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1. Introduction

In 1963, Campanato space Cp,λ(Rn) was first introduced by Campanato [1] in

order to study elliptic regularity in the context of the heat equation. Let −1/p <
λ < 1/n and 1 ≤ p < ∞, a locally integrable function f is said to belong to the

Campanato space Cp,λ(Rn), if

‖f‖Cp,λ(Rn) = sup
B

(
1

|B|1+λp

∫
B

|f(x)− fB |pdx
) 1
p

<∞,

where the supremum is taken over all balls B ⊂ Rn, fB = 1
|B|
∫
B
f(y)dy, where |B|

is the Lebesgue measure of B. If the supremum is taken over all balls B(0, r), it

is the central Campanato space Ċp,λ(Rn). The excellent structures of Campanato

spaces render them useful in the studies of the regularity theory of PDEs, which

allows us to give an integral characterization of the spaces of Hölder continuous

functions. This leads to a generalization of the classical Sobolev embedding theorem

[2, 3, 4, 5, 6]. It is well known that C1, 1n ( 1
p−1) is the dual space of the Hardy space

Hp when 0 < p < 1 [7]. Especially, C1,0 = BMO(Rn).
Many authors have focused on the researches of commutators for which the

symbol functions belong to BMO spaces and Lipschitz spaces which are the special

1The research was supported by the National Natural Science Foundation of China (12061069).
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cases of Campanato spaces. More precisely,

Cp,λ(Rn) =
{
BMO(Rn) λ = 0,
Lipβ(Rn) 0 < λ < 1/n.

Recently, there are lots of studies concerning Campanato spaces and central

Campanato spaces. In 2013, Shi and Lu [8, 9] characterized the space Cp,λ via

the boundedness of fractional integral and Calderón-Zygmund singular integral

operator on Morrey spaces. In [10], Zhao and Lu gave some creative characterizations

of central Campanato spaces via the boundedness of commutators associated with

the Hardy operators for λ > 0. In 2015, Shi got another characterization via the

boundedness of commutators associated with the Hardy operators for −1/p < λ < 0

[11].

As is well known, Lipschitz spaces and Campanato spaces have equivalent norms

if 1 ≤ p < ∞. In 2018, Wang and Zhou [12] proved that they are still equivalent

to 0 < p < 1. In the weighted setting, J. Garćıa-Cuerva [13] proved the equivalence

of weighted Lipschitz spaces and weighted Campanato spaces, which is stated as

follows:

‖f‖Lipβ,ω ≈ sup
Q

1

ω(Q)
β
n

(
1

ω(Q)

∫
Q

|f(x)− fQ|pω(x)1−pdx
) 1
p

≈ sup
Q

1

ω(Q)1+
β
n

∫
Q

|f(x)− fQ|dx

if 1 ≤ p ≤ ∞, 0 < β < 1 and ω ∈ A1. Moreover, Hu and Zhou [14] extended its

equivalence to 0 < p < 1.

Inspired by the above works, in this paper, we introduce the weighted central

Campanato spaces and characterize the weighted central Campanato spaces via the

boundedness of commutators associated with the Hardy operators. In particular,

we obtain characterizations of weighted central BMO spaces if λ = 0, the weighted

Lipschitz estimates for the commutators of Hardy operators are derived according

to the equivalence of weighted Lipschitz spaces and weighted Campanato spaces if

0 < λ < 1/n.

2. Some preliminaries and notations

Most the notations we use are standard. B(x, r) denotes the ball centered at x

with radius r. For any a > 0, aB(x, r) = B(x, ar). For a locally integrable function

f , fB = 1
|B|
∫
B
f(x)dx, the Lebesgue measure of B by |B|. Also, ω is a nonnegative

locally integrable function i.e. ω(E) =
∫
E
ω(x)dx, p′ is the conjugate of p satisfying

1/p+1/p′ = 1. C always stands for a constant independent of the main parameters

and not necessarily the same at each occurrence.
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In 1995, Christ and Grafakos [15] gave the definitions of the n-dimensional Hardy

operator and its adjoint operator,

Hf(x) =
1

|x|n

∫
|y|<|x|

f(y)dy, H∗f(x) =

∫
|y|≥|x|

f(y)

|y|n
dy, x ∈ Rn \ {0}.

H and H∗ satisfy ∫
Rn

g(x)Hf(x)dx =

∫
Rn

f(x)H∗g(x)dx.

Let b be a measurable locally integrable function and T be a linear operator.

Then the commutator [b, T ] is defined by

[b, T ]f = bTf − T (bf).

In [16], R. Coifman, R. Rochberg and G. Weiss proved that the commutator [b, T ]

is bounded on Lp(Rn) if b ∈ BMO(Rn) and 1 ≤ p < ∞, where T is a Calderón-

Zygmund singular integral operator.

In this article, the commutators of H and H∗ are defined by

Hbf = [b,H]f = bHf −H(bf), H∗b f = [b,H∗]f = bH∗f −H∗(bf).

This article will prove thatHbf andH∗b f are bounded from weighted central Morrey

spaces to weighted central Morrey spaces if and only if b belongs to the weighted

central Campanato spaces.

In the following, we give the definitions of weighted central Campanato spaces

and weighted Morrey spaces.

Definition 2.1 Let ω be a nonnegative locally integrable function, a function f ∈
Lploc(Rn) is said to belong to the weighted central Campanato space Ċp,λ(ω)(Rn)
for −1/p < λ < 1/n and 1 ≤ p <∞, if

‖f‖Ċp,λ(ω) = sup
r>0

(
1

ω(B(0, r))1+λp

∫
B(0,r)

|f(x)− fB(0,r)|pω(x)1−pdx
) 1
p

<∞.

If ω = 1, Ċp,λ(ω)(Rn) = Ċp,λ(Rn). If the supremum is taken over all balls B ⊂ Rn

and ω = 1, Ċp,λ(ω)(Rn) = Cp,λ(Rn), if λ = 0, it is the weighted central BMO

space CMOp(ω).

Definition 2.2 Let 1 ≤ p < ∞, ω is a nonnegative locally integrable function,

a function f ∈ Lploc(Rn) is said to belong to the weighted central BMO space

CMOp(ω) if

‖f‖CMOp(ω) = sup
r>0

(
1

ω(B(0, r))

∫
B(0,r)

|f(x)− fB(0,r)|pω(x)1−pdx
) 1
p

<∞.

Obviously, CMOp(ω) ⊆ CMOq(ω) if 1 ≤ q < p < ∞. When ω = 1, CMOp(ω) =

CMOp(Rn). In particular, BMO(Rn) ⊂ CMOp(Rn) if 1 ≤ p <∞, CMOp(Rn) ⊆
CMOq(Rn)(1 ≤ q < p < ∞). There is no analysis of the famous John-Nirenberg
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inequality of BMO(Rn) for CMOp(Rn), so CMOp(Rn) and CMO(Rn) are not

equivalent.

Definition 2.3 [17] Let 1 ≤ p <∞, −1/p < λ < 0, ω1, ω2 are nonnegative locally

integrable functions, a function f ∈ Lploc,ω2
(Rn) is said to belong to the weighted

Morrey space Mp,λ(ω1, ω2) if

‖f‖Mp,λ(ω1,ω2) = sup
B

(
1

ω1(B)1+λp

∫
B

|f(x)|pω2(x)dx

)1/p

<∞.

If ω1 = ω2 = 1, Mp,λ(ω1, ω2)(Rn) is the classical Morrey space Mp,λ(Rn). In

particular, Sakamoto and Yabuta [18] pointed out that Cp,λ(Rn) is equivalent to

Mp,λ(Rn) when 1 ≤ p <∞ and −1/p < λ < 0. But Lin [19] gave a counterexample

to verify that Mp,λ(Rn) ⊆ Cp,λ(Rn) when 1 ≤ p <∞ and −1/p < λ < 0.

In order to characterize the weighted central Campanato spaces, we give the

following definition of the weighted central Morrey space Ṁp,λ(ω1, ω2).

Definition 2.4 Let 1 ≤ p < ∞, −1/p < λ < 0, ω1, ω2 are nonnegative locally

integrable functions, a function f ∈ Lploc,ω2
(Rn) is said to belong to the weighted

central Morrey space Ṁp,λ(ω1, ω2) if

‖f‖Ṁp,λ(ω1,ω2)
= sup
B(0,r)

(
1

ω1(B(0, r))1+λp

∫
B(0,r)

|f(x)|pω2(x)dx

)1/p

<∞.

If ω1 = ω2 = 1, it is the central Morrey space Ṁp,λ(Rn).
Definition 2.5 Let 1 < p <∞, we say ω ∈ Ap if

sup
B

(
1

|B|

∫
B

ω(x)dx

)(
1

|B|

∫
B

ω(x)−
1
p−1 dx

)p−1
<∞.

For the case p = 1, we say ω ∈ A1 if
1

|B|

∫
B

ω(x)dx ≤ Cess inf
x∈B

ω(x)

for every ball B ⊂ Rn. A weight function ω ∈ A∞ if it satisfies the Ap condition

for some 1 ≤ p <∞.

Lemma 2.6 [20]. Let ω ∈ A1, then there are constants C1, C2 and 0 < δ < 1 for

any measurable subset E ⊂ B,

C1
|E|
|B|
≤ ω(E)

ω(B)
≤ C2

(
|E|
|B|

)δ
.(2.1)

Lemma 2.7 [21]. Let ω ∈ A1, then for 1 < p <∞,∫
B

ω(x)1−p
′
dx ≤ C|B|p

′
ω(B)1−p

′
,(2.2)

where 1/p+ 1/p′ = 1.

Proof: Since A1 ⊂ Ap, ω satisfies the condition of the weight Ap. The above lemma
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can be obtained by simple calculation.

Lemma 2.8 [22]. The function class is called the reverse Hölder class if a function

f satisfies the following condition

sup
x∈B
|f(x)− fB | ≤

C

|B|

∫
B

|f(x)− fB |dx.(2.3)

Reverse Hölder class contains many kinds of functions, such as polynomial functions

[23]. For more theories about reverse Hölder class, see [24].

3. A characterization of weighted central Campanato spaces

The main theorems are as follows.

Theorem 3.1. Let ω ∈ A1(Rn), 1 < p < ∞, −1/p < λ < 0, −1/pi < λi < 0(i =

1, 2), λ = λ1+λ2, 1/p = 1/p1+1/p2, b satisfies (2.3), then the following statements

are equivalent:

(i) b ∈ Ċp1,λ1(ω);

(ii)[b,H] and [b,H∗] are bounded from Ṁp2,λ2(ω, ω) to Ṁp,λ(ω, ω1−p).

Theorem 3.2. Let ω ∈ A1(Rn), 1 < p <∞, 1/p+1/p′ = 1,−min{1/(2p), 1/(2p′)} <
λ < 0, then the following statements are equivalent:

(i) b ∈ Ċmax(p,p′),λ(ω);

(ii) [b,H] and [b,H∗] are bounded from Ṁp,λ(ω, ω) to Ṁp,2λ(ω, ω1−p). In addition,

[b,H] and [b,H∗] are bounded from Ṁp′,λ(ω, ω) to Ṁp′,2λ(ω, ω1−p′).

Theorem 3.3. Let ω ∈ A1(Rn), 1 < p <∞, 1/p+1/p′ = 1, −min{1/(p), 1/(p′)} <
λ < 0, then the following statements are equivalent:

(i) b ∈ CMOmax(p,p′)(ω);

(ii) [b,H] and [b,H∗] are bounded from Ṁp,λ(ω, ω) to Ṁp,2λ(ω, ω1−p). In addition,

[b,H] and [b,H∗] are bounded from Ṁp′,λ(ω, ω) to Ṁp′,2λ(ω, ω1−p′).

Proof of Theorem 3.1:

(i) ⇒ (ii), for simplicity, we write Bk = {x ∈ Rn : |x| ≤ 2k}, Ck = Bk\Bk−1 for

k ∈ Z. For a fixed ball B = B(0, r) ⊂ Rn, let B(0, r) = Bk0 with k0 ∈ Z, we just

need to prove that(
1

ω(Bk0)
1+λp

∫
Bk0

|Hbf(x)|pω(x)1−pdx
) 1
p

≤ C‖f‖Ṁp2,λ2 (ω,ω)(3.1)

and (
1

ω(Bk0)
1+λp

∫
Bk0

|H∗b f(x)|pω(x)1−pdx
) 1
p

≤ C‖f‖Ṁp2,λ2 (ω,ω).(3.2)
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On the one hand,∫
Bk0

|Hbf(x)|pω(x)1−pdx =

∫
Bk0

∣∣∣∣ 1

|x|n

∫
|y|<|x|

(
b(x)− b(y)

)
f(y)dy

∣∣∣∣pω(x)1−pdx
≤ C

k0∑
k=−∞

∫
Ck

∣∣∣∣ 1

|x|n

∫
Bk

|b(x)− bBk ||f(y)|dy
∣∣∣∣pω(x)1−pdx

+ C

k0∑
k=−∞

∫
Ck

∣∣∣∣ 1

|x|n

∫
Bk

|b(y)− bBk ||f(y)|dy
∣∣∣∣pω(x)1−pdx = I + II.

Applying Hölder’s inequality, (2.1) and (2.2), we have the following estimates,

I = C

k0∑
k=−∞

∫
Ck

∣∣∣∣ 1

|x|n
k∑

i=−∞

∫
Ci

|b(x)− bBk ||f(y)|dy
∣∣∣∣pω(x)1−pdx

≤ C
k0∑

k=−∞

2−kpn
∫
Ck

|b(x)− bBk |pω(x)1−pdx
∣∣∣∣ k∑
i=−∞

∫
Ci

|f(y)|dy
∣∣∣∣p

= C

k0∑
k=−∞

2−kpn
∫
Ck

|b(x)− bBk |pω(x)
(1−p1)p
p1 ω(x)

p1−p
p1 dx

∣∣∣∣ k∑
i=−∞

∫
Ci

|f(y)|ω(y)
1
p2 ω(y)−

1
p2 dy

∣∣∣∣p

≤ C
k0∑

k=−∞

2−kpn
(∫

Bk

|b(x)− bBk |p1ω(x)1−p1dx
) p
p1

ω(Bk)
1− p

p1

×
∣∣∣∣ k∑
i=−∞

(∫
Ci

|f(y)|p2ω(y)dy
) 1
p2
(∫

Ci

ω(y)1−p
′
2dy

) 1
p′2
∣∣∣∣p

≤ C‖b‖p
Ċp1,λ1 (ω)

‖f‖p
Ṁp2,λ2 (ω,ω)

k0∑
k=−∞

2−kpnω(Bk)
1+λ1p

∣∣∣∣ k∑
i=−∞

|Bi|ω(Bi)λ2

∣∣∣∣p

≤ C‖b‖p
Ċp1,λ1 (ω)

‖f‖p
Ṁp2,λ2 (ω,ω)

k0∑
k=−∞

ω(Bk)
1+λp

∣∣∣∣ k∑
i=−∞

2(i−k)n(1+λ2)

∣∣∣∣p

≤ C‖b‖p
Ċp1,λ1 (ω)

‖f‖p
Ṁp2,λ2 (ω,ω)

ω(Bk0)
1+λp

k0∑
k=−∞

2(k−k0)nδ(1+λp)

≤ C‖b‖p
Ċp1,λ1 (ω)

‖f‖p
Ṁp2,λ2 (ω,ω)

ω(Bk0)
1+λp.

Due to 1/p = 1/p1 + 1/p2, using Hölder’s inequality, (2.1) and (2.2), we can get

II = C

k0∑
k=−∞

∫
Ck

∣∣∣∣ 1

|x|n
k∑

i=−∞

∫
Ci

|b(y)− bBk ||f(y)|dy
∣∣∣∣pω(x)1−pdx ≤ C k0∑

k=−∞

2−kpn

×
∫
Ck

∣∣∣∣ k∑
i=−∞

(∫
Bi

(
|b(y)− bBk ||f(y)|

)p
ω(y)1−pdy

) 1
p

ω(Bi)
1
p′

∣∣∣∣pω(x)1−pdx
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≤ C
k0∑

k=−∞

2−kpn
∫
Ck

∣∣∣∣ k∑
i=−∞

(∫
Bi

|b(y)− bBk |p1ω(y)1−p1dy
) 1
p1

×
(∫

Bi

|f(y)|p2ω(y)dy
) 1
p2

ω(Bi)
1
p′

∣∣∣∣pω(x)1−pdx
≤ C‖b‖p

Ċp1,λ1 (ω)
‖f‖p

Ṁp2,λ2 (ω,ω)

k0∑
k=−∞

2−knpω(Bk)
pλ1+

p
p1

×
∫
Bk

ω(x)1−pdx

∣∣∣∣ k∑
i=−∞

ω(Bi)
1
p2

+λ2+
1
p′

∣∣∣∣p

≤ C‖b‖p
Ċp1,λ1 (ω)

‖f‖p
Ṁp2,λ2 (ω,ω)

k0∑
k=−∞

ω(Bk)
1+λp

≤ C‖b‖p
Ċp1,λ1 (ω)

‖f‖p
Ṁp2,λ2 (ω,ω)

ω(Bk0)
1+λp

k0∑
k=−∞

2(k−k0)nδ(1+λp)

≤ C‖b‖p
Ċp1,λ1 (ω)

‖f‖p
Ṁp2,λ2 (ω,ω)

ω(Bk0)
1+λp.

Based on I and II, we obtain (3.1). For (3.2),∫
Bk0

|H∗b |pω(x)1−pdx =

∫
Bk0

∣∣∣∣ ∫
|y|>|x|

(
b(x)− b(y)

)
|y|n

f(y)dy

∣∣∣∣pω(x)1−pdx
≤
∫
Bk0

∣∣∣∣ ∫
|x|<|y|<2k0a

(
b(x)− b(y)

)
|y|n

f(y)dy

∣∣∣∣pω(x)1−pdx
+

∫
Bk0

∣∣∣∣ ∫
2k0a<|y|

(
b(x)− b(y)

)
|y|n

f(y)dy

∣∣∣∣pω(x)1−pdx
= I ′ + II ′.

For I ′, using the same discussion as (3.1), we omit the details. The analysis of II ′

is different.

I ′ ≤
∫
Bk0

∣∣∣∣ 1

|x|n

∫
|y|<2k0a

|b(x)− b(y)||f(y)|dy
∣∣∣∣pω(x)1−pdx

≤ C
k0∑

k=−∞

2−knp
∫
Bk

∣∣∣∣ k∑
i=−∞

∫
Bi

|b(x)− b(y)||f(y)|dy
∣∣∣∣pω(x)1−pdx

≤ C‖b‖p
Ċp1,λ1 (ω)

‖f‖p
Ṁp2,λ2 (ω,ω)

ω(Bk0)
1+λp.

For the term II ′, we proceed to show that

II ′ ≤
∫
Bk0

∣∣∣∣ ∞∑
k=k0

∫
Ck

|b(x)− bBk0 |
|y|n

|f(y)|dy
∣∣∣∣pω(x)1−pdx

+

∫
Bk0

∣∣∣∣ ∞∑
k=k0

∫
Ck

|b(y)− bBk0 |
|y|n

|f(y)|dy
∣∣∣∣pω(x)1−pdx = II ′1 + II ′2.
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Employing Hölder’s inequality, (2.1) and (2.2),

II ′1 ≤
∫
Bk0

|b(x)− bBk0 |
pω(x)1−pdx

∣∣∣∣ ∞∑
k=k0

∫
Ck

|f(y)|
|y|n

dy

∣∣∣∣p

≤
(∫

Bk0

|b(x)− bBk0 |
p1ω(x)1−p1dx

) p
p1

ω(Bk0)
1− p

p1

×
∣∣∣∣ ∞∑
k=k0

2−kpn
(∫

Ck

|f(y)|p2ω(y)dy
) 1
p2
(∫

Ck

ω(y)1−p
′
2dy

) 1
p′2
∣∣∣∣p

≤ C‖b‖p
Ċp1,λ1 (ω)

‖f‖p
Ṁp2,λ2 (ω,ω)

ω(Bk0)
1+λ1p

∣∣∣∣ ∞∑
k=k0

ω(Bk)
λ2

∣∣∣∣p
≤ C‖b‖p

Ċp1,λ1 (ω)
‖f‖p

Ṁp2,λ2 (ω,ω)
ω(Bk0)

1+λp
∞∑

k=k0

2(k−k0)nδλ2

≤ C‖b‖p
Ċp1,λ1 (ω)

‖f‖p
Ṁp2,λ2 (ω,ω)

ω(Bk0)
1+λp.

To complete the proof, we divide II ′2 into two parts:

II ′2 ≤
∫
Bk0

∣∣∣∣ ∞∑
k=k0

∫
Ck

|b(y)− bBk |
|y|n

|f(y)|dy
∣∣∣∣pω(x)1−pdx

+

∫
Bk0

∣∣∣∣ ∞∑
k=k0

∫
Ck

|bBk − bBk0 |
|y|n

|f(y)|dy
∣∣∣∣pω(x)1−pdx = II ′21 + II ′22.

For II ′21, we have

II ′21 ≤
∫
Bk0

∣∣∣∣ ∞∑
k=k0

(∫
Ck

( |b(y)− bBk0 |
|y|n

|f(y)|
)p
ω(y)1−pdy

) 1
p

ω(Bk)
1
p′

∣∣∣∣pω(x)1−pdx
≤
∫
Bk0

∣∣∣∣ ∞∑
k=k0

(∫
Ck

|b(y)− bBk0 |
p1ω(y)1−p1dy

) 1
p1
(∫

C
k

∣∣∣∣ |f(y)||y|n

∣∣∣∣p2ω(y)dy) 1
p2

∣∣∣∣pω(x)1−pdx
≤ C‖b‖p

Ċp1,λ1 (ω)
‖f‖p

Ṁp2,λ2 (ω,ω)
ω(Bk0)

1−p
∣∣∣∣ ∞∑
k=k0

2(k0−k)nω(Bk)
1+λ

∣∣∣∣p
≤ C‖b‖p

Ċp1,λ1 (ω)
‖f‖p

Ṁp2,λ2 (ω,ω)
ω(Bk0)

1+λp

∣∣∣∣ ∞∑
k=k0

2(k−k0)nλ
∣∣∣∣p

≤ C‖b‖p
Ċp1,λ1 (ω)

‖f‖p
Ṁp2,λ2 (ω,ω)

ω(Bk0)
1+λp.

Applying Hölder’s inequality, (2.1), (2.2) and |bBk−bBk0 | ≤ C(k−k0)‖b‖Ċp1,λ1 (ω)
ω(Bk0 )

1+λ1

|Bk0 |
,

we can get estimate of II ′22. Indeed,

|bBk − bBk0 | ≤ |bBk0 − bBk0+1
|+ · · ·+ |bBk−1

− bBk |,
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|bBk0 − bBk0+1
| ≤

∣∣∣∣ 1

|Bk0 |

∫
Bk0+1

b(x)− bBk0+1
dx

∣∣∣∣
≤ 1

|Bk0 |

(∫
Bk0+1

|b(x)− bBk0+1
|p1ω(x)1−p1dx

) 1
p1

ω(Bk0+1)
1− 1

p1

≤ ‖b‖Ċp1,λ1 (ω)
ω(Bk0+1)

1+λ1

|Bk0 |
.

So, we get the following inequalities,

|bBk − bBk0 | ≤ ‖b‖Ċp1,λ1 (ω)
k−1∑
j=k0

ω(Bj+1)
1+λ1

|Bj |

≤ ‖b‖Ċp1,λ1 (ω)ω(Bk0+1)
λ1

k−1∑
j=k0

ω(Bj+1)

|Bj |

≤ (k − k0)‖b‖Ċp1,λ1 (ω)
ω(Bk0+1)

1+λ1

|Bk0 |

≤ C(k − k0)‖b‖Ċp1,λ1 (ω)
ω(Bk0)

1+λ1

|Bk0 |
.

In the next step,

II ′22 ≤ C‖b‖
p

Ċp1,λ1 (ω)

∣∣∣∣ω(Bk0)1+λ1

|Bk0 |

∣∣∣∣p ∫
Bk0

ω(x)1−pdx

×
∣∣∣∣ ∞∑
k=k0

2−kn(k − k0)
(∫

Ck

|f(y)|p2ω(y)dy
) 1
p2
(∫

Ck

ω(y)1−p
′
2dy

) 1
p′2
∣∣∣∣p

≤ C‖b‖p
Ċp1,λ1 (ω)

‖f‖p
Ṁp2,λ2 (ω,ω)

ω(Bk0)
1+λ1p

∣∣∣∣ ∞∑
k=k0

ω(Bk)
λ2(k − k0)

∣∣∣∣p
≤ C‖b‖p

Ċp1,λ1 (ω)
‖f‖p

Ṁp2,λ2 (ω,ω)
ω(Bk0)

1+λp

∣∣∣∣ ∞∑
k=k0

2(k−k0)nδλ2(k − k0)
∣∣∣∣p

≤ C‖b‖p
Ċp1,λ1 (ω)

‖f‖p
Ṁp2,λ2 (ω,ω)

ω(Bk0)
1+λp.

Summarizing, one has

II
′
≤ C‖b‖p

Ċp1,λ1 (ω)
‖f‖p

Ṁp2,λ2 (ω,ω)
ω(Bk0)

1+λp.

Combining I ′ with II ′, we proved (3.2).

Next we prove (ii) ⇒ (i). For a fixed ball B = B(0, r), we assume b satisfies

reverse Hölder condion (2.3), we just need to prove

1

ω(B)1+λ1p1

∫
B

|b(x)− bB |p1ω(x)1−p1dx ≤ C.(3.3)
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Indeed,

1

ω(B)1+λ1p1

∫
B

|b(x)− bB |p1ω(x)1−p1dx

≤ ω(B)−1−λ1p1

∫
B

ω(x)1−p1dx
(
sup
x∈B
|b(x)− bB |

)p1
≤ Cω(B)−p1−λ1p1 |B|p1

(
1

|B|

∫
B

|b(x)− bB |dx
)p1

≤ Cω(B)−λ1p1− p1p

(∫
B

|b(x)− bB |pω(x)1−pdx
) p1

p

.

Next we estimate
∫
B
|b(x)− bB |pω(x)1−pdx,∫

B

|b(x)− bB |pω(x)1−pdx ≤
1

|B|p

∫
B

∣∣∣∣ ∫
B

(b(x)− b(y))dy
∣∣∣∣pω(x)1−pdx

≤ 1

|B|p

∫
B

|x|np
∣∣∣∣ 1

|x|n

∫
|y|<|x|

(b(x)− b(y))χB(y)dy
∣∣∣∣pω(x)1−pdx

+
1

|B|p

∫
B

∣∣∣∣ ∫
|y|>|x|

|y|n (b(x)− b(y))χB(y)
|y|n

dy

∣∣∣∣pω(x)1−pdx
= I + II.

Considering I and II, respectively

I ≤
∫
B

|HbχB(x)|pω(x)1−pdx = ω(B)1+λp‖HbχB‖pṀp,λ(ω,ω1−p)

≤ Cω(B)1+λp‖χB‖pṀp2,λ2 (ω,ω)
≤ Cω(B)1+λ1p.

Similarly,

II ≤
∫
B

|H∗b χB(x)|pω(x)1−pdx = ω(B)1+λp‖H∗b χB‖
p

Ṁp,λ(ω,ω1−p)

≤ Cω(B)1+λp‖χB‖pṀp2,λ2 (ω,ω)
≤ Cω(B)1+λ1p.

Hence,

1

ω(B)1+λ1p1

∫
B

|b(x)− bB |p1ω(x)1−p1dx ≤ Cω(B)−λ1p1− p1p

(
Cω(B)1+λ1p

) p1
p

≤ C.

Combining (3.1), (3.2) and (3.3), the proof of Theorem 3.1 is completed.

Proof of Theorem 3.2:

(i)⇒ (ii). For a fixed ball B(0, r) = Bk0 with k0 ∈ Z, we just need to prove that(
1

ω(Bk0)
1+2λp

∫
Bk0

|Hbf(x)|pω(x)1−pdx
) 1
p

≤ C‖f‖Ṁp,λ(ω,ω)(3.4)

and (
1

ω(Bk0)
1+2λp

∫
Bk0

|H∗b f(x)|pω(x)1−pdx
) 1
p

≤ C‖f‖Ṁp,λ(ω,ω).(3.5)
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The Hölder’s inequality and 1/p+ 1/p′ = 1 show that∫
Bk0

|Hbf(x)|pω(x)1−pdx =

∫
Bk0

∣∣∣∣ 1

|x|n

∫
|y|<|x|

(
b(x)− b(y)

)
f(y)dy

∣∣∣∣pω(x)1−pdx
≤ C

k0∑
k=−∞

∫
Ck

∣∣∣∣ 1

|x|n

∫
Bk

|b(x)− bBk ||f(y)|dy
∣∣∣∣pω(x)1−pdx

+ C

k0∑
k=−∞

∫
Ck

∣∣∣∣ 1

|x|n

∫
Bk

|b(y)− bBk ||f(y)|dy
∣∣∣∣pω(x)1−pdx = I + II.

For I, we show that

I ≤ C
k0∑

k=−∞

2−knp
∫
Bk

|b(x)− bBk |pω(x)1−pdx
∣∣∣∣ k∑
i=−∞

∫
Bi

|f(y)|dy
∣∣∣∣p

≤ C‖b‖p
Ċp,λ(ω)

k0∑
k=−∞

2−knpω(Bk)
1+λp

∣∣∣∣ k∑
i=−∞

(∫
Bi

|f(y)|pω(y)dy
) 1
p
(∫

Bi

ω(y)1−p
′
dy

) 1
p′
∣∣∣∣p

≤ C‖b‖p
Ċp,λ(ω)

‖f‖p
Ṁp,λ(ω,ω)

k0∑
k=−∞

ω(Bk)
1+2λp

∣∣∣∣ k∑
i=−∞

2(i−k)n(1+λ)
∣∣∣∣p

≤ C‖b‖p
Ċp,λ(ω)

‖f‖p
Ṁp,λ(ω,ω)

ω(Bk0)
1+2λp.

To get the boundedness for the term II, we require the following decomposition

II ≤ C
k0∑

k=−∞

2−knp
∫
Bk

∣∣∣∣ k∑
i=−∞

∫
Bi

|b(y)− bBk ||f(y)|dy
∣∣∣∣pω(x)1−pdx

≤ C
k0∑

k=−∞

2−knp
∫
Bk

∣∣∣∣ k∑
i=−∞

∫
Bi

|b(y)− bBi ||f(y)|dy
∣∣∣∣pω(x)1−pdx

+ C

k0∑
k=−∞

2−knp
∫
Bk

∣∣∣∣ k∑
i=−∞

∫
Bi

|bBk − bBi ||f(y)|dy
∣∣∣∣pω(x)1−pdx

= II ′ + II ′′.

Discussing II ′ and II ′′, respectively, if p > p′, then

II ′ ≤ C
k0∑

k=−∞

2−knp
∫
Bk

∣∣∣∣ k∑
i=−∞

(∫
Bi

|b(y)− bBi |p
′
ω(y)1−p

′
dy

) 1
p′

×
(∫

Bi

|f(y)|pω(y)dy
) 1
p
∣∣∣∣pω(x)1−pdx

≤ C‖f‖p
Ṁp,λ(ω,ω)

k0∑
k=−∞

2−knp
∫
Bk

∣∣∣∣ k∑
i=−∞

(∫
Bi

|b(y)− bBi |pω(y)1−pdy
) 1
p

× ω(Bi)
1
p′+λ

∣∣∣∣pω(x)1−pdx
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≤ C‖b‖p
Ċp,λ(ω)

‖f‖p
Ṁp,λ(ω,ω)

k0∑
k=−∞

ω(Bk)
1+2λp

∣∣∣∣ k∑
i=−∞

2(i−k)nδ(1+2λ)

∣∣∣∣p
≤ C‖b‖p

Ċp,λ(ω)
‖f‖p

Ṁp,λ(ω,ω)
ω(Bk0)

1+2λp.

On the other hand, applying (2.1), (2.2) and |bBk−bBi | ≤ C(k−i)‖b‖Ċp,λ(ω)
ω(Bi)

1+λ

|Bi| ,

we show

II ′′ = C

k0∑
k=−∞

2−knp
∫
Bk

∣∣∣∣ k∑
i=−∞

∫
Bi

|bBk − bBi ||f(y)|dy
∣∣∣∣pω(x)1−pdx

≤ C‖b‖p
Ċp,λ(ω)

k0∑
k=−∞

2−knp
∫
Bk

∣∣∣∣ k∑
i=−∞

(k − i)ω(Bi)
1+λ

|Bi|

(∫
Bi

|f(y)|pω(y)dy
) 1
p

×
(∫

Bi

ω(y)1−p
′
dy

) 1
p′
∣∣∣∣pω(x)1−pdx

≤ C‖b‖p
Ċp,λ(ω)

‖f‖p
Ṁp,λ(ω,ω)

k0∑
k=−∞

ω(Bk)
1−p
∣∣∣∣ k∑
i=−∞

(k − i)ω(Bi)1+2λ

∣∣∣∣p

≤ C‖b‖p
Ċp,λ(ω)

‖f‖p
Ṁp,λ(ω,ω)

k0∑
k=−∞

ω(Bk)
1+2λp ≤ C‖b‖p

Ċp,λ(ω)
‖f‖p

Ṁp,λ(ω,ω)
ω(Bk0)

1+2λp.

If p′ > p, we can obtain that [b,H] are bounded from Ṁp′,λ(ω, ω) to Ṁp′,2λ(ω, ω1−p′).

By slightly modifying Theorem 3.1, we can obtain the proof of [H∗, b]. Here, we

omit its proof for the similarity.

(ii)⇒ (i), case 1: p > p′, we want to get
1

ω(B)1+λp

∫
B

|b(x)− bB |pω(x)1−pdx ≤ C.(3.6)

Indeed,
1

ω(B)1+λp

∫
B

|b(x)− bB |pω(x)1−pdx

≤ 1

ω(B)1+λp
1

|B|p

∫
B

|x|np
∣∣∣∣ 1

|x|n

∫
|y|<|x|

(b(x)− b(y))χB(y)dy
∣∣∣∣pω(x)1−pdx

+
1

ω(B)1+λp
1

|B|p

∫
B

∣∣∣∣ ∫
|y|>|x|

|y|n (b(x)− b(y))
|y|n

χB(y)dy

∣∣∣∣pω(x)1−pdx = K + L.

Considering K and L, respectively

K ≤ ω(B)1+2λp

ω(B)1+λp
‖HbχB‖pṀp,2λ(ω,ω1−p)

≤ Cω(B)λp‖χB‖pṀp,λ(ω,ω)
≤ C.

Also,

L ≤ ω(B)1+2λp

ω(B)1+λp
‖H∗b χB‖

p

Ṁp,2λ(ω,ω1−p)
≤ Cω(B)λp‖χB‖pṀp,λ(ω,ω)

≤ C.

Case 2: p′ > p, with the
(
Ṁp′,λ(ω, ω), Ṁp′,2λ(ω, ω1−p′)

)
boundedness of Hb and

H∗b , the similar arguments of case 1 can be applied to this and show that
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1

ω(B)1+λp′

∫
B

|b(x)− bBγ0 |
p′ω(x)1−p

′
dx ≤ C.(3.7)

So, combining(3.4), (3.5), (3.6) and (3.7), The proof of Theorem 3.2 is completed.

The Proof of Theorem 3.3 is similar to that of Theorem 3.2.

4. Weighted Lipschitz estimates

Definition 4.1 [13]. Let 1 ≤ p ≤ ∞, 0 < β < 1, and ω ∈ A∞, a locally integrable

function f is said to belong to the weighted Lipschitz space Lippβ,ω if

‖f‖Lippβ,ω = sup
B

1

ω(B)
β
n

(
1

ω(B)

∫
B

|f(x)− fB |pω(x)1−pdx
) 1
p

<∞.

Modulo constants, the Banach space of such functions is denoted by Lippβ,ω. Put

Lipβ,ω = Lip1β,ω, obviously, if ω = 1, then the Lipβ,ω is the classical Lipschitz space

Lipβ , if ω ∈ A1, J. Garćıa-Cuerva [13] proved that the spaces Lippβ,ω coincide, and

the norm of Lippβ,ω are equivalent with respect to different values of provided that

1 ≤ p ≤ ∞. That is Lippβ,ω ∼ Lipβ,ω where 1 ≤ p ≤ ∞.

Theorem 4.1. Let ω ∈ A1(Rn), 1 < p < ∞, − 1
p < λ < λ1 < 0, 0 < β < 1, and

λ1 = λ + β/n, b ∈ Lipβ,ω, then commutators [b,H] and [b,H∗] are bounded from

Ṁp,λ(ω, ω) to Ṁp,λ1(ω, ω1−p).

Proof of Theorem 4.1. For a fixed ball B(0, r) = Bk0 with k0 ∈ Z, applying
(2.1), (2.2) and Hölder’s inequality,∫

Bk0

|Hbf(x)|pω(x)1−pdx =

∫
Bk0

∣∣∣∣ 1

|x|n

∫
|y|<|x|

(
b(x)− b(y)

)
f(y)dy

∣∣∣∣pω(x)1−pdx
≤ C

k0∑
k=−∞

∫
Ck

∣∣∣∣ 1

|x|n

∫
Bk

|b(x)− bBk ||f(y)|dy
∣∣∣∣pω(x)1−pdx

+ C

k0∑
k=−∞

∫
Ck

∣∣∣∣ 1

|x|n

∫
Bk

|b(y)− bBk ||f(y)|dy
∣∣∣∣pω(x)1−pdx = I + II.

We firstly prove I,

I ≤ C
k0∑

k=−∞

2−knp
∫
Bk

|b(x)− bBk |pω(x)1−pdx
∣∣∣∣ k∑
i=−∞

∫
Bi

|f(y)|dy
∣∣∣∣p

≤ C‖b‖pLipβ,ω
k0∑

k=−∞

2−knpω(Bk)
1+ βp

n

∣∣∣∣ k∑
i=−∞

(∫
Bi

|f(y)|pω(y)dy
) 1
p
(∫

Bi

ω(y)1−p
′
dy

) 1
p′
∣∣∣∣p

≤ C‖b‖pLipβ,ω‖f‖
p

Ṁp,λ(ω,ω)

k0∑
k=−∞

ω(Bk)
1+λ1p

∣∣∣∣ k∑
i=−∞

2(i−k)n(1+λ)
∣∣∣∣p

≤ C‖b‖pLipβ,ω‖f‖
p

Ṁp,λ(ω,ω)
ω(Bk0)

1+λ1p.
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Breaking II into two parts:

II ≤ C
k0∑

k=−∞

2−knp
∫
Bk

∣∣∣∣ k∑
i=−∞

∫
Bi

|b(y)− bBk ||f(y)|dy
∣∣∣∣pω(x)1−pdx

≤ C
k0∑

k=−∞

2−knp
∫
Bk

∣∣∣∣ k∑
i=−∞

∫
Bi

|b(y)− bBi ||f(y)|dy
∣∣∣∣pω(x)1−pdx

+ C

k0∑
k=−∞

2−knp
∫
Bk

∣∣∣∣ k∑
i=−∞

∫
Bi

|bBk − bBi ||f(y)|dy
∣∣∣∣pω(x)1−pdx = II ′ + II ′′.

By Hölder’s inequality,

II ′ ≤ C
k0∑

k=−∞

2−knp
∫
Bk

∣∣∣∣ k∑
i=−∞

(∫
Bi

|b(y)− bBi |p
′
ω(y)1−p

′
dy

) 1
p′

×
(∫

Bi

|f(y)|pω(y)dy
) 1
p
∣∣∣∣pω(x)1−pdx

≤ C‖b‖pLipβ,ω‖f‖
p

Ṁp,λ(ω,ω)

k0∑
k=−∞

2−knp
∫
Bk

ω(x)1−pdx

∣∣∣∣ k∑
i=−∞

ω(Bi)
1+λ1

∣∣∣∣p

≤ C‖b‖pLipβ,ω‖f‖
p

Ṁp,λ(ω,ω)

k0∑
k=−∞

ω(Bk)
1+λ1p ≤ C‖b‖pLipβ,ω‖f‖

p

Ṁp,λ(ω,ω)
ω(Bk0)

1+λ1p.

On the other hand, applying |bBk − bBi | ≤ C(k − i)‖b‖Lipβ,ωω(Bk)
β
n
ω(Bi)
|Bi| ,

II ′′ = C

k0∑
k=−∞

2−knp
∫
Bk

∣∣∣∣ k∑
i=−∞

∫
Bi

|bBk − bBi ||f(y)|dy
∣∣∣∣pω(x)1−pdx

≤ C‖b‖pLipβ,ω
k0∑

k=−∞

2−knpω(Bk)
βp
n

∫
Bk

∣∣∣∣ k∑
i=−∞

(k − i)ω(Bi)
|Bi|

(∫
Bi

|f(y)|pω(y)dy
) 1
p

×
(∫

Bi

ω(y)1−p
′
dy

) 1
p′
∣∣∣∣pω(x)1−pdx

≤ C‖b‖pLipβ,ω‖f‖
p

Ṁp,λ(ω,ω)

k0∑
k=−∞

ω(Bk)
1−p+ βp

n

∣∣∣∣ k∑
i=−∞

(k − i)ω(Bi)1+λ
∣∣∣∣p

≤ C‖b‖pLipβ,ω‖f‖
p

Ṁp,λ(ω,ω)

k0∑
k=−∞

ω(Bk)
1+λ1p ≤ C‖b‖pLipβ,ω‖f‖

p

Ṁp,λ(ω,ω)
ω(Bk0)

1+λ1p.

By slightly modifying Theorem 3.1, we can get the proof of [H∗, b]. Here, we omit

its proof.

Remark 4.1. Since ‖b‖Ċp,λ(ω) ≤ ‖b‖Cp,λ(ω) and ‖b‖Cp,λ(ω) ∼ ‖b‖Lipβ,ω when ω ∈
A1 and 0 < λ < 1/n, b ∈ Lipβ,ω is a sufficient condition for the boundedness of the

[b,H] and [b,H∗] rather than a necessary condition. However, if b ∈ Ċp,λ(ω), it is
still a necessary and sufficient condition.
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