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1. INTRODUCTION

Geometric tomography (the term introduced by R. Gardner in [7]) is a field of
mathematics engaged in extracting information about a geometric object from data
on its sections or projections to reconstruct the geometric object. The reconstruction
of convex domain using random sections makes it possible to simplify the calculation,
since mathematical statistics methods can be used to estimate the geometric charac-
teristics of random sections. The integral geometric concepts such as the distribution
of the chord length, the distribution of the distance between two random points in
a convex body and many others carry some information about the body. In this
article for a d-dimensional convex body D we define two new integral geometric
concepts: conditional moments of the chord length distribution of a convex body
and conditional moments of the distribution of the distance of two random points
in D. Also in this article we find the relation between the two concepts.

By R? (d > 2) we denote the d-dimensional Euclidean space, by S9! the unit
sphere in R? centered at the origin. Let Ly be the Lebesgue measure on R?. For
w € 891 by e, we denote the hyperplane containing the origin and orthogonal to
w. Let N be the set of nonnegative integers. Let G¢ be the space of all lines in
R?. We use the usual parametrization of a line g = (w, P), where w € S9! is the
direction of g and P is the intersection point of g and e,. By [D] we denote the
set of lines intersecting D. In G? we consider the invariant measure (with respect

to the group of Euclidean motions) p(-). It is known that the element dg of the
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measure, up to a constant, has the following form (||, [I], [3])
(L.1) dg = dwdP,

here dw and dP are elements of the Lebesgue measure on S%~! and the hyperplane,

respectively.

Definition 1.1. Let D be a compact convez set in R® below we call D a convex body.
We consider the random line g with normed invariant measure (ﬁ, here u([D])
is the invariant measure of lines intersecting [D]). For a random line g intersecting
D by X(g) we denote the length of the chord D N g. The conditional n-th moment
of the distribution of the chords length (with respect to condition X > u > 0) we

define as:

1 nge
(1.2) In, = M([D])/X(g)>uX(g) dg, 1,2,...

Lemma 2.2 (below) gives the explicit formula for u([D]). In the sequel by Fx (t)

we denote the distribution function of X (g).

Definition 1.2. For two independent uniformly distributed points QQ1,Q2 in a
conver domain D we denote the distance between the points by r = |Q1 — Qa|.
The conditional n-th moment of the distribution of the distance (with respect to
condition v > u > 0) we define as:

1 n
(1.3) I = Ld(D)Q./ 1_Q2|>ur dQ1dQ2
here Lq(D) is the volume of D, dQ; (i = 1,2) is the usual Lebesgue’s measure in
RA. Also, in the sequel by F,(u) we denote the distribution function of the distance
of two uniformly distributed points Q1, Q2 in a convex body D.

In the following theorem we obtain relation between the conditional moments of
the distribution of the distance of two random points in D and the conditional

moments of the distribution of the chords length.

Theorem 1.1. Let D be a convexr domain and v > 0. For anyn € N
(1.4)

Jn,u =

m+d+ D) ntd mtdntdrD)

Li—1(0D) Lq—3 (S%72) [ I utdt! B I u e Intaviu
La(D) (d— 1) |

The moments of the distribution of the chords length and the distribution of the
distance between two independent uniformly distributed point in a convex domain
was considered in [8] and [6].
For the planar case d = 2 was proved in [4].
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For the distribution function of the distance between two independent uniformly

distributed points in a convex body in R?% we have

Theorem 1.2.
(L.5)

F,(u):l—Jo,uzl

LD (d— 1) B

~ Lia (0D) L2 (S472) [ Io,u®t  Lou® Iy
d+1 d " dld+ 1)

2. PRELIMINARY RESULTS

To prove Theorem 1.1 we need to prove the following lemmas. Let D C R be a

convex body.

Lemma 2.1. For the invariant measure of the lines intersecting D we have
Lg_q (8D) Lg_o (Sd_2)

(2.1) u(D) = 1)

Proof. By definition we have
(2.2)

1 1
u([D]):/ dg= [ dwdP = f/ dw/ dP:f/ La1 (Do) dw,
(D] (D] 2 Jga-r Jp, 2 Jga—1

where D,, is the orthogonal projection of D onto hyperplane e,,. For £ € S%~1 we
denote by s(€) the point on D the outer normal of which is €. In [6] ( see also [2])

was proved that

1 —
(2.3) Lo 1 (Do) =+ / | cos (o, &) dse,
2 Jop

where dsg¢ is the element of (d — 1)-dimensional Lebesgue’s measure on 9D and

—

(w, &) is the angle between two directions w and £. Substituting (2.3)) into (2.2)) and

using the Fubini’s theorem we obtain

(24) p( / / | cos ( w,f |dsgdw = / / | cos ( w,§ |dwdse .
sdi-1.JaD oD Jsd—1

For any ¢ € S%~! we have (see [2])

— 2Lg_o (S92
(2.5) / lcos (00| = a2 (57%)
gd—1 d—1
Finally substituting (2.5)) into (2.4]) we obtain
Ly (Sd_Q) Lg_1 <8D) Ly (Sd_z)
2. D = =
@0 (D) =55 [ ds o

Lemma 2.1 is proved.
Now we consider a pair of points (Q1, Q2) in R%. There are two equivalent representations

of (Qla Q2)

1. A pair of points @1, Q2 can be determined by the usual cartesian coordinates.
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2. A pair of points Q1,Q2 can be determined by the line ¢ = (w, P) passing
through the points and pair of two one dimensional coordinates (t1,t2) which

determine )1 and Q2 on the line g (for 3-dimensional case see [§]). Thus
(27) (QlaQQ) = (gatlatQ) = (waPat1;t2)~

Note that as a reference point on g one can take the point P on g.
Lemma 2.2. The Jacobian of that transform (2.7) is

(2.8) dQ1dQy = |t; — to|tdtdtadwdP.

Proof. For a fixed ()7 we represent Q2 by polar coordinates with respect to Q1. It

is known that
(2.9) dQo = r*drdw

——
where r = |@1 — Q2| and w is the direction of the vector Q1Q2. For a fixed w the
point @, can be represented by P and ¢;. Thus

(2.10) dQ, = dt,dP

and by multiplying (2.9) and (2.10) and taking into account that r = |[t; — t2], we
get

(2.11) dQ1dQy = |t1 — to|*rdt1dtrdwdP.

Lemma 2.2 is proved.
In the sequel also, we use the following lemma. For a random line g intersecting a

convex body D € R? we have the following lemma.

Lemma 2.3. Let X(g) be the length of the chord D N g. We have
Ly(D)Lg_y (8971
(2.12) /[D X(g)dg = (D) La—1 ( )

2

Proof. By definition we have (g = (w, P))

(2.13) > /Sd ldw/ X (w

For any w € S?~! it is obvious that X (w, P)dP is the element of d-dimensional
volume of D, hence the integrating by dP over D,, we get Ly (D).

(2.14) /[D]X( /Sd ldw/ X (w, P)dP =

-  La(D) Loy (5771)
- 2 /Sd_l v 2
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3. PROOF OF THEOREM 1.1

Let @1, Q2 are two independent uniformly distributed points in a convex body
D. For a random line g intersecting D we denote by X (g) = |gND| the length of the
intersection. For v > 0 using , ) and taking into account r = |Q1 — Q2| =
|t1 — t2| we have

1
3.1 Jn,uzi/ P1 — Po|"dQ1dQs =
(381) La(D)? J| Pz\>u| 1~ Pl e

1 / / d-1
— |t1 — t2|n+ dtldtgdg.
Ld(D>2 X(g)>u J|t1—ta|>u

Consider the internal integral of (3.1]). For two points ¢; and ¢5 chosen at random,

independently with uniform distribution in a segment of length X > u we have.

X—u X
(3.2) / |ty — to|" T4 Yt dty = 2/ dty / (ty —t1)" Tty =
[t1—t2|>u 0 ti+u

n+d n+d
Substituting (3.2)) into (3.1) we get

_, / B S e 2( urtdL Xntdtl
0 (

(3.3)
pntatl X(g)u”+d X(g)”+d+1 dg
e Ld X(g (n+d+1 n+d (n+d)(n+d+1)
_ Lg (6D) Lg—s ( Tpuum Iyt N Intdtiu
N Ly(D)? (d — 1) (n+d+1) n+d (n+d)(n+d+1)

Theorem 1.1. is proved.
Not that for u > Diam(D), both sides of (3.3) are 0.

Corollary 3.1. Foru=0 and d =2 from (3.1)) for a convex domain D we get the

following well known formula (see [§])

_ 214 (3D) I, 3,0
(3.4) Tno = Ly(D)? ((n + 2)+(n + 3)) .

Corollary 3.2. Forn =0 we get
55) o, L1 OD) Laa (5072) <Io,uud+1 L' i )

M Le(D)2(d—1) d+1  d d(d+1)
Taking into account

1
(3.6) Jou =

oL /| o, 121 =1 B )

we get the following theorem.

n+d+1) n+d + (n+d)(n+d+1)

)
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4. A REPRESENTATION FOR I, ,

Now we are going to find a representations for Iy v, I1 4, Ld+1,u-

1. For Iy, we have

2(d — 1)

(4.1) IO,u = Ld—l(aD) Ld_2(5d72)

| =P (x(g)> )=
X(g9)>u

(1-P(X(g) <u))=1-Fx(u).

Here Fx (t) is the chord length distribution function.

2. For the derivative of I; ,, we have

/ dg
dg . fu<X( )<u+AuX(g) ([D])
4.2 Iu’z/ X(9) —7p | = lim ’ . -
@2) (ha) ( e )u([DD> 2o Au
. uP(u< X(g) <u+Au)
- dim, A T

here fx (t) is the density function of the chord length distribution of X (g).
It follows from Lemma 2.3 that

_ ([@d=DLa(D)La 1 (S
(4.3) Lo = La—1(0D)Lq—_o(S%2)

Integrating (4.2) and taking into account (4.3]) we get

_ (@=DLaD)Lar(S™Y) "
(4.4) UR Lg1(0D)Lq—2(8972) /0 Fofe)dv

3. By the same way (see (4.2)) for the derivative of Iq11, we have

(4.5) (Igs10) = (/X(gqu(g)dH u(c[l%])> = —u fx (u).

It follows from (3.3)) that

(d — 1)d(d + 1)Lg(D)?
Ld_1(8D)Ld_2(Sd_2) '

(4.6) Tit10=

Integrating (4.5) and taking into account (4.6)) we get

W e S

Finally substituting (4.7), (4.4), (4.1) into (3.5) we obtain the following relation

between the distribution function of the distance of two uniformly distributed points
of D and the chord length distribution function of D.
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Theorem 4.1. Let D be a convez body in R? Foru>0
(4.8)

w4

Fofw)=1— La—1(0D) L5 (S972) (ud+1 (d—1)Lq(D)Lg_1(S*)

La(D)2(d—1) d+1 dLg_1(8D) Ly_5(S42)

(d-DLuD)  u’ [ L
Lq—1(0D) L:_Q(Sd_Q) - 7/0 Fx(v)dv + g/o ”UdFX(v)dv) .

For the planar case d = 2 (4.8]) was proved in [5] (see also [4]).
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