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Abstract. In recent years, nonhomogeneous wavelet frames have been widely studied by many
researchers, while the ones in L?(R*) have not. Some practical applications indicate that it is
desirable to have a nonhomogeneous dual wavelet frame in L?(R1) because of the time variable
can not take negative values in signal sampling. In addition, similar to the homogeneous dual
wavelet frames, the nonhomogeneous ones derived from refinable functions have fast wavelet algo-
rithms. In view of this, under the setting of L2(R1), we study the properties of nonhomogeneous
dual wavelet frames, and obtain a construction of nonhomogeneous dual wavelet frames from a

pair of p-refinable functions.
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1. INTRODUCTION

The concept of frames was introduced already in 1952 by Duffin and Schaeffer |10
in the study of nonharmonic Fourier series, but the importance of this concept was
not recognized by mathematicians until the ground-breaking work of Daubechies
et al. . In the past three decades, the theory of frames has attracted many
mathematicians and engineers, and has achieved fruitful results (see @
and many references therein).

An important example about frames is wavelet frames, which are generated
by translation and dilation of a finite number of functions. Wavelet frames have
many good properties that make them useful in the study of signal processing,
image restorations, sampling theory, function spaces and so forth.
In order to make the wavelet frames have more applications, several generalized
notions of wavelet frames are proposed and studied, namely tight wavelet frames
[1§], dual wavelet frames [19], (quasi) affine frames and (quasi) affine dual frames
. One of the fundamental methods to construct tight wavelet frames from
refinable functions is the unitary extension principle (UEP) which was proposed
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by Ron and Shen 28], and then was extended by Daubechies et al. [5] in the
form of the oblique extension principle (OEP). They gave sufficient conditions for
constructing tight affine frames and affine dual frames from any given refinable
functions. From then on, many works along this direction can be found in
. Observe that all above works main focus on homogeneous (dual) wavelet frames.
In applications, fast wavelet transforms are our main concern, and nonhomogeneous
(dual) wavelet frames derived from refinable functions have fast wavelet algorithms.
Han in comprehensive studied nonhomogeneous (dual) wavelet frames and
they connect with homogeneous ones. Similar to the homogeneous dual wavelet
frames, the nonhomogeneous ones derived from refinable functions have fast wavelet
algorithms, which play an important role in wavelet analysis.

Wavelets and frames have been generalized in many different settings. For example,
Lang constructed compactly supported orthogonal wavelets on the locally
compact Cantor dyadic group by following the procedure of Daubechies (or
see Eﬂ) via scaling filters, and these wavelets turn out to be certain lacunary Walsh
series on the real line. Recent works about wavelets and frames on the Cantor
group and Vilenkin groups can be found in . It is worth noting that the first
constructions of wavelet frames on the positive half line with binary addition were
proposed by Farkov , in which wavelets and frames on the half line R related to
the Walsh-Dirichlet kernel and its modification are considered. Shah and Debnath
studied Dyadic wavelet frames on a half-line using the Walsh-Fourier transform.
Shah in give an explicit construction of tight wavelet frames generated by the
Walsh polynomials on positive half-line RT using the extension principles, and
derive the wavelet frames decomposition and reconstruction formulas.

Intuitively, we can obtain L?(R*) wavelet frames by projection from L?(R) ones,
while it is not the case for L?(R*) since the projections do not have complete
affine structure. Furthermore, in many practical problems of nature and physics, the
time variable can not take negative values in signal sampling; and in mathematics,
R* is not closed according to the usual addition “4”. As a result, the classical
Fourier transform method can not be directly applied to the wavelet frames in
L?(R*). However, RT is closed in terms of the operation “@”, and the Walsh-Fourier
transform is defined by .

Inspired by the above observation, in this paper we investigate nonhomogeneous
dual wavelet frames under the setting of L?(R*). In Section 2 we give some preliminaries

and notations. In Section 3 we present some properties of nonhomogeneous dual
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wavelet frames in L?(RT). Section 4 is devoted to constructing nonhomogeneous

dual wavelet frames from a pair of general p-refinable functions.

2. PRELIMINARIES AND NOTATIONS

We first recall some basics of addition “@"and subtraction “©". We denote by Z,
Z7 and N the set of integers, the set of nonnegative integers and the set of positive
integers, respectively; and by N; the set of {0,1,--- ,¢t — 1} for ¢ € N. Let p > 1 be
a fixed integer. For z,y € N, we define the @ and & on N,, respectively by

x -+, r+y<p,

7@y = (o +y)med p):{ T+y—p, T+Y>p,
and

x—Y, x>,
roy=(o-pmod ) ={ 17 T

Given x € R, we denote by [z] its integer part, and by {z} its fraction part. Then

we have
ko o]

(2.1) = w T Y ap = (o] + {a},
j=1 j=1

where k, € Z*,zj,2_; € N, for j € N, and the sequence {xj};";l is required to
have only finitely many nonzero terms when x is rational. For y,w € R™, we define
Y;,Y—; and w;,w_; similarly. Using the above operations on N,, we define the @

and © on RT respectively by

(2.2) z@y=>» (@ o)y '+ (z;0y_;)p
j=1 Jj=1

and

(2.3) roy=> (wjoy)p '+ (z 0y ,)p7
j=1 J=1

for z,y € RT. Note that z = x © y if 2 ® y = z, and it is easy to check that RT is
a group under the operation “® ”. Given z,w € RT, write

. OO0
211

(2.4) x(z,w) = exp 3 Z(%W*j + z_jw;)
=1

For a function f € L'(R*) N L?(R*), its Walsh-Fourier transform is defined by
Fi6) = [ fan
R+

and is extended uniquely to the whole space L?(R*). The details of the Walsh-

Fourier transform and Walsh series can be found in . Similarly to the classical

Fourier transform, the Walsh-Fourier transform is an unitary operator on L?(RT),

and the system {x(k, -) : k € Z*} is an orthonormal basis for L?(T) with T = [0, 1).
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We define the dilation operator D and the translation operator 7;, with k& € Z+
respectively by

Df(-)=p"?f(p-) and T f(-) = f(- © k) for f € L*(RY).
Obviously, they are both unitary operators on L?(R*). And we write
fix=DITyf for j € Z and k € Z7.

Let J € Z,vo € L2(R") and ¥ = {41, 19, -+ ,2b1} with L € N be a finite subset in
L?(R™). We define the homogeneous wavelet system X (¥) and the nonhomogeneous

wavelet system X (1o, ¥) respectively by

(2.5) X(U)={¢yr:j€LkeZT,1<I<L}

and

(2.6) X0, V) ={o sk k€ ZTYU{thy p:5> T keZt, 1<I<L}

And we write Xo(1bo, ¥) = X (o, ¥) for simplicity. Let X (¥) and X (¢, ¥) be
defined similarly. We say X (V) is a homogeneous wavelet frame (HWF) in L2(R")
if there exist two constants 0 < A < B < oo such that

L
(2.7) AIFIP <D0 > [F i) < BIfIIP for f e LX(RT),

I=1j€Z keZ+
where A, B are called frame bounds. It is called a Bessel sequence in L?(R*) if
only the right-hand side of holds, where B is called a Bessel bound. We say
(X (W), X(D)) is a homogeneous dual wavelet frame (HDWF) in L2(RT) if X (¥)
and X (U) are both Bessel sequences in L2(RT), and the identity

L
(2.8) o9y =D D> dhugm) (ks 9)

I=1 jEZ keZ+
holds for f,g € L?(R"). Similarly, we say X (1o, V) is a nonhomogeneous wavelet
frame (NWF) in L?(R") if there exist two constants 0 < A < B < oo such that
(2.9)
L oo
AIFIP< D0 W oumdP+Y-D 0 D0 1 dugwd® < BIIFII? for f € LA(RT),

kezt I=1j=J kez+
where A, B are called frame bounds. It is called a Bessel sequence in L?(RT) if
only the right-hand side of holds, where B is called a Bessel bound. We
say (XJ(¢0; W), X (to; (IV/)> is a nonhomogeneous dual wavelet frame (NDWF) in

L2(RT) if X;(10; ¥) and X (1o; ¥) are both Bessel sequences in L2(R*), and the
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identity

L oo
(210) <fag>: Z<fa wOJk: ’(/)OJk, +ZZ Z fvwl,jk <’(/}l,jk7 >

keZ+t I=1j=J kez+

holds for f,g € L2(R"). It is easy to check that both X ;(¢o; ¥) and X ;(¢o; ¥) are

frames for L2(R™), and reconstruction formula

L oo
f= Z (f, o,sk) 0,7k + Z Z Z (fs Yug )i,

kezZ* I=1j=J kez+
or
L oo
F=Y " Yosmdbork+ >3 D f Yuir) bk
kez+t I=1j=J keZ*

holds for f € L2(R*) if (X'](wo; ), X5 (do; \Tf)) is a NDWF in L2(R").

Nonhomogeneous (dual) wavelet frames play an important role in frame theory
because they are related to filter banks and have a natural relationship with refinable
structures as pointed out in where this type of wavelet frames was introduced
for the first time. It is worth noting that Han named the term ‘nonhomogeneous’
for this type of frames and widely studied them in the distribution space and in
L?(R%) . In particular, Han proved that if (XJO (03 0), X j, (o \Tl)) is a
NDWF in L%(R%) for some Jy € Z, then (X 1 (0 W), X5 (o \I:)) is a NDWF in
L2(R%) for a general J € Z, and (X (¥), X(V)) is a HDWF in L2(R%).

3. SOME PROPERTIES OF NDWFs N L?(R™T)

This section is devoted to some properties of NDWFs in L?(R*). Observe that
the dilation operator and the Walsh-Fourier transforms are unitary operator on
L2(RY). Let {Trabo : k € ZT} and {Tj4)o : k € ZT} be Bessel sequences in L?(RT),
define a quasi-interpolatory operator P; on L?(R") with J € Z by
(3.1) Prf =" (f, dosx)tosx for f € L*(RT).

kezt
It is not difficult to prove that {1 s : k € Z+} and {tpo s\ : k € Z*} are also Bessel
sequences for each J € Z under the Bessel assumptions of integer translation of g
and 1. Therefore, P; is a bounded operator by the Cauchy-Schwarz inequality,

and is well defined. Also we have next result.
Lemma 3.1. Given J € Z, let {Tetho : k € Zt} and {Tio : k € Z} be Bessel
sequences in L*>(RT), then we have
(3.2) Jim Pyf =0 for f e L*(R™).
——00
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Proof. Fix f € L2(R"). For an arbitrary € > 0, let g € L?(R™) with supp(g) C
[0, R] for some R > 0 such that ||f — g|| < e. Then by the above argument, we have

WPsfIl < |IPs(f —9)ll + IPrgll < Ce+ ||Psg|l for some constant C' > 0.

Next, we prove lim Pjg =0 to complete the proof. We estimate

1Psgl? < C S g dosn)l? < Cllgl? Z/ (o, (2) P

keZ+ keZ+
(3.3)
—Cllglr 3 / 200"z © k) Pdz = Cllg|? / o(y)Pdy,
keZ+ Uez+ [0, p/ R+K]

it tends to 0 as J — —oo by Lebesgue’s dominate convergence theorem, and thus
lim Pjyg=0. (]
J——o0
The following theorem shows that the equivalence of NDWFs between different
scale levels, and an NDWF in L?(R") can derive an HDWF.

Theorem 3.1. Given an integer Jy. Let g € L*(RY) and U = {1,492, -+ , ¥}
be a finite subset in L?(RT). Suppose (XJO (Y03 0), Xy, (1/;0; \Tl)) is a NDWF for
L2(RY), then (X 20 W), X J(JJO;CIJ)) is a NDWF for L2(R*) for all integer J.
In particular, (X(\Il), X(@)) is a HDWF for L*(R").

Proof. For any integer J and f,g € L?(R"), we have

(3.9) (fs Do.ak) = (D77 f, o, k)5 (0,05 9) = (0,0, DT g)

and

(35)  (f, Yujk) = (DT F b go—ak)s Wik 9) = Wijsgo—ak, D77 g)

due to D is a unitary operator on L?(R*). And thus, we have

L oo
(3.6) Z<f77/JOJk Y{%o.5k, 9 +ZZ Z f?wl]k<wlgk7 g)
ket =1 j=J keZ+
= Z <DJO_Jf7 wo]o,k><w0,Jo,kH D O_Jg>

kez+
L oo _
3 Y DY gy gk g so-aks D7 g)
I=1 j=J keZ+

= Z (D7~ £, 400,s0.1) (0,01, D77 g)

keZ+
L o ~

Y DT f ) (ks DT g),
I=1 j=Jo keZ+
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it equals to (D7~ f, D70~ ) and then equals to (f, g), since (X s, (¢o; ), X s, (¢o; ¥))
is a NWDF for L(R"). So (XJ(wo; ), X (to; \TJ)) is a NDWF for L2(R") for all
integer J, and thus

L oo
(3.7  (Pif. g ZZ > Vi) Wrgs 9) = (S, g) for f,g € LA(RT).

=J keZt

Letting J — —oo in (3.7) and using Lemma [3.1} we obtain

L
(3.8) SN Af k) Wk g) = (f, g) for f,g € L*(RT).

=1 j€Z kezt

Therefore, ( X (), X(\I!)) is a HDWF for L?(R*). The proof is completed. |

Theory |3.1{tells us that the study of NDWFs of the form (XJD (Y03 0), X j, (zﬁo; \fl))
with general Jy € Z can reduces to the study of NDWFs with Jy = 0. The next

theorem characterizes NDWFs in L?(RT) under the general Bessel assumption.

Theorem 3.2. Let ¢y € L2(RY) and ¥ = {¢1,4,--- ,01} be a finite subset in
L2(RT). Suppose {Tethy : k € Zt,0 <1 < L} and {Tpthy : k € Z+,0 <1 < L} are
Bessel sequences in L*(RT). Then (X(i/im W), X (¢o, \T/)) is a NDWF for L?(R")
if and only if

(3.9) Jim (Pyf, 9) = {f, 9)

and

(3.10) (Praf,9)=(Psf. g +Z > Yak) Wik 9)
=1 kezZ+

for f,g € L>(RT) and J € Z, where Py is defined as in (3.1)).

Proof. “<”: Tt follows from (3.10)) that
L J
(311) <PJ+1f7 > P0f7 +ZZ Z f7 1/)l,37 wl,],kn >
1=1j=0 kezZ+
for f,g € L>(RT) and J € Z. Letting J — oo in (3.11)) and using (3.9), we have

(3.12) (f,9)=(Rof g +ZZ > i) gk 9)

=1 j=0keZ+

for f,g € L3(R*). Therefore, (X(zpo, ), X (4o, @)) is a NDWF for L2(R™).
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“27. Suppose (X(qpo, ), X (4o, xi)) is a NDWF for L2(RT), then (X (o, ¥),
X (do, ¥)) is a NDWF for L2(R™) for all integer J by Theory [3.1] Tt follows that

L 0o

(fo9)=Praafs )+ > D D> Afs Vi) (Wrgins 9)

1 j=J+1kezt

ZZ fvwl,jk ’(/}l,jkh >

1j=J kezZ+

Mm

(3.13) =(Psf, g) +
l

for f,g € L>(R") and J € Z, which leads to (3.10)), and thus

L J
(314) <PJ+1fa > POfa +ZZ Z f> wl,jk <¢l,g k) 9 >

=1 j=0 kez+

for f,g € L*(R*) and J € Z. Also, observe that (X(wo, W), X (4o, \T/)) is a NDWF
for L?(R"). Letting J — oo in (3.14)), we obtain (3.9). The proof is completed. [

4. REFINABLE FUNCTIONS BASED CONSTRUCTION OF NDWFs IN L?(R™)

This section is devoted to constructing NDWFs from a pair of general refinable
functions.

For f,g € L*(R*), we define
(4.1) [f, g]() = Z f(@k)g(-®k) ae onRT,
kez+

then it belongs to L!(T), and is well defined. And we write
(4.2) D:={fec L*R"): Ff e L>*R") and supp(Ff) is bounded},

where supp(Ff) = {£ € RT : Ff(€) # 0} for f € L2(R") and is well defined up to
a set 0. It is not difficult to verify that D is dense in L*(R™T).

Now, let us make some assumptions:

Assumption 1. 1,1, € L*(R") are p-refinable functions with symbols in
L*>(T), i.e., there exist mg, mg € L>°(T) such that

(4'3) ]‘Wo(p') = mo()fwo() and .7:1;0(]7') = 7710()]:’(;0() a.e. on R,

Assumption 2. lim Fyo(p ™7 )Fiho(p~?-) =1 a.e. on RY.
j—o00

Assumption 3. [Fibg, Fibo|, [Ftho, Fiho] € L®(T).
Given L € N, let my, 7y € L®(T) with 1 <[ < L, and define ¢; and 1 by

(4.4) Fihy(p-) = my(-)Fbo(-) and .7:1211(]9') = Tﬁz(')fz/zo(-) a.e. on RT,
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With m; and m;,l =0,1,---, L as the framelet symbols, we write
(4.5)
mo(+) my(:) mr(-)
mo(- & 1/p) ma(- @ 1/p) my(- & 1/p)
M() =

and
(4.6)
() ) ()
0 - mo<§a /) m1<-§a /p) | mL@ /)
o(-® (p—1)/p) u(-®@p—1)/p) - - @p—1)/p)

We will study what m;, m; € L>°(T) with 0 <1 < L are qualified for (X (¢, ¥),
X (4o, ¥)) to be a NDWF in L2(RT). We begin with some lemmas for latter use.

The following lemma shows that Assumption 3 is equivalent to the fact that
{Tkt)o : k € ZT} is a Bessel sequence in L*(RT).

Lemma 4.1. ([33] Theorem 2.1|) Let 19 € L*(RT). Then {Tptpo : k € Z*} is a
Bessel sequence in L?(RT) with Bessel bound B if and only if

[Fibo, Fio](-) < B a.e. on T.

Observe that {x(k,-) : k € Z*} is an orthonormal basis for L?*(T) and the

Walsh-Fourier transform is a unitary operator on L*(RT) .

Lemma 4.2. Let k € Z* and f,¢p € L>(R"). Then, (f, ;1) is the k-th Walsh
Fourier coefficient of [p?/2F f(p’-), Fab(-)] for each j € ZF. In particular, we have

(4.7) PPFFW), FOI€) = > (f vin)x(k, §) ae £ RT,

et
if {Tat: k € ZT} is a Bessel sequence jn L2(RY).
Proof. Since f,1 € L*(R*), we have Ff(p’ ) Fi(-) € L' (R*), and thus
[0 F1 ) FoONON R a2 | F @ Fo e
— / FIHOFOm IO (k. p€)de
(48) = || FHOFTHD 0T = (f. b

so (f, ¥jx) is the k-th Walsh-Fourier coefficient of [p?/2F f(p-), Fy(-)] for each
jETT.
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If {Titp : k € ZT} is a Bessel sequence in L?(RT), then {D/ Ty : k € ZT}, that
is, {¢j x : k € ZT} is a Bessel sequence in L?(R™) for each j € ZT due to D7 being
unitary, it follows that {(f, ¥; : k € Z*)} € £2(Z"), and thus (4.7) holds. O

As an application of Lemma we have the following lemma immediately

Lemma 4.3. Let g, € L2 (R*) satisfy Assumption 3. Then we have
(ot g) =" [ FHG"). FoCNOF v, Falo™ (e

for f,g € L>(RT) and n € Z, where P, is defined as in .

The following two lemmas are necessary for us to prove the main result.
Lemma 4.4. Let 1y, g € L2(R1) satisfy Assumptions 2 and 3. Then

Jim (P f, g) = (f, g) for f.9 €D,

where D is defined as in .

Proof. By Lemma [.3] we have

Buf ) =9 [ FS07), FEQIEF e, Folo™ O

Since p > 1 and supp(Ff) and supp(Fg) are bounded, then there exists N > 0
such that supp(Ff(p™-)), supp(Fg(p"-)) C [0, 1) when n > N, and thus

[FF(p™), Fiho()](€) = Ff(p"E)Feo(€)

and
[Fro (), Fgp™ (&) = Fg(pE) Febo(§)
for a.e. £ € (0, 1) and n > N. So

(Puf. g) =" /[0 IO OF I FR@ Fin(e)as

(4.9) = [ FHOF9&)Fo(p=€)Fbo(p"E)x10,11(p~")dE

R+
when n > N. By Assumption 3 and the Cauchy-Schwarz inequality, we have

[Fho()Fvo()| < 3 |Fio(- & ) Fuo(- @1)|
leZ+
; - 1/2 1/2

< (1790, Fol())  (IFo, Frl())'/* < ©
for some constant C' > 0. Therefore, the integrand in (4.9) is dominated in module
by C|Ff(-)Fg(-)|, which belongs to L'(R*). Applying the Lebesgue dominated
convergence theorem to (4.9), we obtain

Jim (P f, 9) = (f, 9)

by Assumption 2. O
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Lemma 4.5. Let o, € L*(R") satisfy Assumptions 1 and 3. Assume that
my,my € L°(T) with 1 <1< L, are such that

(4.10) M()M*() =1, ae onT,
where M and M are defined as in and . Define wl,wl, 1<I1<Lasin
(4.4). Then

(411) <Pn+1f7 Pf? +ZZ fawlnk wlnkv >

1=1 kez+
for f,g € L>(R") and n € Z.

Proof. First, we claim that (| - is equivalent to

(4.12) (Puf, 9)=(Pof, g +ZZ (f, rom) (Wrok g)

=1 kez+
for f,g € L*(R™). Indeed, if (4.12) holds, we can get (4.11)) by replacing f by D~" f
and g by D™"g in (4.12)), respectively. And, by Lemma (4.12) can be written
as
(4.13)
p [ 1710, FoOIQFb), Falo™ (e = SUFS PRI Fal(€)de
T

Ti=o
for f,g € L*(RT).
Next, we prove to complete the proof. Note that, m;,m;,1 <[ < L are
1-periodic functions. By the definitions of 1;1, 1 <11 < L and Assumption 1, we have

[Ff, Foil€) = > FfE @ k)ymu(p (£ k) Folp~ (§ @ k)

kezZt
S FTEE ) Y FHE®i/pe ol Fho €S if) & k)
1=0 keZ+t
1) =S e T EE TN ), FhOl €S i/p)
1=0

for 0 <[ < L. Similarly, we have

(4.15)  [Feu, Fyl(€ Z mu(p~ (€ @7 /p)[Ftho(), Fap)l(p~ (€ @ i'/p))

=0
for 0 <[ < L. By a simple computation, we obtain

L p—1
(4.16) > [Ff, FOJ©Fr, Fal©) =Y [Ffp-), Fho()(p~ (€ @i/p))x
=0 1=0
< (MM 079)  [Fbo(), Folp (0™ (€@ i'/p)),
/=0 ’
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where (MM*()) ) denotes the (i, i')-entry of MM*(-),O <i4,i < p-1. By

7/7

7 therefz)re follows that
L
| S Fn Fal@ . Faleas

=0

ZAZ[ff(p-), Fho()(p~ (€ ©i/p)[Febo (), Falp))(p~ (£ @ i/p))dE

23 [ FT0 FRONOFRO, Folp (0

(417) =p / F o), Fho()©Fto(), Fae™)|(€)de.

Therefore, (4.13) holds. The proof is completed. O
The following theorem gives a sufficient condition for (X (o, ¥), X (4o, (Ivl)) to
be a NDWF in L?(R*).

Theorem 4.1. Let 1, Y € L?(R™) satisfy Assumptions 1-3. Assume that my,my, €
L°(T) with 1 <1 < L, are such that

(4.18) MM () = I, a.e. on T.

where M and M are defined as in QD and 1D Define iy and ¥;,1 <1< L as
in qp Then (X(%, ), X (do, \Tf)) is a NDWF for L*(R™).

Proof. Since m;,my, € L>®(T) for 1 <1< L, by Lemma and Assumptions 1

and 3, then we have
{Tithy k€ ZT,1<I<L} and {Tpth:keZ ,1<1<L}

are Bessel sequences in L2(RT). Therefore, the conclusion follows directly by Theory
Lemmas [£.4] and The proof is completed. O
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