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The basic equations of type II superconductors have been obtained by adopting London's 
phenomenological approach. The generation of the electromagnetic field in a superconductor at 
rest in a stationary universe has been investigated using the method of anholonomic frames. The 
Newtonian formulation of the problem has also been studied.
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1. Introduction. In a recent note [1] we discussed some aspects of the 
electrodynamics of the superconductors in stationary space-time adopting 
the method of anholonomic frames, when the intensity of the applied 
magnetic field H is less than the critical value HcV From the anholonomic 
form of London's equations we derived the expressions of the electric and 
magnetic fields generated by a stationary gravitational field inside a super
conductor at rest. These fields being determined by the nonzero compo
nents of the object of anholonomity. This mathematical object conveys the 
information on the gravitational field.

The purpose of this note is to extend this anholonomic approach to the 
discussion of type II superconductors in a stationary universe, when the 
inequality H> Hcl is satisfied. We shall see that the presence of vortices has 
an influence on the generation of the electromagnetic field inside the su
perconductor. Whereas the magnetic field is conditioned by the presence of 
vortices, the generation of electric field, because of the phenomenon of 
unipolar induction, is related to the motion of magnetic vortices.

In section 2, assuming that the only forces acting on the electronic fluid 
are the Lorentz force and the reaction of the Magnus force, we adopt 
London's approach to derive the covariant London equations describing the 
motion of superelectrons in type II superconductors. In section 3 the tetrad 
formulation of the above equations is given. They are exhibited in the same 
form as the corresponding covariant equations with an added term contain
ing the object of anholonomity C. The expression of the electric and
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magnetic fields generated inside the superconductor are written in terms of 
the nonzero components of C and of quantities characterizing the structure 
of vortices. In section 4, we discuss the Newtonian approach of the problem 
under consideration. This Newtonian formulation has the advantage of 
clarifying the physical meaning of the obtained results. In section 5, as a 
concluding remark we mention a possible astrophysical application of the 
above results.

2. Holonomic formulation. Following London let us consider free 
particles of charge q (?<0) and mass m moving without friction and subject 
only to the action of the electromagnetic field. The particles are assumed 
to form a nonviscous charged liquid whose velocity field u“(x₽) satisfies 
the equation

5r u w—-— F ———5
L me me

= 0. (2.1)

This equation is obtained by considering the motion of a fictitious charged 
particle (q, m) subject to the Lorentz force and the reaction of the Magnus 
force, i. e 

where and Fvp are respectively the unit 4-velocity (aM«M =1) and the 
electromagnetic field tensor related to the 4-potential Ap by

Ft,v = dl, Av-d^ . (2.3)

The antisymmetric tensor may be expressed in terms of quantities 
characterizing the system of vortices [2]:

$|iv = 2’^Tlpvpa F)P ,

= -Wp(£)</(£)+ «V(Z)^(Z), (2.4)

where

/ vppey
Hvppa = —V~ Sevlipa> *1 = / evppa > (2.5)

v S
evppa being the usual permutation symbol and

(2.6)

where the scalar s is proportional to the proper density of vortices and 
«’’*(•£) are respectively the unit 4֊velocity of the vortices and the unit

4֊vector pointing along the direction of the vortex. The second term on the 
right hand side of Eq.(2.2) represents the force exerted by the vortex on the 
fictitious particles (q, m).
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Using the fact that Vv = 0 , Eq.(2.2) may be exhibited in the form 
(2.1). According to London the transition from the nonviscous liquid to the 
superconductor is performed by replacing (2.1) by the following six equations 

,„„2 /ne _ ~
~ ^[p Wv]+ ^pv - ^pv • (2-7)

Introducing the generalized 4-momentum of the "superelectron"

P^=mcu^+^-Av. (2.8)

Eq.(2.2) takes the form:
Tlvp₽°V[pPo]=-^^. (29)

These equations may be regarded as the generalization of the covariant 
London equations for a type II superconductor [2].

3. Anholonomic formulation. Let us assume that in the domain of 
space-time occupied by the superconductor we have a field of tetrads of 
mutually orthogonal unit vectors eg, where eg timelike and future-pointing 
and e, spacelike. The conditions of orthonormality may be written [3]

<£epo = Tlap> (3.1)

where

hag =n— = diag(+1,-1,-1,-1) 

satisfies
Tr%=8S. (3.2)

The tetrad or Lorentz indices being raised or lowered by means of the q 
matrix, this permits to define the reciprocal system

(3.3a) 

with

#£ = 5°. (3.3b)

Any tensor Fgv or vector A1* defined at a given point may be resolved 
into its invariant components along the vectors e°

F»v = e^F— , A11 = e£As (3.4a)

from which it follows

F— = eSe&Ftlv, A- = e*A» . (3.4b)

The invariants F—, A- are the physical components of the corresponding 
tensor and vector fields for the observer with 4-velocity eg using the 
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reference frame defined by the orthonormal triad j.
Using (3.3) and (3.4) the anholonomic form of London's equations 

(2.7) with respect to an orthonormal tetrad (OT) (esj may be exhibited 

in the form

Wy—~ A« = ~^pv (3.5)

with
C^ = e“eja[o^. (3.6)

This geometrical object is called by Schouten the object of anholonomity 
[5]. The tetrad components F— of the electromagnetic field tensor are 
connected to the components of the 4-potential by a relation, which 
differs from the corresponding holonomic relation in special relativity by the 
presence of a correction term with C

F~ = 9M Ax~ d* C2As • (3-7)

The information on the gravitational fields is conveyed by the components 
of C. Introducing the operator of covariant derivation with respect to the 
OT Ecl- <3-5) read

/"cVtz/v]+7/!iv = 7JMv> (3.8)

where

Vgtfv (3.9)

The r- are the so-called Ricci rotation coefficients and
^ = r=-IJ. ' (3.10)

Once the C's are known, the r's obtained with the aid of the formula

(in)

We shall now use Eq.(3.5) to investigate the electromagnetic fields 
generate by vortices and gravitational field in a type II superconductor. We 
assume a stationary universe with metric of the form

dS2 = gijdXidXj+gW)(dx0}\ (3.12)

where the g's are independent of the time coordinates x°. In this universe 
we have a type II superconductor with world lines of the normal part along 
the x° -lines: consequently

w/W = 0, goo(w°W)2 = 1 > ^°W = -4=. /313)
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For our purpose, the most suitable OT is one adapted to the stationary 
character of space time, the component e0 pointing along the timelike. 
Killing vector this choice is equivalent to identify Bq with the unit 4- 
velocity w of the normal part. With respect to the adapted system of local 
coordinate |xa the components of the vector £, and its square satisfy

5° = 1, §'=0, e=gaP^P=goo>0, ^ = ^>0^ (3.14) 

Such a tetrad field has been obtained in ref. [6]. The OT ea and natural 
frame ea are related by the formulae

«o=|«o> eo = E,eo, e^-^ieo+e/ej , e,- = £<p, e^+ b֊Bj , (3.15)

where <px and <p, are respectively defined by

<P>.=||-= ^M<Po = 1). = (3.16)

The components C^, with respect to the OT {ea} as given by (3.15) 
may be obtained by performing the calculation indicated by (3.6). The 
components of C may be expressed in terms of the corresponding compo
nent of the object C defined on the 3-space with quadratic form

dS2 = gikdx'dxk , gik=gik-^L (3J7)
600

corresponding to the spatial part of the square interval (3.12). The results 
are [1,6]

Cjfc = eje'k e7] s Cjk > ^]o = 0» Qp = "Y՜ > = . (3.18)

where V, is the operator of covariant derivative related to the metric tensor g,y.
Let us consider the immediate consequences of the above anholonomic 

formulation. The substitutions (ji = 0, v = i) and (p = i,^v = j) in Eq. 
(3.5) give respectively

me 9[o «/]+ fqi~ mcUoCfa- % = 0, (3.19)

/ne «71+ Fy- me [uqC^- ukC^-7^=0. (3.20)

We recall that the components u- = e'^[dxa/ds] are the space compo

nents of the 4-velocity u- of the superparticle in the direction of the spatial 
component ef of the OT as measured by an observer with 4-velocity 
e^=wt‘(n), i.e. at rest with respect to the normal part and dS is the 
element of proper time measured by an observer moving with the superparticle. 
The component = u- = e^[dxa/ds) may -be expressed in the form 
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«2 = (ds„/ds), where dsn is the element of proper time as measured by an 
observer at the rest with respect to the normal part.

Since there is no current inside a superconductor at rest, i.e. when 
wa(n) satisfies condition (3.13), the space components u- of the physical 
velocity u- of the superparticle must be set equal zero. Introducing the 
physical electric and magnetic fields as measured by an observer with 4- 
velocity e£ = wa(n) with the aid of the invariants

f = /ro/=֊^-. = (3-21)

Using (3.21) and (3.18), Eqs. (3.19) and (3.20) may be exhibited in the 
form:

E = —1J£Oy* &֊ , D— = - u\L^{L) + u- , (3.22)
l q t, - 2 —

„2 rr me „ • r\0 k
zkiJ = ~7~ ~ J Eo</* • (3.23)< q

If e3 points along the axis of symmetry of the problem under consid
eration, the magnetic field is directed along e3 and u(Z) = e3. Then accord
ing to (3.22) and (3.23) we have the following expression for the electric 
and magnetic fields generated inside the superconductor

H = ^[i<P2] + , u-(L) = , (3.24)

„ me2 j
(3.25)

Eqs.(3.24) and (3.25) show that both the inhomogeneous gravitational field 
and the vortices do contribute to the generation of an electromagnetic field 
inside a type II superconductor in a stationary universe.

4. Newtonian approach. In this section adopting London's approxi
mation we derive the basic equations of type II superconductor [4]. We 
consider free particles of charge q (q<0) and mass m, moving without 
friction. Assuming that the charged particles form a nonviscous fluid with 
velocity field u(x, y, z, t), besides the action of the electromagnetic field we 
have to take into account the reaction of the Magnus force on the particle. 
In this case, as it is customary in hydrodynamics the nonrelativistic Newtonian 
equations of motion may be written in the following form

du du q(c q®n fr\- q®on(L)-fr\
-3T = T7 + WV)U=— E+------- r^֊Jl/iZuxx + 0 v 'u(£)xx,(4 1)
dt dt ' c J me me V*1'

where <D0 is the vortex magnetic flux, v the velocity of the particle (q, m) 
and n(Z), u(l) are respectively the number density and velocity of vortices.
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x is the unit vector along vortex direction. Using the well known vector 
formula

(u v)u = V-^--ux(vxt>),

the equations of motion for the velocity field in the presence of vortices are

du — + 
dt

V —^^>o n(L)uxx- — E = ux
2 me m

x5+«£_«*M£)։'|.
me me (4.2)

<
V

By taking the curl of both sides and using the conservation law of vortices

^ + v(«(Z>(z)) = 0 (4.3)

and Maxwell's equation

Vx£ = -1^ (4.4)

we obtain

^ = Vx(Uxw), (4.5)
Ot

where

w = Vxu+qiL-i®Q-n(L)x- (4.6)
me me

The quantity w as defined in (4.6) differs from the corresponding w 
introduced by London [4] by a correction term due to the magnetic field 
of vortices. An important consequence of Eq. (4.5) is the following prop
erty: if at t=0 the initial state is w = 0, it follows that w = 0 for all values 
of t, accordingly we have

w = Vxu + ^-֊^-n(Z)x = 0. (4.7)
me me

Substitution of Eq.(4.7) in Eq. (4.2) gives

<4-8) ot \ 4 J m me ՝ '

Following London the particular'solutions (4.7) and (4.8) account for the 
Meisner effect and may be regarded as the basic equations for type II 
superconductors.

Let us now suppose that du/dt = Q and J = 0, neglecting the quadratic 
term in velocity, Eqs.(4.7) and (4.8) yields the expressions for the magnetic 
and electric fields:

B = <Don(Z.)x, (4.9)
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£ = (4.10)
c

As expected, the magnetic field is a pure vortex field whereas the generation 
of the electric field results from the motion of vortices with respect to the 
normal part. Let us note that the mechanism at origin of the electric field 
is the unipolar induction of the magnetic field of vortices. The above 
Newtonian results are in agreement with the Newtonian approximation of 
expressions (3.24) and (3.25) valid in stationary universe.

5. Conclusion. The basic equations of type II superconductors have 
been obtained by adopting London's phenomenological approach. The 
generation of the electromagnetic field in a superconductor at rest in a 
stationary universe has been investigated using the method of anholonomic 
frames. The Newtonian formulation of the problem has also been studied. 
As a concluding remark we shall mention that the expressions for the 
electric and magnetic fields we have derived may be applied to the inves
tigation of certain aspects of the electrodynamics of pulsars. As it is well 
known, in the core of neutron stars the magnetic field lines coincide with 
the vortex lines of the proton "fluid", which is considered as a supercon
ductor. From the obtained expression we see that the electric field generated 
in the core of a neutron star is proportional the angular velocity of the 
neutron-proton superfluid. This result differs from the well known assertion 
that the electric field is proportional to the angular velocity Q.n of the crust, 
i.e. the normal part. Since in certain situations in the life of a pulsar the 
inequality Q, » is realized the electric field intensity computed from 
our formula will be larger than the corresponding predictions of Goldreich 
and Julian [7].
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ТЕТРАДНАЯ ФОРМУЛИРОВКА ОСНОВНЫХ 
УРАВНЕНИЙ СВЕРХПРОВОДНИКОВ II РОДА В 

ИСКРИВЛЕННОМ ПРОСТРАНСТВЕ

Р.КРИКОРЯН1, Д.М.СЕДРАКЯН2

Получены основные уравнения сверхпроводников II рода в фено
менологическом приближении Лондона. Генерация электромагнитного 
поля в покоящемся в стационарной Вселенной сверхпроводнике 
изучено в рамках метода неголономных систем отсчета. Рассмотрена 
также ньютоновская формулировка задачи.

Ключевые слова: сверхпроводники: основные уравнения
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