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Abstract. In this paper, the boundedness and compactness of embedding from Campanato
spaces L, » into tent spaces Tp, s(u) are investigated. As an application, we give a characteri-
zation for the boundedness of the Volterra integral operator J; from L, \ to general function
spaces F(p,p — 1 — A, s). Meanwhile, the operator I, and the multiplication operator My from
Ly to F(p,p—1— X, s) are studied. Furthermore, the essential norm of J; and I from L, »
to F(p,p—1— A, s) are also considered.

MSC2010 numbers: 30H99; 47B38.

Keywords: Campanato space; Volterra integral operator; Carleson measure.

1. INTRODUCTION

Let D denote the open unit disk in the complex plane C and JD its boundary.
Let H(D) denote the space of all analytic functions in D. For 0 < p < oo, the Hardy
space HP is the set of all f € H(D) satisfying (see [I])

191 = swp [ 17GOPdC < oc.
0<r<1.Jap
For 0 < p < oo and a > —1, the weighted Bergman space, denoted by A%, consists
of all f € H(D) such that

1A%, = (e + 1)/D|f(2)|”(1 — |2*)*dA(2) < oo,

where dA is the normalized Lebesgue area measure in D such that A(D) = 1. When
a =0, AP is the Bergman space, denoted by AP. As usual, H*° denotes the space
of bounded analytic function.

In 1996, Zhao [26] introduced the general family of function spaces F(p,q, s).
Namely, for 0 < p < 0o, =2 < ¢ < 00, 0 < s < 00, the space F(p,q, s) consists of
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functions f € H(D) satisfying
£ 1.0y = [FOF +sup [ [f(2)P(L—|2*)9(1 — |oa(2)]*)*dA(2) < o0,
P4 aeD JD

where 0,(2) = {== is a Mdbius transformation of I interchanging a and 0. It is

known that, for p > 1, F(p, ¢, s) is a Banach space under the above norm. Also, it
is known that F'(p, ¢, s) contains only constant functions if s + ¢ < —1. Thus, it is
natural to study F(p, g, s) spaces under the assumption that s+ ¢ > —1. F(p, p,0)
is just the Bergman space. When p = 2 and ¢ = 0, it gives the Q5 space (see [22]).
Especially, Q1 is the BMOA space, the space of analytic functions in the Hardy
space whose boundary functions have bounded mean oscillation. When s > 1, Q;
is the Bloch space, denoted by B, which is the space of all f € H(D) for which

1flls = 1f(0)] + Slelg(l — 2P)If' ()] < o0.

The little Bloch space By, consists of all f € B such that lim|,_,;(1—|z[?)|f'(z)| = 0.
See [I3] 26] for more results of F(p,q,s) spaces.

Let I be an arc of 9D and |I| be the normalized Lebesgue arc length of I. The
Carleson square based on I, denoted by S(I), is defined by

S(I)z{z:reieeD:1—|I|§r<1,ew€I}.

Let 0 < p < 00,0 < s < oo and p be a positive Borel measure on D. The tent space

Tp,s () consists of all y-measurable functions f such that

1
flz :up—/ F(2)Pdu(z) < oco.
17150 = 00 o [ 15t

Let p > 1 and 0 < A < oo. We say that an f € HP belongs to the analytic

Campanato space L,y if (see [25])
1
11, =110+ (s s [170 - 5P D) < o,
where
fi= [#@5 rcom.

When p = 2, the space L,y is called the Morrey space, which was studied by Wu
and Xie in [20]. When A =0, £, o is just the Hardy space H?. L, 1 is the BMOA
space. Recently, some fundamental function and operator-theoretic properties on
L, » have been investigated in [5] [10, 14} I8, 19, 20, 21}, 24| 25]

Let f,g € H(D). The Volterra integral operator J, and the integral operator I,
are defined by

Jof(2) = /OZ g (w)f(w)dw, I,f(z)= /OZ g(w) f'(w)dw, zeD,
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respectively. The multiplication operator M, is defined by M, f(z) = g(2)f(2), f €
H(D), z € D.

The operator J, was introduced by Pommerenke in [I2]. Pommerenke showed
that J, : H> — H? is bounded if and only if g € BMOA. Furthermore, in [3],
Aleman and Siskakis proved that J, : H? — HP is bounded if and only if g €
BMOA. In [4], Aleman and Siskakis showed that J, : AP — AP is bounded if and
only if ¢ € B. For more information on Volterra integral operators, see [2] - [9],
[11), 14} 15, 23] and the references therein.

Recently, Li, Liu and Lou in [5] proved that J, : Loy — L2 x is bounded if
and only if ¢ € BMOA. In [I8|, Wang generalized the result in [5] and proved
that Jy : L, x — L21-2/p(1—») is bounded if and only if g € BMOA under the
assumption that 2 < p < co and 0 < A < 1. An interesting and nature question is

to find an analytic function space X for which
Jg 1 L, — X is bounded if and only if g € B.

In this paper, we prove that J, : £, x to F(p,p—1—A\,s) is bounded if and only
if g € B. Moreover, we show that the identity operator i : £, x — T, () is bounded
(resp.compact) if and only if p is a s — A + 1-Carleson measure(resp. a vanishing
s — A+ 1-Carleson measure) under the assumption that 2 < p < 00,0 < A < 1 and
A < s < 0o. The essential norm of the operator J is also investigated. Furthermore,
we study the boundedness and compactness of the operators I, and M, from L, »
to F(p,p—1—\,s).

Throughout this paper, we say that A < B, if there exists a constant C' such
that A < CB. The symbol A =< B means that A < B < A.

2. EMBEDDING FROM £, y TO TENT SPACES

An important tool to study function spaces is Carleson type measure. For s > 0, a

positive Borel measure p on D is said to be an s-Carleson measure if sup;c 5p (lsll(f)) <

oo. For s = 1, we get the classical Carleson measures (see [I]). If 4 is an s-Carleson

measure, then we set

S(I
lalle = sup A5
cop |

p(S(ID)
1l

known (see [25]) that u is an s-Carleson measure if and only if

sup/D(l_m'Q)sd,u(z) < 0.

aeD Jp |1 —az|?s

If lim7) 0 = 0, then g is called a vanishing s-Carleson measure. It is well

o1



R. QIAN AND X. ZHU

Moreover,

(2.1) sup U(S(SI)) xsup/ wdu(z).

rcon || acD Jp |1 —az|?*

Now we are in a position to state and prove the main results in this section.

Theorem 2.1. Let 2 < p< o0, 0 <A<, A\<s < oo and u be a positive Borel
measure on D. Then the identity operator i : L, x — Tp.s(1) is bounded if and only

if wis a (s +1— X)-Carleson measure.

Proof. Assume that ;1 is a (s + 1 — A)-Carleson measure. Let I be any arc on 9D

and a = (1—|I|)e®, where €% is the midpoint of I. Let f € £, 5. From [I8, Lemma

2.5], we get
|f(a/)| < ||fH£p,)\ — Hf”frpA .
T—la) g
Then
1 » 1 1
d < Pq - Pq,
T fo FOPE) S e [ r@Pan) + g [ 156 = St
=M+ N.
It is obvious that
< B(S)

LA S S P P
S TR £z, S 1Az,

Now we turn to estimate N. The estimate will be divided into two cases.

Case 1: s — \ > 1.

By the assumed condition and Theorem 7.4 in [27], we know that the identity
operator i : A” |\ | — LP(dp) is bounded. Then

[ e f@r,
NA/S(I) 1 —az|* dp2)

ey [ HE - f@Pa Py
<oy f |1iaz|3,m du(2)

f(z)— )P(L—|a
|a| 1 )\/| 1 |3(A+5 |p| ) dp,(Z)
—GZ

P

S )P — sA—
g 1 )\/ | Z |1 a2|3( >\+s|a| ) (1 o |Z|2) A 1dA(Z)
5 1 )\/ |f |1 ~ |:§|14_ |a| ) dA(Z)

= (1 - [ / 1 0 0a(w) — f(a)PdA(w)
S [ Ifoa(O) - f@Pdc < I, , < .
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The last second inequality is come from [25] Theorem 1].
Case 2: 0 <s—A<1.

Since H? C A? |, we have
NPy [ 1) - f@Pdute)
S(1)
_ P _ 2\2
= (1 _ |a|2)2—s/ |f(Z) f(a’>| (1 ‘a’| ) du(z)
S(I)

|1—(_zz|4
|a| / |f ai|4 ‘a’| ) (1_|Z|2)s—>\—1dA(Z)

(1= lal) / |f 0 ga(w) = f(@)P(1 — |oa(w)|?)* " dA(w)
< (1= laf?)'=2 /D |f 0 ga(w) = fl@)P(1 —[w]*)* " dA(w)

S~ laf)™ /6D |fooa(C) = fla)[PdC S I fIIZ, , < oo
Combining the estimates M and N, we conclude that the identity operator 7 :
Ly x — Tps(p) is bounded.
Conversely, suppose that the identity operator ¢ : £, x — Tp.s(1t) is bounded.
For a € D, let

A—1
(L~ a5
2.2 ()= A D.
(2.2 @)= ST e
By [18, Lemma 2.3|, we have that f, € £, x with sup,cp [|fallz,» S 1. Fixed an

arc I C OD. Let €? be the center of I and a = (1 — |I|)e*®. Then
[1—az|=<1—a| = |I|, |fa(2)I" =<M"Y,

whenever z € S(I). So

u(S(I 1 ]
|1|(+()) BTiE /sm [fa(2)Pdu(z) < N fall7, ) < o0

Consequently, p is a (s + 1 — A)-Carleson measure. O

Theorem 2.2. Let 2 <p <00, 0 <A< 1, A<s < oo and p be a positive Borel
measure on D such that point evaluation is a bounded functional on T, s(u). Then
the identity operator i : L, x — Tp (1) s compact if and only if v is a vanishing

(s — A+ 1)-Carleson measure.

Proof. Assume that p is a vanishing (s — A + 1)-Carleson measure. It is clear that
wis a (s — A + 1)-Carleson measure. Hence i : £, x — T, s(p) is bounded. For

0 <7 <1, let x{z:|z|<r} be the characteristic function of the set {2 : |2 < r}. From
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[6] we see that lim, .y || — ptr||s—xq1 = 0, where dpr = X{z:)2)<rdp- Let {fi} be a
bounded sequence in £, 5 such that {fx} converges to zero uniformly on compact
subsets of D. We have

]. P ]- z p z i P P i 5
IS/SU)M Pdu(z) < |I/ 1(2) dur()+|l|s/5(])|fk( Wi — 1)(2)
1

< T/ () Pdpr (2) + 1 = pells— 2l Fellz,
1l° Jsm *

1
T

as 7 — 1 and k — oo. Therefore, limy o || &7, () = 0, which means that the

/ Fr(2)Pdpin(2) + I — tirloonss = O,
S(I)

identity operator i : £, x — T s(p) is compact.

Conversely, suppose that the identity operator ¢ : £, x = T, s(1t) is compact. Let
{I},} be a sequence arcs with limy_, |I;| = 0. We denote the center of I}, by €%
Set ax = (1 — |Ix|)e?* and

(1— a5

It is easy to check that { f;} is bounded in £, » and { f } converges to zero uniformly

z € D.

on compact subsets of . Then limy o || f&||7, . (u) = 0 by the assumption. Since
A1 A1
[fe(2)] = (1= lax) 7 = L] 7,
when z € S(Ii), we obtain

/’L(S(lk)) 1 / D p
= f du(z) <||f y 0, k— oo,
|Z-k|5,,\+1 “—kls S(Ik)| k(2)| ( ) || kH

which implies that p is a vanishing (s — A 4+ 1)-Carleson measure. O

3. BOUNDEDNESS OF Jg, I; AND M,

In this section, via the embedding theorem (Theorem, we provide a characterization
for the boundedness of Volterra integral operator J, from £, 5 to F(p,p—1—\, s).
We also study the boundedness of the operators I, and M,.

Theorem 3.1. Let 2 < p <00, 0 <A< 1and A < s < 0. If g € H(D), then
Jg: Ly — F(p,p—1—M\,s) is bounded if and only if g € B. Moreover, ||J4| =< |95

Proof. Let g € B. Using the equivalent norm of Bloch function (see [26]), we obtain

lglls = Sup/ |9 ()P (1 = [2[)P72(1 = |oa(2)[?)* 1 dA(2)

ag s—A+1
—sup [P R () aa

az|?

pg(S(1))

- 1 / 2\p—1+s—X\ -
< sup et [ SO PP AR = o EESE,

1com |1*
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which implies that dpuy(z) = |¢'(2)[P(1 — |2|2)P~ 57 AdA(2) is a (s — A+ 1)-Carleson
measure. By Theorem the identity operator i : £, x — Tp, s(11g) is bounded. Let
f € L, x. We deduce that

1o W =500 [ FGIPIG P 227120 = o)A ()
a€D JD

a2\ ¢
=swp [ 7P P - (1) dac)
1 p
= sup oo / )

WAIE- oy < Nitgllsoria 712, = NgIBIAIE, | < oo.

That is, J, : L, x = F(p,p —1— A, s) is bounded and ||J4|| < |95
Conversely, suppose that J, : £, — F(p,p —1 — A, s) is bounded. For any

a €D, let f, be defined as in (2.2)). Then f, € £, x and ||fallz, , S 1. Thus,
g fall Po.p—1-x8) < N gl [ fallz, n S [ Tgll-
By Lemma 4.12 of [27], we have
ool [ 1 p Ct 2 0 a2 o)A
allF(pp—1-x S) = g | az|p a
(1= JaPpr (1 = a2y
dA
/ l9'( [1 —@z|2stPp (2)
1— 2\p—1+A+s 1— 2\p—1—XA+s
o[ ()‘,x ot e
D(a,r) |]' —CLZ| stp
Z 19" (@)P(1 = |a?)P.
Hence, for any a € D,
9'(@)|(1 = |a]*) S g fallppp1-29 S 1]l
which implies that g € B and ||g|[5 < || J4]]- O

Theorem 3.2. Suppose that 2 <p <00, 0<A<l<s<xoorp=2,0<A<1
and A < s < oo. If g€ HD), then I, : L, x — F(p,p—1— A, s) is bounded if and
only if g € H*®. Furthermore, ||I4|| < ||g|| e

Proof. Assume that I, : £, x — F(p,p — 1 — A, s) is bounded. For any a € D, set

-1
hy = % It is easy to see that h, € £, x and sup,¢cp [|hallz, » S 1. Hence

a(l—az) P~

Hghall ppp-1-x.5) < gl 1Pallz, » < [Hgll-
55



R. QIAN AND X. ZHU

Lemma 4.12 of [27] gives

I h P > p(]‘ — |a|2)p+>\—1 1— |22 p—1-—X 1— 2544
|| g aHF(p,pflf)\,s) ~ D'-g(z)‘ |1—@Z|2p ( |Z| ) ( |J¢l(z)| ) (Z)

p<1_|a‘2)p+A_1 _ 22 p—1-X/q _ o (2 2\s p
2 [ o e (T o)) AG)

Z lg(a)l”,
which implies that g € H* and ||g||g~ < ||14]|-

Conversely, suppose that ¢ € H*. First we consider the case 2 < p < o0,
0<A<1l<s<oo. Let fe L, Then by [18, Lemma 2.4],

11z,

If'()IF < W.

Combined with Lemma 3.10 of [27], we have

T / PP = 2P A1 = Jou(2)?) dA(2)

éHm@mHﬂ%ngwp/fl—vaﬁa-qaaaﬁydA@)
acD JD

(1= |eP)*2
11—z

< Nl 111, , sup(1 = faf)* [ dA:) (s>1)
acD D

< llglty 112, ..
Thus, I, : Ly » = F(p,p—1— A, s) is bounded and ||I,|| < ||g|| e

When p=2,0< A< 1and A < s < co. From above, we have

o s < ol sup [ 170 = 220 = o) P dAC)
< Nl sup [ 7GR 22 = ()P dAG)
acD JD

1
S llgllFre sup ﬁ/ IF' ()P = [21*)dA(2) < llgllzr I F11Z, .-
rcan 11 Jp

The proof is complete. O
Using Theorems |3.1] and we get the characterization of the boundedness of
the multiplication operator M, : £, x — F(p,p—1— X, s).

Theorem 3.3. Suppose that 2 <p <00, 0 < A<I<s<xorp=2,0<A<1
and A < s < oo. Then My : L, x — F(p,p — 1 — X, s) is bounded if and only if
ge H™.

Proof. Assume that M, : £, x — F(p,p —1 — A, s) is bounded. Let h € F(p,p —
1—X,s) and b € D. We have (see [26])
||h||F(P’p717)\,s)
(1= [p2) 5
56
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and hence

1Al F(pp—1-x,s
[h(b)] S =,

(1 —1[o]*)"7
For any a € D, let f, be defined as in (2.2). Then {f,} is bounded in £, . By the

assumption we see that M, f, € F(p,p—1— A, s). Hence

|M f (Z)| < ||Mgfa||F(p7P—1—>\75) < HMQH ||faH£p,>\ < ”Mg”
gla\Z)I S > [ESRIN
(1—1z?)> (1—=1[z)> (1—=12?)

1—X
P

which implies that

1—|af

(1-az)"t 5

P I7A
I
P

(o) g —IMall
P 0

By the arbitrariness of z,a € D, let a = z, we obtain that g € H* and ||g||lg~ <
[[Mg]|.
Conversely, assume that g € H*. It follows from Theorems [3.1] and [3.2] that

Jg: Loy = F(p,p—1—A\s) and I;: L, — F(p,p—1—A,s)
are bounded. So by the following relation
Jof +1f = Myf — f(0)g(0),

we see that My : L, x — F(p,p—1— A, s) is bounded. a

4. ESSENTIAL NORM OF J, AND I,

In this section, we give an estimation of the essential norm of J, and I,. First,
let us recall the definition of the essential norm of a operator. Let X and Y be
Banach spaces and T : X — Y be a bounded linear operator. The essential norm
of T: X =Y, denoted by ||T||c,x—v, is defined by

ITlle.xoy = iréf{HT — Sllx>y @ S is compact from X to Y}.
Lemma 4.1. [I7] If f € B, then

limsup(1 — |2[*)|f'(2)| = limsup [/ = fr|s.
r—

|z|—1

Here f(2) = f(rz), 0 <r <1,z € D.

Lemma 4.2. Let 2 <p<o00,0<A<land A<s<oo. If0<r<1andgcé€DB,
then Jg, : Lpx — F(p,p—1— X\, s) is compact.
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Proof. Let {fx} be a bounded sequence in £,  such that {f;} converges to zero

uniformly on compact subsets of D and supy, || fx|lz, , < 1. Then

A —

1o il pm1-,0) < 5D /D fe(2)Plan()[P(1 = 212712 (1 = |oa(2)[?)*dA(2)

3 @”gnﬁgzyai‘éB/D )P (L= [P 72(1 = foa(2) ) dA(2)

S gl [IAGIP0- =Rpaa

p p
AT

< (1_742),)/]1)(1— |2[*)P2dA(2).

By the dominated convergence theorem, we get the result. ([l

Theorem 4.1. Let 2 <p<o00,0<A<1and A < s <oo. Ifg € HD) such that
Jg: Ly — F(p,p—1—\,s) is bounded, then

”Jg||e,£p,,\—>F(p,p—1—)\,S) = limsup(l - \z|2)|g’(z)|
|z]—1

Proof. By Lemma .2} J, : L, — F(p,p—1— A, s) is compact. Hence

||Jg||e,£p,xﬁF(p,pflf>\,8) < ||J9 - JngEP,A%F(p,pflfk,S)
= ”']g—gr”Ep,x—)F(p,pflfA,s) = Hg - gTHB'

Using Lemma we have

[ glle.cp P @p—1-xs Slimsup|lg — g.ll5 < limsup(l — |2/*)[g'(2)]-
r—1 |z]—1
Next we prove that
1 Tglle, 2y 3= F(pp—1-2,8) 2 limsup(l — |z[*)|g"(2)].
|z]—1

Let {ay} be a sequence in D such that limy_, « |ax| = 1 and fj, be defined as in (2.3).
Then {fi} is bounded in £, x and converges to zero uniformly on each compact
subset of D. For any given compact operator S : £, x — F(p,p —1— A, s), by [16]

Lemma 2.10] we have limy_.oo [|S x|l p(p.p—1-1,5) = 0. Then
lJg = Sllc, rsFpp-1-2s) 2 lilrcﬂ sup [|(Jg — S) frllP(p.p—1-x.5)
— 00

Ztimsup (17, fell 0130 = IS Fellrp1-2.0)
—00

=

> lim sup ( / )Pl ()P = |27 - |aak<z>|2>SdA<z>)

k—o0

>limsup(1 — |ax|?)|g’ (ar)|,

k—o0
which implies the desired result. [
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Using Theorem 4.1 and the well-known result that 7': X — Y is compact if and

only if [|T'||e,x»y = 0, we easily get the following corollary.

Corollary 4.1. Let 2 < p<oo, 0 <A< 1land A < s < oo. If g € HD), then
Jg: Lpx— F(p,p—1—A,s) is compact if and only if g € Bo.

Theorem 4.2. Suppose that 2 <p <00, 0<A<1l<s<xoorp=20<A<l1
and A< s<oo. Ifge HD) and I, : L, x — F(p,p—1— X, s) is bounded, then

Mglle.cpn—Fpp—1-25) = 1gllme=-
Proof. First, Theorem [3.2] gives

Hglle.cpn—rp-1-29) = WE g = Sz, s s r@p-1-25) < MHglle, s r@p-1-25) S 9l
Now we prove that

HI_l]||e,£p,>\—>F(p,p—1—)\,s) 2 ||g||H°° .

Let {ax}, {fx} and S be defined as in the proof of Theorem Since S : Ly —
F(p,p—1-=X, s) is compact, by [16, Lemma 2.10] we get limg o0 | S fe|| F(pp—1-2,5) =

0. Hence,
11y = Sllz, xsFpp—1-rs) 2 msup[[(ly = S) fell ppp—1-x.9)
k—o0

Z timsup (gl o120 = 1S il ppm1-3.)
—00

= limsup ||y full F(p.p—1-2,5)-
k—o0

Similarly to the proof of Theorem [3.2) we get |1y fi |l F(p.p—1-x,s) = |9(ax)|, which
implies the desired result. O

Using Theorem 4.2, we easily get the following corollary.

Corollary 4.2. Suppose that2 <p < oo, 0<A<Il<s<ooorp=2,0<A<1
and A < s <oo. If g€ HD), then Iy : Ly — F(p,p—1— A, s) is compact if and
only if g = 0.

Remark. We conclude the article with a remark. There is a class of Mobius
invariant spaces that are closely related to the Bloch space and BMOA, namely,
the Qs space. Let 2 <p<o00,0< A< 1and0< s < 1. An interesting and nature

question is to find an analytic function space X for which

Jg 1 Lpx — X is bounded if and only if ¢ € Q.
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