko k:ko Clc |y|
oo b p
e O =S50l 1| ey =re = 117 + 115
Bko k=Fkq Chr |y|
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Employing Holder’s inequality, (2.1) and (2.2),

oo

I S/ |b(z) — b, [Pw() VY Pdy
B

ko

~ Iy\" ‘

§< [ ) =, dx) w(By,)

5;02-@"( IR >dy) (e pzdy)z

oo

> w(B)™

k=ko

(Bko)1+>\p Z 2(k—k0)n(5>\2
k=ko
w(BkO)H)‘p.

p

p

< Clbli, w(Bry) M

e o ns

< p
= CHb” Cp1s Al(w)HfHMpg Ag(w w)

< CHb”gznwkl (w) Hf”]\/[p2 22 (w,w)

To complete the proof, we divide IT} into two parts:
e [ [Pt
ko ;

ooyt
- bp, — bp,, | P
[ [ e
For II},, we have

) P

w(z) "Pdx = ITh, + I15,.

ko | k=ko Y O

> b(y) — b, T N L
s [ ([ (PUE ) v ) wm? | et
Bro | =k N/ Ck Y]
[eS) ﬁ P2 ,% p
< S (L = o, Potran) ™ ([ 20 wtity) ™|t v
Big | gy \/Ck Cy [yl
e p
<C||b\|cp1 M (w ||fHMp2 A (i) w(B, )P ZQ(ko—k)nw(Bk)1+>\
k=ko
< OB oy 1 r oy (B 7] 3 2k
k=Fko
< OB s o 1 s (Br) .
A . o 5 . . (—d(Bk )1+)\1
pplying Hélder’s inequality, (2.1), (2.2) and |bp, —bp, | < C(k*kO)Hb”cpml(w)ugoik\v
0

we can get estimate of I15,. Indeed,

‘ka - ka0| < |ka,0 - kao'H‘ +oo |ka—1 - ka|7
7
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‘kao kao+1| = ‘ By | b(z) — kaoﬂdx

Brg+1

< b))
|Bk0| By +1

So, we get the following inequalities,

k—1
w(B,J’_l)l-‘r)\l
b5, = b5 | < Wl ey 2 — 5T
Jj=ko | ]|
k—1
w(Bjt1)
< N0l r s @ (Bror)™ Y ﬁ
i=ko J
W(Bk +1)1+>\1
< (k= ko)IBllgor s ) e )
CP12 (w) |Bk0|
w (B, )T

< Ok = ko) 16l ¢orna () | Br, |
0

In the next step,

(Bk )1+/\1 p 1
115, < C|bl” W\Bko) "~ w(x) "Pdx
22 = CP1AM (W) | B, | B
= Lp
P2 7 P
i) [ 1) ™ ([ e ria)
Ck Ck
1 A = A ?
< CUBIE s oy 1 sy @B TP | S (B — o)
k=kq
00 P
S O||b||§¥p1,)\1(w)||f||Mp2 /\Q(UJ UJ) 1+Ap Z k ko n6>\2 k k )
k=kq
< Oy s o 1 (B ) 7.
Summarizing, one has
14+
1 < cp?,, a1 () [ I 3z ()@ (Bro)

Combining I’ with II’, we proved (3.2).
Next we prove (i) = (i). For a fixed ball B = B(0,r), we assume b satisfies

reverse Holder condion (2.3), we just need to prove

1 _
(3.3) w(B) I /B b(z) = bp[Prw(z)! Pdz < C.
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Indeed,
1 .
e [, ) = bl () P

< w(B)"17Mm /Bw(x)l_pl da( sgg b(z) — bp|)"
x

P1
< Cw(B)~Pr—Mip1 g (1/ |b(:r,)—bB|d:c>
1Bl Jp
p1

< CW(B))\IPIT</ |b(x) —bB|pw(x)1_pdx> "
B
Next we estimate [ [b(z) — bp|Pw(x)'~Pdz,
1
b(x) — bp|Pw(x)*Pd <—/
[ o) = balrota)trae < o |
<o [l [ ) - bxat)d
= R ey x) —0(y))xB(Y)ay
1Bl Jp 2™ Jyyi<lal N
1

1 n (0@) =bw)xe®) , [F 1py
i |B|p/B /|y|>|x v dy’ (z)"d

ly|™
=I+1II

P
w(z) Pdx

/B (b(x) — b(y))dy

p
w(z)Pda

Considering I and I, respectively

I's / |Hyxp(z)[Pw(z) "Pdz = w(B) P | Hyxp )"
B

MP:A (w,wl—P)

< Cw(B)lJr)\p”XBHP < Cw(B)l*'r)\lp'

MP2»>\2 (w7w) -

Similarly,

11 < [ Hxa(@)Pula)7de = o(B) | Hi e,
B

< Cw(B)||xall; < Cw(B)HHP,

MP2:X2 (w,w) —

(w,wl=P)

Hence,
Pl
1 - —A1l 1_1)71 ?
S [ ) balrete) e < cupy e (cumyo) <o
Combining (3.1), (3.2) and (3.3), the proof of Theorem 3.1 is completed.
Proof of Theorem 3.2:

(¢) = (i1). For a fixed ball B(0,r) = By, with kg € Z, we just need to prove that

1 v
(3.4) (W/B Hbf(x)|1’w(x)1pdx> < COllfllare )

and

1 ;
85 (s [ P! ) < Ol
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The Holder’s inequality and 1/p 4+ 1/p’ = 1 show that

/ VBt e = /

<CZ/

1

|z["

[, ()~ b) Sy )i

P
w(z) Pdx

o s, 6@ bl iy

p
w(z)'"Pde =T+ I1.

/ Iby) — bs, |1 (4)|dy

For I, we show that

ko
r<cy z—k"p/ 1b(z) — by, [P(z) Pz

k=—o00 B

R oo/ £y |dy
,Z ( /B | |f<y>|pw<y>dy)”< /Bi”(w”"dy)”l'

Z 2 k)n(1+X) b

1=—00

P

ko
<Ol .y S 2B
k=—oc0 )

< O o 1 or Z (By) 1+

k=—o0

(Bk0)1+2/\p'

< OBl o W

To get the boundedness for the term I1, we require the following decomposition

ko
m<c y o7t / Z / (o) — b £ @l (o) Pz
k=—c i=—00
ko p
<oy i f 3 1) = b )|t
k=— By, i=—00
ko
so Yz [ 3 /b~ b5y Nd| w(z)~7da
k=—o00 Brli=—oo
=1II' +1I".

Discussing IT’ and II"”, respectively, if p > p’, then

r<c ij 2*’“"”/ (/ |b(y) — b, |7 ()”dy)

k=—00 By,
w(z) "Pda

_zk:m ( /B 1b(y) — b, [Pw(y) P dy)i

1
P’

1=—00
1

p d b
< ( / 1Pt y)
ko
S Ol o) k;mﬂnp /B k

w(z) Pda
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P
Z 2(1 IS (1+2X)

1=—00

S CHngp/\(w)Hf”Mp AMw w) Z Bk 1+2)\p

< C”bH O, )\(w)”f”Mp Mw w) (Bk0)1+2/\p'

On the other hand, applying (2.1), (2.2) and [bs, —bp,| < C(k—a)|[bl| s () <

|Bi|
we show
oc 3 e / / s, — b 17y >|dy\ o) P
k=—oc0 By, i=—00
ko k
< C|b||2 Q*k"p/ k— / Pw(y)d
< ||cp,x(w) k; B l;m( i) |B| ( |f(v)|Pw(y)dy
X </ w(y)t™ pdy) w(z)"Pdx
B;
ko k P
< Ol ) 1y S (BT S (= iJeo(B)
k=—oc0 1=—00

ko

Z W(Bk)1+2>\p < CHpr

< C”b”p Cp,x(w)||f||5)\‘4p,x(w’w)

CPA( )||f||Mp Aw,w) W(Bko)1+2/\p'

k=—o0
If p’ > p, we can obtain that [b, H] are bounded from Mp/”\(w, w) to P2 (w, wl_p/).
By slightly modifying Theorem 3.1, we can obtain the proof of [H*,b]. Here, we
omit its proof for the similarity.

(i7) = (4), case 1: p > p/, we want to get
1 .
(3.6) e /B 1b(z) — b |Pw(z)~Pdz < C.

Indeed,

W /B b(x) = bp|Pw(w)' Pda
! L np| 1 2 —
= W@/BW B /|y<z|(b( ) = b(y))xs(y)dy

1 . (b(z) — (1))
T B Bl /B

lyl> |l ly[™
Considering K and L, respectively

w(B)1+2/\p
K = WHHZ)XBH;?\ZP,QA(W,wl—P) < CUJ( )XPHXB”Mp AMw,w) < C.

p
w(z)' "Pdx

p
xB(y)dy| w(x)'"Pdr = K + L.

Also,
(B
L< W"HbXBH?Wp,QA(w’Wl—p) < Cw(B)||xsll%,, Mow) = C
Case 2: p’ > p, with the (Mp/”\(w,w),Mp,’”(w,wl_p/) boundedness of H; and

Hy, the similar arguments of case 1 can be applied to this and show that
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1 ’ e

So, combining(3.4), (3.5), (3.6) and (3.7), The proof of Theorem 3.2 is completed.
The Proof of Theorem 3.3 is similar to that of Theorem 3.2.

4. WEIGHTED LIPSCHITZ ESTIMATES

Definition 4.1 [13]. Let 1 < p < 00,0 < 8 < 1, and w € A, a locally integrable
function f is said to belong to the weighted Lipschitz space Lipg’w if

Aza:u;L T)— w;z:lfz%oo
i, =00 e iy [ W) fobateytrae) < e

Modulo constants, the Banach space of such functions is denoted by Lipgyw. Put
Lipg,. = Lip};,w, obviously, if w = 1, then the Lipg , is the classical Lipschitz space
Lipg, if w € Ay, J. Garcia-Cuerva [I3] proved that the spaces Lipg’w coincide, and
the norm of Lip’éw are equivalent with respect to different values of provided that
1 < p < 0. That is Lipg’w ~ Lipg, ., where 1 < p < oo.

Theorem 4.1. Let w € 4;(R"), 1 < p < o0, —% <A< AN <0,0<pB<1,and
A = A+ 8/n, b € Lipg,, then commutators [b, H| and [b, H*] are bounded from
MP M w,w) to MPA (w,wP).

Proof of Theorem 4.1. For a fixed ball B(0,r) = By, with kg € Z, applying
(2.1), (2.2) and Holder’s inequality,

/| V@)t e = /| )
<C Z /
+C Z /

We ﬁrstly prove I,

ko
1<c >’ 2*’“"1’/ b(z) — b, |Pw(z) ~Pdx

By

P

S ) ) S| el
yl<|z|

[

P
w(z) Pdx

o L 1@ = bl )iy

p
w(z)'™Pde =T+ I1.

e L 1) = b1y

Z/If Idy

1=—00

( [ ety dy) ([ iw(y)l—P’dy);'

Z 2(1 k)n(1+)\)

i=—00

k=—o00

p

k
< Clblff,, Z 27 kP (By) 't

k=—o00

i=—00

A
< I I s Z (B

< Ol 11 r By
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Breaking 17 into two parts:

ko
m<c y ok / Z / (o) — b £l (o) Pdz
k=—o0 Br | i=—oo
ko p
<c > 2"“"”/ Z / [b(y) (y)ldy’ w(z)! Pdx
k=—o00 Bili=— o
ko P
voy vt f / b, = b1 (0)\dy| () P = 11"+ TT".
k=—o0 Brli=—oo

By Holder’s inequality,

ko
Ir<c Z z—k"p/

k=—o0 B

([ | |f<y>%<y>dy)’l7

ko
< Ol M Wi Z - /B w(z)'~Pdz
k

R

> (bt )’

P
w(z)"Pdx

1=—00

k

> w(B)tM ’

1=—00

< UM I s Z (B2 < Clblly, 1 oy @(Bra) 7.

On the other hand, applying |bp, (k= )|1b]| Lipy (Bk)§ I(BI)’
P
mec Y x ) > / b5 — b, |1 0 dy| ()' P
By,

k=—o0 i=—

k

> (k-

i=—00

52 |f<y>|pw<y>dy)’l’

ko
ko p
<ClblL,,. > 2 Mrem [

k=—o00 B
1

(J,wea)’

Bp
< C”b”LlpBwaHMp)\ (w,w) Z Bk 1 TP

k=—o00

P
w(z) Pdx

k

> (k= iw(B)'

1=—00

< OBl ip, Mo, o Z (Br) P < Cllbllt,, NIFI%,, o w(Bry ).

By slightly modifying Theorem 3.1, we can get the proof of [H*,b]. Here, we omit
its proof.

Remark 4.1. Since [|bl|¢pa () < blleraw) and [[blleraw) ~ 10l zip,,., when w €
Ay and 0 < A < 1/n,be Lipg,, is a sufficient condition for the boundedness of the
[b, H] and [b, H*] rather than a necessary condition. However, if b € CP*(w), it is

still a necessary and sufficient condition.
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