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1. Introduction. In the theory of automated theorem proving systems of
constructive logic are of a special interest due to an ability to extract rigorous
information from the constructed proof. Minimal logic being part of intui-
tionistic logic attracts a special interest of a research community. In this paper
we construct new propositional systems for minimal fragment of modal logics
by introducing modality rules. Intuitionistic modal logics originate from diffe-
rent sources and have different areas of application. They include philosophy
(see, e.g., [1]), foundation of mathematics [2], and computer science [3]. One of
the considered systems is based on the sequential system of minimal logic
introduced earlier in [4]. Two kinds of logical symbols are added to GM : ©
(necessary) and ¢(possible). Using them the notion of formula is extended as
follows: if a is a formula, then ca and ¢« are also formulas.

New modality rules are:

'->«a al -1
(-9 ——(©>)
I' - %x CSa, ' -1
a,F—>J_(D ) F—>a( %)
- -
o, I’ -1 I' - ox

In these rules T is a set of formulae as in GM [7]. oI' (¢T') means the series
of formulae, which is formed by prefixing o (¢) in front of each formulae of T.
As a result, a sequential calculus based on GM is constructed, which we call
SS5yin-



It is obvious that ¢ and © rules are symmetric in this system. As¢a is
—0-a it can be easily verified that the rules of © can be derived from the
corresponding rules of ¢ and vice versa.

2. Minimal fragment of S5 modal logic. In this section using notions and
concepts from [5-8] the definition of the minimal fragment of the S5 modal
logic (further in the text it is denoted as S5,,;,) Will be provided.

1. Signs:
1.1. The constants —, &,V , D and < of propositional logic.
1.2. The constants © and ¢ of modal logic.
1.3. Sentence-variables, b, c, ... .
2. Rules of Formation:
2.1. A sentence-variable is a formula.
2.2. A formula preceded by —, by o or by ¢ is a formula.
2.3. Two formulae joined by & ,v, D or < constitute a formula.
3. Axioms:
3.1. A set of axioms for minimal fragment of propositional logic.
3.2. a D ¢a (The axiom of Possibility).
3.3. ¢(a V) & SaVop (The axiom of Distribution).
3.4. 0=0a D —%a (The axiom of Reduction).
4. Definition of “necessary’:
The constant © we introduce by the definition oa = —0-a.
5. Rules of Transformation:
5.1. The rules of transformation of minimal fragment of
propositional logic.
5.2. If f; & f,isprovable, then Of; & Of, is also provable. (The
rule of Extentionality)
5.3. If f is provable, then of is also provable. (The rule of
Tautology)

Equivalence of the modal systems. In this section we prove the equiva-
lence of the above formulated systems. We follow the notion of systems equi-
valence as in [7]. The proof of equivalence between S5, and S53,;, will be
divided into two parts. The first part will show that the axioms and the rules of
S5uin System can be derived directly from the axioms and rules of S5y,
system, while the second one will show that the axioms and rules of S5y,
system can be derived from axioms and rules of S5;,.

Theorem 3.1. If a sequence — «a is deducible in S5),,, then « is deducible
in SSMin .

Proof. The theorem may be proved by showing that all the rules described
in definition of section 2 are satisfied in §5),;,, system. 1, 2 and 4 parts of the
definition are the same for both systems, so one only needs to prove points 3
and 5 of the definition to be satisfied in S5, system.

Axioms of group 3.1 are the same as they are in propositional fragment of
minimal logic described in [9].

It is obvious that the axiom 3.2 is provable in §5;,;,, System as:
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Now it is necessary to show that Axiom 3.3 can be proved in S5;,. It
goes in the following way:

a-a =B
O-a&O-f8, avVp, a—-a O-a&0O-f, aVvp, -8
Dﬁa&DﬁB, -, C'L'Vﬁ, a —1 Dﬁﬂ,’&DﬁB. —|B, CTSVﬁ, ﬁ —1
O—a&O0—p, O-a, aVp, a—l1 O—a&O-p, O, aVp, f =1L
O-a&0-6, aVp, a—-L Uaa&O-f, avp, B L

O-a&O-f, avf -1
O-a&0O-f, Olavp) -1
G(GVB) — —|(D—|(I&D—|B)
O(a VB) - a0-av -0-p

Slavp)— Sav op

Now the left part of the equivalence needs to be proved.

a- « B—-p
a—- aVp p—- aVvp
a,~(aVvp)-L B,~(avp) -1
a,0=(aVp)>L B,o=(aVvp) -1
Oa,0=(aVp) =L OB, 0=(aVvp) =L
Oa = —=0=(aV p) Of = —=0=(aV p)
Sa - O(aVp) OB - —0=(aVp)

SaVop - o(aVp)

So, the axiom of distribution is proved.
Axiom 3.4:
a—-a
M( )
a, =oa -L R
Sa, =0a -1 ( )
Ca, o—=%a —»1

O=0a —» =%a

The axiom of reduction is proved.

Axioms of group 5.1 are the same as they are in propositional fragment of
minimal logic described in [4].

Axiom 5.2:



So, it becomes obvious, that formula ¢f; < ©f, is provable in system
SSyin, Only if  f; & f, is also provable in that system. The rule of extentio-
nality is proved.

Axiom 5.3:

- a
O=a = L (_) )
- =0 B

— Oa

Formula of is provable only if f is provable. The rule of tautology is
proved.

Theorem 3.2. If a formula « is deducible in the S5, system then a
sequence — «a is deducible in the S5, system.

Proof. The theorem will be proved by showing that the rules (= ),
(¢ =), (= 0),and (o —) can be derived from rules of the system S5in.

Firstly, let’s prove that:

> a

' - %a

(=)

That is:
L P2V B>y (=9
a, B—- %y
In other words, we only need to prove that if (axVv ) —y then
(xVB) =0y in S5u,. Suppose that (aV ) —y. Using the axiom of
Possibility (y — ¢y) and applying the modus ponens rule we get (a vV ) — 9y.

Next the rule (= ©) needs to be proved:
> a

So, it needs to be proved that:
@By (> 0)
a, B— oy
In other words, we only need to prove that if (aVv ) —y then
(avp) = oy.
So, (a v B) = y. On the other hand, using rule 5.3 we get y — oy . Using
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modus ponens rule we can conclude that (o vV ) = 9y in S5in.
It can be easily verified that the rules (o —), (¢ -) can be derived from
the corresponding rules of (— ¢), (- 0) as:

a,l -1 a,l -1
I - aa [ - aa
I e R T 4 I >0qa
=0, =1 =0, =1
Oq,I' -1 Ca, T > 1L

From theorems 2.1 and 2.2, we can conclude the following one.

Theorem 3.3. A formula « is deducible in S5,;, if and only if - a is
deducible in S5};;,,.

Conclusion. Two systems of minimal modal logic are introduced and their
equivalence is proved. Those systems may serve as a basis for automated
provers in minimal systems for modal logic.
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Two systems of propositional fragment of modal logic are constructed. One of the

systems is Herbrand type while the other one is a sequential system. It is proved that
every formula deducible in one of them is also provable in the other system.

Z. [r. Pojhphljjui, U. [k Punpuuwupjub
S5 Unnuy npudwpuim pjut Wuqugnyih dpuquitinh Jepupbpyuy
Uwhdwiqws bt dnpu] wpudwpwinipjut Epynt wunypughtt hwmdwlwupgbp:
‘Lpwughg wnwehtp hipppuiyu nhwh £ hul dnrup’ ukybuuught: Uyugnigdus L
wyn hwdwlupgbpnh hwdwpdtpnipiniup:
O. P. boaubeksin, A. P. Barnacapsn

O mMunnMaabHOM (pparmMenTe S5 MOAAIBLHOM JIOTHKH

ChopmynupoBaHbl JBE TPONO3UIIMOHAIBHBIE CHUCTEMBI MOJAIBHON JIOTHKU:
9pOpaHOBCKOTO THIIA M CeKBEHIMaiubHasgA. JlokazaHa (opmynpHas paBHOOOBEMHOCTH
PacCMOTPEHHBIX CHCTEM.
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