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Abstract. We study oscillatory properties of solutions of the Emden-Fowler type difference
equation A u(k) + p(k) |u(o(k))|>‘ signu(o(k)) =0, wheren >2,0<A<1,p:N—=Ry,
o :N— Nand o(k) > k+1 for k € N. Sufficient conditions of new type for oscillation of
solutions of the above equation are established. Analogous results for linear ordinary and

nonlinear functional differential equations see in [1-8].
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1. INTRODUCTION

This work is dedicated to the study of oscillatory properties of the difference
equation
(1.1) A™u(k) + p(k) |u(o(k))|" signu(a(k)) =0,
where n > 2, p: N—-R;, 0 : N — N and
(1.2) 0<A<l, ok)>k+1 for keN.
Here AMu(k) = u(k +1) —u(k), A®D = AW o AC=D (5 =2 ... n). It will always
be assumed that the condition
(1.3) p(k) >0 for keN

is fulfilled. The following notation will be used throughout the work:

Let ky € N. By Nz) (N,:O) we denote the set of natural number NZ‘O = {ko, ko +
Lo b (N, ={1,2,...,ko}).
Definition 1.1. Let ky € N. We will call a function w : Nzo — R a proper solution
of the equation (1.1), if it satisfies (1.1) on Nj\ and

sup {|u(i)| :i € N} >0 for any k ENQ.

Definition 1.2. We say that a proper solution w : N;O — R of equation (1.1) is
oscillatory, if for any k € N:O there exist ki; ko € N; such that u(kq)u(ke) < 0.
Otherwise the solution is called nonoscillatory.
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Definition 1.3. We say that equation (1.1) has Property A if any its proper

solutions is oscillatory when n is even and either is oscillatory or satisfies
(14)  |ADu(k)| L0 as k1t +oo, k€N (i=0,...,n—1), whennisodd.

Some results analogous to those of the paper are given without proofs in [9-11].
The problem of establishing sufficient conditions for the oscillation of all solutions

to the second order linear and nonlinear difference equations see in [12-16].

2. ON SOME CLASSES OF NONOSCILLATORY DISCRETE FUNCTIONS

Lemma 2.1. Letn > 2, kg € N, u : NZO — R and u(k) > 0, AMu(k) < 0 for
ke NZO, AMu(k) # 0 for any s € N:O and k € N¥. Then there exist ki € NZO and
e{0,...,n} such that £+ n is odd and

ADuk) >0 for keN} (i=0,...,0),
(2.1) (-1 ADu(k) >0 for keNf (i=(,...,n—1),

AMy(k) <0 for ke Nzl.

Proof. The Lemma follows immediately from the fact that, if u(k) >0 and A u(k) <
0 for k € NZO, then there exist k; € Nﬁo, such that AMu(k) >0 for k € Ny,. O

Remark 2.1. Tt is obvious that if ;v : N — R and A®Du(ke) = AWu(ko) (i =
0,...,m—1) and A™y(k) = A™y(k) for k € Nzo (for k € N ). Then u(k) = v(k)
for k € N;:O (for k € Ny ).

Lemma 2.2. Letu:N — R, m;s € N. Then

ADy(k) %Mﬁ(k—s—r—i—l)-&- !

el ) Lt (m—i—1)!
m—i—1
22) xY [ k=i-r+DAMu(-1), i=0,...,m -1, for keN/,
j=s r=1
where
0
(2.3) AMy(s —1) =0, [J(k—s—r+1)=1,
r=1
and
m—1 : [
ADy(s) 3
A®) — —s— 1) —
u(k) ; = Tli[(k s—r+1) =i =1
s m—i—1
(2.4) x> ] k=i—r+1DA™u), i=0,...,m—1 for k€N,
j=k r=1
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where
0

(2.5) AlMu(s) =0, JJ(k-s—r+1)=1

Proof. Denote

(2.6)  ui(k) = ADu(k),

ug(k) = k—s—r+1
=X T I )
1 k m—i—1
- - i (m) (7 — +
(2.7) +(m_i_1)!§ ];[1 (k—j—r+ 1AMy —1), keN
Since
j—i j—i—i j—i
A(l)H(k—s—r—i—l): H(k+2—r—s)—H(l€+1—r—s)
r=1 r=1 r=1
j—i—1 j—i j—i—1
= [ k+1-r—s)—J[k+1-r—s)=@G—i) J[ k+1-r—5s),
r=0 r=1 r=1

according to (2.3), (2.6) and (2.7) we get AW uy(s) = AW uy(s) (j =0,...,m—i—1)
and A=y, (k) = AMm=Dyy(k) for k € NF. Therefore, the conditions of Remark
2.1 are fulfilled, which proves that the equality (2.2) is valid.

By (2.5), similarly we can prove that the equality (2.4) is valid, which proves the

lemma. O

Lemma 2.3. Let u: N — R, m;s € N. Then the equality holds

k m—1
D am T A (i) = Y ()" A u(k + AT (ki 1 - m)m I
i=s i=j

i

(28) = ()" AL u(s + AT (s i+ 1 —m)™ I for ke NY,

1=

<

where
(2.9) AMy(s) =0
and
= i+ 1) Ay 4 1)
i=k
= ()" AO Yk + DAY (k4 i 1 —m)m I
i=j
m—1
(210) =Y (=)™ A y(s + DA (s 4 i+ 1 —m)™ L for ke N7,
i=j
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where
(2.11) AMy(s+1) =0.

Proof. Let u,v : N = R, then AM [u(k) v(k)] = v(k+1) AWM u(k)+u(k) ADv(k).
Therefore

m—1

A(l)( (=)™ T AO y(k + DAM==D (k441 — m)m—j—l)

i=j
m—1
— Z (_1)m+i—1A(i+1)’u(k + 1)A(m—i—1)(k +i4+2— m)m—j—l
1=j
m—1 ‘ ‘ ‘ |
+Y (DAL (ke + AT (ki 41— m)m I
i=j

Since A=) (k4441 —m)™ 971 =0, then

m—1

A ( Z(fl)m“*IA(i)u(kJr1)A(”H'*1)(k+i+1fm)m*j*1) = (k+1)™ LAy (k+1).
i=j

By (2.9), ((2.11)) the equality (2.8) (the equality (2.10)) holds. O

Lemma 2.4. Letu:N — R, ky;n € N and

(212) (-1)'ADu(k) >0 (i=0,...,n—1), (-1)"A™u(k)>0 for ke N .

Then

+oo
(2.13) S R AMu (k)| < +oo,

k=1

@ 1 +oon—i—1 -
for keN;o, (i=0,....n—1),
-1 . ;
n A(])u(s) I

(2.15) u(k)Zu(s)+Z|,7'|H(j—k+r—1) for s > k.

j=1 ’ r=1

Proof. Let kg < k < s. It can be assumed without loss of generality that A (s) =
0. Let m = n, according to (2.12) from (2.4) with s — +o00, we can readily obtain
(2.13) and (2.14). As to (2.15), it is immediate consequence of (2.4). O

Lemma 2.5. Let u: N — R and for some ky € N and £ € {1,...,n— 1}, (2.1) be
fulfilled. Then
+oo
(2.16) D> R AM (k)| < oo,
k=1
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there exists ko € NZ‘l such that

+ocon—i—1

(2.17)  |A®u( )|_ 'ZH (G +r—k—1)|AMu()|
j=k r=1
for kENZZ (i=4...,n—1),
k—1 £—i—1

+ocon—~—1

(218) x> ] G+r—s—DAMu()|, for keNS , (i=0,...,0-1).

j=s r=1

If in addition

“+oo
(2.19) >k AM (k)| = +oo,
then
u(k) u(k)
(2.:20) i R
II (k=) II(k—1i)
=0 1=1
for large k
(2.21) u(k) > 1+£O( ) =1 A=D1
and
(£-1) k - n—l—1| A (), (;
1 ’ﬂ n

Zk2

Proof. Let s;k € N,j; and s < k. Assumed that (2.9) be fulfilled. By virtue of
(2.1), from the equality (2.8) with j = ¢ and m = n we have

k n—1
Z(—l)n+@in7571A(”)u(i) = Z(_l)ZJriA(i)u(s + 1)A(n7i71)(8 il — n)nil*l
i=s i=0
n—1 _ 4 .
S ) ADu(k + AT (ki 41— )
=L
Therefore
k n—1
Z" A Z‘A() (s+ DA (s +i+1—n)""** for ke N},
i=s =4
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The last inequality with k& — +00 we obtain (2.16). The equality (2.10) also implies
the inequality

Z|A u(k+1)|AC D (k+i+1—n)n !

(2.23) > Zi”*“l\A(”)u(i +1)| for ke N[ .
i=k
On account of (2.1) and (2.16), from (2.4) we obtain (2.17).
Analogously, equality (2.2) with s = ko and m = ¢, gives
k £—i—1

ADy(k) > ADu(ky) + _Z_1|Z II e=i+r—1)AOu - 1)

j=ko r=1
(i=0,...,£—1) for kEN‘k:.

Hence, by (2.17) we obtain (2.18). Using (2.1), from (2.8) with j = /—1 and m = n,

for s = kg we have

A= 1)u 1 'Zz” [|A |
i= k‘z
n—1
1 ; e . e
+ (nig!Z‘A(Z)u(k—i—lHA(" (ki1 —n)nt

f ' Z DAy (kg + DA D (kg + i+ 1 —n)" "
TL
i=0—1

Therefore, according to (2.19) there exist k* > ko such that

n—~{ n
ATl +1) 2 ,Zz Aui)|
1 n—1
+mz ’A(i)u(k+1)’A(n—i—1)(k+i+1_n)n—£ for k’ENz*.
T =t

From the last inequality by (2.19) we have
(2.24) AU Vyuk+1) — (k+£04+1-n)ABu(k +1) = 400 for k — +oo

and by (2.23) the inequality (2.22) holds.
Let kg € N and for any k € N;O and i € {1,...,¢} put

(2.25) pi(k) = iA (k) — (k41— ) AEHDy(k),
(2.26) Yilk) = (k — DA HDy(k) — (i — DA Dy (k).
Applying (2.24) and L’opital rule, we have
(e—i)
(2.27) im 2R =10,
k—+oo =1 i
IT(k—j)
j=1
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0
(Here it is meant that [] (k —j) = 1). Since

A(n(A“‘“U(k) ):, (k)
k-j-n/ T@E-j-1

by (2.27) there exist kp > --- > ki > ko such that v;(k;)) > 0 (i = 1,...,0).
Therefore, by (2.24) py (k) — 400 as k — 400, AN p; 1 (k) = pi(k), AW (k) =
yi(k) and vy (k) = (k — 1)A®u(k) > 0 for k € N;) (i=1,...,£—1), we find that
pi(k) = +o00 as k — +oo, and v;(k) > 0 for k € N; (i=1,...,£). These fact along
with (2.24)—(2.27) prove (2.20).

On the other hand, since p;(k) — 400, by (2.25) for large k, iA¢~Dy(k) >
(k41— A=+ Dy(k) (i =1,...,£), which implies (2.21). O

3. NECESSARY CONDITION FOR EXISTENCE OF SOLUTIONS OF TYPE 2.1

The results of this section play an important role in establishing sufficient conditions
for equation (1.1) to have Property A.

Let kg € N and £ = {1,...,n —1}. By Uy i, we denote the set of all solutions of
equation (1.1) satisfying the condition (2.1).

Theorem 3.1. Let condition (1.2), (1.3) be fulfilled, ¢ € {1,...,n — 1} with £+ n
odd and

oo
(3.1) Sk o (k)M p(k) = oo
k=1

If, moreover, for some kg € N, U i, # @, then for any 6 € [0, A] and i € N we have

—+oo
(3.2) SR ()M (g0 ())) (k) < e,
k=1
where
. k—1 400 . ﬁ
(33) pre(k) = (M ;;j"—f—l(ff(j))w‘ )p(j)) ,
(3.4)
1 k—1+o00 A(C—1) N
ptk) = e ;Ej"-‘—l(om) (i) (psre(0()))” (=2,3,..).

Proof. Let kg € N and Uy i, # @. By definition of the set Up x,, equation (1.1)
has a proper solution u € Uy, satisfying the condition (2.1). By (2.1) and (3.1)
it is clear that the condition (2.19) holds. Thus by Lemma 2.5, (2.20)-(2.22) are
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fulfilled and by (1.1) and (2.21), (2.22) we have

+oo
Ay (k) > el(nk—é)' ;i"—f—lgk(f—l)(i) (A(Z—l)u(g(i)))Ap(i)

k
1 o 1. _ A
(3.5) + =0 l; il () (A(Z 1)u(cr(z))) p(i) for ke N/,
where k, it is sufficiently large natural number. By the identity
k k
> u@AW(i) = u(k)v(k + 1) = ulk. = Do(k) = > v(i)AMu(i - 1)
i=k. i=k.
we have
i A
Yot V@ (A u(a (i) p(i)
i=k.

k o)
= Al +Z 1A () (A Du(o(s))) p(s)
i=k =i

+oo
= _kzSn—é—lax\(f—l)(s)(A(Z—l)u(a<s>))/\p(8)

+oo
+ (ke — 1) Z s LA () (A(e’l)u(a(s)))Ap(s)
s=ku
k 4o A
+ Z an—e—lak(Z—l)(s) (A(E—l)u(o_(s))) p(s)
i=ky, s=1

Therefore, from (3.5) we get

k +oco
(3.6)  ACDy(k) > evn_ |§ 3 s AN (6) (AL Du(o(s))) p(s)
for k € NL. Denote
k—1 +o0
o) = g 2 2" 1A (5) (A Vu(o(5)) p(s).
i=k, s=i

Since A(L]_l)u(k) is nondecreasing and o(k) > k + 1, by (3.6) we have

(ACDu(k + 1)) &2

AD (k) > > s (s)p(s)

I(n — ¢)!
l(n—20)! gt
m)\ l{i+1 +oo e -
= Mzks £ 10_)\(2 1)(S)p(s) for kEN;{
Therefore
k—1 J1 4oo
n—f—1_A({-1)
7 A J+1 (n—¢ lZZ’ (@)p(3).
j=k. j=ks i=3
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Since . A
~1 . ~1 ;
A z(j+1)
> Sk 2U) _ z**(j+1)/ dt
P (7+1) ik, z(7)
and 27*(j + 1) <t when z(j) <t < x(j + 1), we have
k—1 , k—1 ;
A z(j+1) z(k)
Z )\7‘%(]) < / t=dt :/ t dt.
i (G+1) =) w(ky)
That’s why, from (3.7) we get
k—1 +oc0 L
1-A =1 A=) )
(35 o) > (g X 2 (i)
j=k« i=J
Le.
(3.9) AV u(k) > p1 o, (k) for ke N,
where

. k—1 400 ﬁ
ek (k) = (é'(ln—)\ﬁ)' Z Zi"‘%’““”(i)p(i)) )

=k i=j
Thus, by (3.6), (3.9) we get
(3.10) A Vu(k) > pyop. (k) for ke N (s=2,3,...),
where
k—1 400 N
Ps k., (k) = o é, SN MY ()p(i) (ps-rek. (0(0))
Jj=k« =7

On the other hand, by (1.2), (2.1), (3.9) and (3.10) from (3.6) for any 0 € [0, \] we

have

Ay (k + 1) ,ijﬁy"“*“ O
X (Pt <a<j>>>‘5|(A“—l)u(a(z')))“*, s=1,2,...
and
Al )(k+1_£, ,Z”“”l(ﬁp(])
(3.11) % (ps.r. (0(7))) (A“—l)u(g(j)))*“s, s=1,2,...

If 6 = A, then from the last inequality we get

n—r)! =1y,
ZJ" AN (G (pren (o)) < LI S]]

k+1
By first condition of (2.20) we have
+oo
—f— D Ay A
(3.12) D i I (G)p(5) (s, (0(4))) " < 400 (s =1,2,...).
=k
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Let § € [0, A). Then from (3.11) implies
ACDy(k + 1) k— k.

>
5 D) s (010) (A Dato)

for k € Nz*. Therefore
(AC=Du(k + 1)) k= Lp(k) o D (k) (ps ook, (0(K)))
“+o00 ) 5 ) A—§ A—0
(S 10D Gp0) Ptk (0() (A V(o))

0

j=k
313) > (grmg)  ETROO 0 (o (00)
Denote
+o00o
(319)  w=> )0 (pnen. (00) (A1)
j=k

Since A~ Yu(k) is nondecreasing function, according to (3.14), from (3.13) we get

QK — Qg1 k—ke NA0 o A(E—1) 5
2 (gmoa) T (e ()

Thus, from the last inequality we get
(3.15)

, a;— a1 1 & A6 ;b1 A(6-1 5
> Z(e!(nf@!) > =k p(@)o M D (@) (pa k. (o))"

i=k., i 1=k
Since
k k ai k @i an 14+5-A
e ‘H/ dt < / té—kdt</ TG = e
T 2 < < =T s v
I:Zk* a; izzk* ait1 sz* @it1 0 1+45—A
from (3.15) we get
(3.16)
k s ap (E!(nfﬁ)!))ﬁé
gk: (i=ka) 0= p@)o V6 (poer. (00)” € =

Without loss of generality, by (3.14) we can assume that aj, < 1. Thus from (3.16)

we have
: N — N0
(3.17) ;; (i — k)0 (D) D (1) (ps e, (0(1)))° < ((1+5))/\

According to (3.12) and (3.17), for any ¢ € [0, A\] and s € N we have

k
n—f— _ . — . ) O
(3.18) S A (1) (py g (0(0))) < oo
i=k
Since % — 1 for k — 400, by (3.18) it is obvious that (3.2) holds, which
proves the validity of the theorem. [
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4. SUFFICIENT CONDITIONS OF NONEXISTENCE OF SOLUTIONS OF TYPE (2.1)

Theorem 4.1. Let conditions (1.2), (1.3), (3.1) be fulfilled, ¢ € {1,...,n—1} with
¢+ n odd and for some § € [0,A] and s € N

—+oo

(4.1) 3 kA AN (1) (pg o (0 (K))) p(k) = oo,
k=1

where ps ¢ is defined by (3.3) and (3.4). Then Upy, = @ for any ko € N.

Proof. Assume the contrary. Let there exists ky € N such that Uy x, # @. Thus
equation (1.1) has a proper solution u : N;O — (0,00) satisfying the condition
(2.1). Since conditions of Theorem 3.1 are fulfilled, (3.2) holds for any § € [0, A]
and s € N, which contradicts (4.1). The obtained contradiction proves the validity
of the theorem. O

Theorem 4.2. Let conditions (1.2), (1.3) be fulfilled, ¢ € {1,...,n—1} with {+n
odd and for some o € (1,400) and v € (A, 1)

+oo
e AN el A1) . ..o(k)
(4.2) lim inf ij D (G)p() > 0, iminf =72 > 0.
=
If moreover, at last one of the conditions
(4.3) a > 1,
or if a\ < 1, for some e >0
—+o0
(4.4) 3 kSR (k)T (k) = oo
k=1

holds, then Uy, = & for any ko € N.

Proof. It suffices to show that the condition (4.1) is satisfies for some s € N and
0 = A. Indeed, according to (4.2) there exist « > 1, v € (A\,1), ¢ > 0 and ko € N
such that

+oo

(4.5) O o))V p) 2 ¢ for ke N,
j=k

and

(4.6) o(k) > ck® for k € N;O.

By (3.3) and (4.2) it is obvious that klirf p1,0(k) = +oo. Therefore, without loss
c— 100
of generality we can assume that p; (k) > 1 for k € Nzo. Thus, by (4.6) from (3.4)

we get

k—1 i+1
S
i=ko t

72

k-1
¢ c
> = Y =
p2,0(k) = 0(n—0)! zk: ! O(n 1)
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k c -
(n— zlz/ EdE = = E)/”dt_a(n—e)!(l_y)(kl7_’“0 )

We can choose k; € N;O such that pg (k) > k1= for k € Nz. Thus,

2 WO
by (4.6) from (3.4), for s = 3 we have

14X
c

S (=) (1+a)) -
p3.e(k) > (26!(11—6)!(1 _7)> k for k€ N,

where ko € N;:l is a sufficiently large natural number. Therefore, for any s € N
there exists ks € N such that for k € N
(4.7
c

paelk) = (2@!(71 —0i(1—7)
Assume that (4.3) be fulfilled. Choose sy € N such that (1 —~)(so — 1) > 1. Then,
according to (4.7), ps,.e(k) > cok for k € Nk, , where cg > 0. Therefore, by (4.7) it
is obvious that (4.1) hold, for 6 = X\ and s = sg. In the case, when (4.3) holds, the
validity of the theorem has been already proved.

Assume now that 0 < a\ < 1 and (4.4) holds. Let € > 0 and by (4.7), choose
so € N such that pg, ¢(k) > clk e for k € N+ where ¢; > 0. Therefore, by
(4.4), (4.1) holds for s = sg. The proof of the theorem is proved. O

k(l_y)(1-|-o¢>\+--~+(0¢>\)572)7 k> ks.

> LA 252

5. DIFFERENCE EQUATIONS WITH PROPERTY A

Theorem 5.1. Let the conditions (1.2), (1.3) be fulfilled and for any € € {1,...,n—
1} with £+ n odd, let (3.1) as well as (4.1) hold for some § € [0, ] and s € N. Let

moreover

+oo
(5.1) > kT p(k) = +oo,
k=1

when n is odd, then equation (1.1) has Property A.

Proof. Let equation (1.1) have a proper nonoscillatory solution u : Ny, —
(0,400) (the case u(k) < 0 is similar). Then by (1.1), (1.3) and Lemma 1.1, there
exist £ € {0,...,n — 1} such that ¢ + n is odd and the condition (2.1) holds. Since
conditions of the Theorem 4.1 are fulfilled, for any ¢ € {1,...,n — 1} with £+ n
odd, we have £ & {1,...,n — 1}. Therefore, n is odd and ¢ = 0. Then we will show
that the conditions (1.5) hold. If that is not the case, there exists ¢ > 0 such that
u(k) > c for sufficiently large k. According to 2.1, with ¢ = 0, from (1.1) we have

(5.2) Z]" EA™M) gy +cZJ“ In(j) <0,

_] ko ] ko
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where k£ € N is sufficiently large natural number. On the other hand in view of
identity
k
S 5 AMu(G) = kT AT Du(k + 1) — (kg — 1) AP (k)
Jj=ko

k
= AP DuG)AG - 1)
Jj=ko
it is easy to show that

|
—

k? n
Z jnflA(n)u(j) _ (—l)jA(j)(k _ j)"*lA(”*j’l)u(k +1)
J=ko

= o

3 .

= (1 ko = — ) TIDACTT D)

<.
Il
o

From (5.2), by (2.1) with £ =0

k n—1
e ") < (ke — j — DI THAMTI (k).
j=ko j=0

Therefore Z;;fo 7" 1p(j) < +o0, which contradict the condition (5.1). Therefore,
equation (1.1) has Property A. O

From this theorem, with § = 0, immediately follow

Theorem 5.1". Let the conditions (1.2), (1.3) be fulfilled and for any ¢ € {1,...,n—
1} with £ +n odd, (3.1) as well as

+oo
(5.3) S R (k)p(k) = +oo
k=1

holds. Then in the case of odd n condition (5.1) is sufficient for equation (1.1) to
have Property A.

Theorem 5.2. Let the condition (1.2), (1.3) as well as (5.1) be fulfilled for odd n

and

A
(5.4) liminf 7 ]ik) > 0.

k—+oco

Then the condition
—+o00

(5.5) D kTP p(k) = o0,

k=1
for even n and the condition

+o0
(5.6) STk (k) k) = +oo,

k=1
for odd n is sufficient for equation (1.1) to have property A.
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Proof. It is obvious that, according to (5.4)—(5.6), for any ¢ = {1,...,n — 1},
where £+n odd, the conditions (5.3) hold. Therefore, all conditions of the Theorem
5.1’ hold, which proves the validity of the theorem. [

Theorem 5.3. Let the conditions (1.2), (1.3) be fulfilled and let

A
(5.7) lim sup z ]ik) < 400.

k— o0

Then for equation (1.1) to have Property A it is sufficient that
+oo An—2)

(5.8) Z k*(o(k)) p(k) = +o0.
k=1

Proof. It is obvious that, according to (5.7), (5.8) and first condition of (1.2), the
condition (5.1) and for any ¢ = {1,...,n — 1}, where £ + n is odd, the conditions
(5.3) hold. Therefore, all conditions of the Theorem 5.1 hold, which proves the
validity of the theorem. O

Theorem 5.4. Let the conditions (1.2), (1.3), (4.3), (4.6) and (5.4) or if 0 < aA <

1, for somee >0
= o eAd—)

(5.9) D RTEEEEST o p(k) = +oo
k=1

be fulfilled. If moreover, there exist v € (A, 1) such that

k—+oo

“+oo

(5.10) liminf k7 " 5" p(j) > 0,
j=k

then equation (1.1) has Property A.

Proof. Let equation (1.1) have a proper nonoscillatory solution u : Ni, — (0, 4+00)
(the case u(k) < 0 is similar). Then by(1.1), (1.3) and Lemma 1.1, there exist
¢ e€{0,...,n— 1} such that £+ n is odd and the condition (2.1) holds. Since by
(4.3), (4.6), (5.4), (5.9) and (5.10) all conditions of the Theorem 4.2 are fulfilled. So
forany £ € {1,...,n—1} with £+ n odd, we have £ ¢ {1,...,n—1}. Therefore, n is
odd and ¢ = 0. It is obvious that, since v € (0,1), by (5.10) satisfying the condition
(5.1). Therefore, analogously Theorem 5.1, we can proved the condition (1.5) hold.
That is equation (1.1) has Property A. The proof of the theorem is complete. O
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