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Abstract. We study uniqueness problems in terms of shared values or shared sets for a large
class of entire functions representable as Dirichlet series in some right half-plane. In this article,
we obtain a result that extends a recent result due to Oswald and Steuding [Annales Univ. Sci.
Budapest., Sect. Comp., 48 (2018), 117-128|. Our result is also a variant of a result of Yuan-Li-Yi
[Lithuanian Math. J., 58 (2018), 249-262|, and a result of the present authors [Lithuanian Math.
J., 60 (2020), 80-91] for the said class of functions.
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1. INTRODUCTION, DEFINITIONS AND RESULTS

Suppose that f and g are either meromorphic or entire functions in the complex
plane C. Let ¢ € C U {o0}. The functions f and g are said to share the value
¢ IM (ignoring multiplicities) if f — ¢ and g — ¢ have the same set of zeros, or
equivalently, if f=(c) = g~!(c), where f~!(c) denotes the set of preimages of ¢
under f, defined as f~1(c) := {s € C : f(s) — ¢ = 0}. Moreover, f and g are
said to share the value ¢ CM (counting multiplicities) if f and g have the same
set of zeros and the multiplicities of the corresponding zeros are also equal. In
connection to the shared values one must recall a much celebrated result due to
R. Nevanlinna (known as Nevanlinna’s five value theorem or uniqueness theorem)
which tells that two nonconstant meromorphic functions are identical whenever
they share five distinct values IM; the number “five” is the best possible, as shown
by Nevanlinna (see |5l [I1, [19]). Besides Nevanlinna’s uniqueness theorem Pélya’s
theorem [I3] can be mentioned as another fundamental result and a forerunner
of the above theorem. In [I3], the author showed that four distinct shared CM
values are required for the uniqueness of entire functions of finite order. For any set
S C CU {oo}, we define

E¢(S) := U{s eC: f(s) —ec=0},

ceS
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where each zero of f — ¢ is counted with multiplicities, that is, E;(S) is a multi-set.
Also, by Ef(S) we mean the collection of distinct elements in E¢(S). If E¢(S) =
E,(S), we say f and g share the set S CM; if E(S) = E4(S), we say that they share
the set S IM. Clearly, sharing a singleton set and sharing a value have the same
meaning by all means. There are meromorphic functions which have importance
in number theory, and so their value distribution is also valuable. During the last
decade, shared value problems related to these functions, such as zeta functions
and more generally the Selberg class L-functions have been studied extensively (see
[3, 18, 10l 16, [18]).

In [I6], Steuding investigated on the possible number of shared values for the
Selberg class functions. A function of the said class generally means a Dirichlet

series £(s) = 3,5, ar(;l) with coefficients a(n) < n¢ (for each € > 0) which has a

meromorphic continuation of finite order to the entire complex plane C with only
possible pole at s = 1, satisfies a Riemann type functional equation, and also might
have an Euler product over primes (see [15] [I6] for precise definition).

In view of Gross’s question for two sets (see [4]), Yuan, Li and Yi [20] asked:
What can be said about the relationship between a meromorphic function f and an
L-function L of Selberg class when they share two finite sets? The authors [20] also

resolved this question by proving the following theorem.

Theorem A. Let f be a meromorphic function having finitely many poles in C,
and let L be a nonconstant L-function of Selberg class. Let S = {a1,aq,...,q},
where ay, ag, ..., o are all distinct roots of the algebraic equation w?+aw?—+b = 0.
Here l is a positive integer satisfying 1 <1 < p, p and q are relatively prime positive
integers with p > 5 and p > q, and a, b, ¢ are three finite nonzero constants, where
c#ajy for1 <5 <1 If f and L share S CM and c IM, then f = L.

Recently, in [14], the present authors proved an IM analogue of Theorem A, as

shown in the following result.

Theorem B. Let f be a meromorphic function having finitely many poles in C, and
let £ be a nonconstant L-function of Selberg class. Let S = {a1,aa,..., a1}, where
a1, Qa, ..., o are all distinct roots of the algebraic equation P(w) = wP+awi+b = 0.
Here l is a positive integer satisfying 1 <1 < p, p and q are relatively prime positive
integers with p > 4k +9 and k = p —q > 1, and a, b, ¢ are three finite nonzero
constants, where ¢ # o for 1 < 57 < 1. If f and L share S IM and c IM, then
f=L
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In [12], Oswald and Steuding considered a more general class of functions, namely
the class of entire functions of the form

(1) L) =3 L0

ns '’
n>1

which are representable as Dirichlet series in some right half-plane. Here the coefficients
are given by an arithmetical function f : N — C. For such functions the authors

[12] proved the following result.

Theorem C. Let L(s; f1) and L(s; f2) be two entire functions of finite order so
that each of them has a convergent Dirichlet series representation of the form (1.1)

in some right half-plane. If L(s; f1) and L(s; f2) share two distinct complex values
a and b CM, then L(s; f1) = L(s; f2).

As Theorem C deals with only the shared values, it would be desirable to explore
the problem on the shared sets for the same pair of functions. Moreover, it becomes
interesting to investigate how far the conclusions of Theorem A and Theorem B

hold for these functions. We prove the following theorem in this regard.

Theorem 1.1. Let L(s; f1) and L(s; f2) be two nonconstant entire functions having
convergent Dirichlet series representations of the form in certain right half-
plane, and one of them is of finite order. Let S = {aq, aa, ..., 01}, where oy, ag, ...,
oy are all distinct roots of the algebraic equation P(w) = wP+aw?+b = 0. Herel is
a positive integer satisfying 1 <1 < p, p and q are relatively prime positive integers
with p > 2 and p > q, and a, b are two finite nonzero constants. If L(s; f1) and
L(s; f2) share S IM and they assume a common complex value ¢ (# o) (1 < 5 <1I)
for some sg € C, then L(s; f1) = L(s; f2) in some right half-plane.

It is assumed that the readers are accustomed with Nevanlinna theory, and so
with its standard notations for a meromorphic (entire) function f, such as T'(r, f)
(the Nevanlinna characteristic function), m(r, f) (the proximity function), N(r, f)
(the counting function) and N(r, f) (the reduced counting function) (for details, we
refer the reader to [5], [7], [19]). The notion S(r, f), often used in this theory, will
mean any quantity that equals O(log(rT(r, f))), (r — 00) except possibly a set of
r of finite Lebesgue measure. In particular, if p(f) < +oo (p(f) denotes the order
of f), then S(r, f) = O(logr), (r — o0) holds without any exceptional set.

2. LEMMAS

The following results are important for the proof of our main theorem.
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Lemma 2.1. [0, Satz 12| Let F(s) be a function represented by a Dirichlet series

F(s) = Z fT(:)

n>1

, convergent and non-vanishing in some right half-plane Re s > og.

1
Then its reciprocal also obeys a Dirichlet series representation m = g(f) m
s n

n>1

the same half-plane Re s > oy.

Lemma 2.2. [7, p. 5] Let g,h : (0,+00) — R be monotonically increasing real
functions such that g(r) < h(r) outside an exceptional set M of finite linear measure.

Then, for any k > 1, there exists ro > 0 such that g(r) < h(kr) for all v > r.

Lemma 2.3. |21, Lemma 8] Let p(> 0) and q be two relatively prime integers,
and let a be a finite complex number satisfying a? = 1. Then the expressions wP —1

and w? — a have a unique common zero.

Lemma 2.4. [0, Lemma 2.7] Let P(w) = wP 4+ aw? + b, where p and q are positive
integers satisfying p > q, a(# 0) and b(# 0) are finite complex numbers. Then the
following cases occur:
(i) The algebraic equation P(w) =0 has no root of multiplicity > 3.
(ii) If
P y (=1)Pq?(p — q)P~ 4
aP pP

(2.1)

)

then the algebraic equation P(w) = 0 has exactly p distinct roots which are all
simple, and no multiple root exists.
(iwi) If
W4 (=1)Pgi(p — q)P4

(2.2) — = o

)

and p and q are relatively prime, then the algebraic equation P(w) = 0 has ezxactly

p — 1 distinct roots which include p — 2 simple roots and only one double root.

Lemma 2.5. Let L(s; f1) and L(s; f2) be two entire functions of finite order so
that each of them has a convergent Dirichlet series representation of the form
in some right half-plane. Let R(w) = 0 be an algebraic equation with [(> 1) distinct
roots, where R(w) is a monic polynomial. If L(s; f1) and L(s; f3) share S = {w :
R(w) = 0} IM and they assume a common complex value ¢ for some sy € C such
that R(c) # 0, then R(L(s; f1)) = R(L(s; f2)) for all sufficiently large Re s.

Proof. Suppose that F(s; f1) = R(L(s; f1)) and F(s; f2) = R(L(s; f2)). Since
L(s; f1) and L(s; f2) share S IM, then F(s; f1) and F(s; f2) share 0 IM.
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We now need an explicit form of R(w) to proceed further. Suppose that R(w) has
the form: R(w) = (w — 1)1 (w — 72)2 ... (w — &), where ; € C are all distinct,
S2*_, 1, =1, and I; € N. Therefore

F(s; fi) = (L(s; fi) = )" (L(s; fi) = 2)"2 o (Ls; i) — w)'™, i =1,2.

Let us define a function € : N — C by

if 1
e(n) = {0, if n>

1, ifn=1

so that € = p * u as a Dirichlet convolution of the Mdébius p-function p with the
function u (see [, p. 31]). Here u is the arithmetical function defined as u(n) =1
for all n > 1. Then L(s; f;) —v; = L(s; fi — vje) for i =1,2; j =1,2,... k.

Now from the uniqueness theorem for Dirichlet series (see [I, p. 227], [I7
p. 309]), it follows that any convergent Dirichlet series is non-vanishing in another
right half-plane, and hence L(s; f;) —v; (¢ =1,2;5 =1,2,...,k) is also a zero-free
Dirichlet series for all s with sufficiently large Re s. Therefore, for the shared value
zero, we see that there exists a suitable right half-plane in which each of F(s; f1)
and F'(s; fa) is zero-free. Moreover, F(s; f;) is an entire function as L(s; f;) is so.

Let
_ F(sifi)

F(s; f2)
Then for all s with sufficiently large Re s, W is an entire function without any
zeros. Note that the orders of both F(s;f1) and F(s; f2) are finite. If j =max
{p(F(s; f1)), p(F(s; f2))}, then by Hadamard Factorization Theorem (see [2], p. 384],
[I7, p. 250]), W(s) must take the form
_Es ) e

F(s; f2) 7
for some polynomial P;(s) with deg(Py(s)) < p.

W (s)

(2.3) W (s)

Since L(s; f2) —; is a zero-free Dirichlet series for all s with sufficiently large real
part, using Lemma we have for all these s with large Re s, [L(s; fa) — ;]! =
[L(s; fa — vje)] 7 = L(s; g), where (fa — 7je) * g = €. As the set of Dirichlet series

is closed under multiplication, in view of Dirichlet convolution *, we obtain

L(s;fi) = _ ;. . i
m = L(s; fi — v;€)L(s;9) = L(s; hy),

where h; = (f1 —;¢) x g for j =1,2,..., k. This implies

L(si 1) =% \" _ (e nyls — (s
(L(S;fz)—%) = [Lls;hs)[7 = Lsi by),

39



S. HALDER AND P. SAHOO

where izj =hjxh;*...xh; (I; times) for j = 1,2,..., k. Therefore, if x = Ry * ho *
Lk ﬁk, then

F(si fi) o L z(n) 2(n)
F<Saf2) B H L(S’hj)iL((%x)iZ ns - 72 Fa

where m; is the minimum of all n € N such that z(n) # 0. From (2.3) we have

Pi(s) = log Z xr(;b)

n>mi

(

— g 2 Ly,
mq®

1+ )

n>mi

z(n) )
z(m1) \ n '
Clearly, the series on the right-hand side is convergent for all sufficiently large Re

s. Since P (s) is a polynomial, the series must be identically zero and so

(2.4) Py(s) = log {“”f’fb’“)} = —slogmy + log{x(m1)},
1
which means P;(s) is a linear polynomial or constant. Now for s = o + it, we can
write
(2.5) Re Pi(0 +it) = A(t)o + B(t),

a polynomial in o with A(t), B(t) being polynomials in ¢t. We now show that A(t) =
0. For this, we first note that limy,_ 1o F(s; f1) = d1 and lim, 4o F(s; f2) = do
for some nonzero constants di,dy € C as F(s; f1) and F(s; f2) are non-vanishing
and convergent for all sufficiently large Re s. Therefore we get

F(s; fr)

im

o—+oo F(s; f2)
where d3(#£ 0) € C. Again, from (2.3) and (2.5) we obtain that
'F (s;./1)
F(s; f2)
If we assume that A(tg) > 0 for some ¢y € C, then from (2.6 and (2.7), it follows

that for the limit o — +o00 and ¢ = t¢, |d3| = oo, which is a contradiction. Similarly,

(2.6) = dg,

_ AWMT+B()

2.7)

if we suppose that A(t;) < 0 for some t; € C, then we get |d3| = 0 as 0 — 400,
that is, a contradiction. Therefore A(t) = 0 and so from we obtain
(2.8) ‘F(Sfl) _ B,

F(s; f2)
Since P is independent of o, it has the same value for any arbitrary o. Taking
o — 400, we see from that the left-hand side of is |ds| for any value of

t and hence eZ() = |d3|. Therefore, we have |I€Ei£;| = |d3|, which implies that the
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function 24571 is 4 constant. Therefore, from ([2.6) we get

F(s;f2)
F(s; f1)
2.9 = ds.
(29) F(s;f2)
Since L(s; f1) and L(s; f2) assume the common value ¢ at some s = so with R(c) #
0, by (2.9) we deduce that d3 = 1. Therefore F(s; f1) = F(s; f2). This completes

the proof of the lemma. O

3. PROOF OF THE THEOREM

Proof of Theorem 1.1. Let F(s; f1) = P(L(s; f1)) and F(s; fa) = P(L(s; f2)). Then
F(s; f1) and F(s; f2) share 0 IM. We first show that p(L(s; f1)) = p(L(s; f2)). In
view of Lemma we know that P(w) = 0 has at least p — 1 distinct roots, say
Qq, g, ..., 0, 1. Since the entire functions L(s; f1) and L(s; f2) share S IM and
p > 2, we get by Nevanlinna’s second fundamental theorem that

(p=2)T(r, L(s; f1)) < N (r,a5; L(s; f1)) + O(logr +log T'(r, L(s; f1)))

i

ASEERARN
I
-

= N (r,a5; L(s; f2)) + O(log 7 +log T'(r, L(s; f1))),
1

<.
I

Therefore

(1) 701055 1) < BT, Lss f2)) + Olog r + g T(r, L(s; /1)

as r — oo and r € M, where M is a set of positive real numbers of finite linear

measure.
Similarly,
32 T0L(sf2) < P T L £) + Ollogr +10g (1. Lisi f2)

asT — oo and r & M.

Using Lemma we can remove the exceptional set in and and thus
the inequalities hold for all r > rg for some rg > 0. Therefore, we get p(L(s; f1)) <
p(L(s; f2)) and p(L(s; f2)) < p(L(s; f1)). Consequently, we obtain that both the
orders of L(s; f1) and L(s; fo) are equal and finite as well. Therefore, by Lemma
23l it follows that

(3.3) LP(s; f1) — LP(s; f2) = —a(L(s; f1) — L(s; f2)),
and so

Gi —
(3.4) L7905 f2) = —a gy,
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L(s;f1)
L(s;f2)
entire function for such s. Now in the common right half-plane of F'(s; f1) and

for all s having sufficiently large real part, where G =

is a non-vanishing

F(s; f2), we consider the following two cases:

Case 1: Suppose that GP = 1. Then LP(s; fo) = LP(s; f1). Substituting this in
, we obtain Li(s; fo) = L%(s; f1). Applying Lemma we have L(s; f1) =
L(s; f2).

Case 2: Suppose that GP # 1. Since p and q are relatively prime positive integers,
we get by Lemma that the numerator and the denominator of right-hand side
of has exactly one common zero. Therefore, the zeros of the denominator (if
exist) produces p — 1 distinct poles of LP~9(s; f3) on the left hand-side of .
Since LP~9(s; f2) has no pole, p > 2, and that a nonconstant entire function can
possess at most one Picard exceptional value, then it follows that G should have
p — 1 Picard exceptional values. Thus G is a constant and so from we get that
L(s; f2) is constant, which is clearly a contradiction.

This completes the proof of Theorem O

Acknowledgement. The authors would like to thank the referee for his/her

valuable comments and suggestions towards the improvement of the paper.

CIHUCOK JINTEPATYPHI

[1] T. M. Apostol, Introduction to Analytic Number Theory, Springer (1976).

[2] C. A. Bernstein and R. Gay, Complex Variables, Springer- Verlag, New York (1991).

[3] S. M. Gonek, J. Haan and H. Ki, “A uniqueness theorem for functions in the extended
Selberg class”, Math. Z., 278, 995 — 1004 (2014).

[4] F. Gross, “Factorization of meromorphic functions and some open problems”, Complex
Analysis (Proc. Conf. Univ. Kentucky, Lexington, Ky., 1976), Lect. Notes Math., Springer,
Berlin, 599, 51 — 69 (1977).

[5] W. K. Hayman, Meromorphic Functions, Clarendon Press, Oxford (1964).

[6] E. Landau, “Uber den Wertevorrat von ¢(s) in der Halbebene ¢ > 17, Nachr. Ges. Wiss
Gottingen, no. 36, 81 — 91 (1933), Collected works, 9, Thales Verlag, Essen 243 — 255
(1987).

[7] 1. Laine, Nevanlinna Theory and Complex Differential Equations, Walter de Gruyter, Berlin
(1993).

[8] B. Q. Li, “A result on value distribution of L-functions”, Proc. Amer. Math. Soc., 138, 2071
— 2077 (2010).

[9] X. M. Li and H. X. Yi, “Meromorphic functions sharing three values”, J. Math. Soc. Japan,
56, 147 — 167 (2004).

[10] F. Lii, “A further study on value distribution on the Riemann zeta function”, Math. Nachr.,
291, 103 — 108 (2018).

[11] R. Nevanlinna, “Einige Eindeutigkeitssitze in der Theorie der mermorphen Funktionen”,
Acta Math., 48, 367 — 391 (1926).

[12] N. Oswald and J. Steuding, “A uniqueness theorem for entire functions having a Dirichlet
series representation”, Annales Univ. Sci. Budapest., Sect. Comp., 48, 117 — 128 (2018).

[13] G. Pdlya, “Bestimmung einer ganzen Funktion endlichen Geschlechts durch viererlei Stellen”,
Mat. Tidsskrift, 1921, 16 — 21 (1921).

[14] P. Sahoo and S. Halder, “Results on L-functions and certain uniqueness questions of Gross”,
Lithuanian Math. J., 60, 80 — 91 (2020).

42



[15]

[16]

[17]
18]

[19]
[20]

21]

ON VALUE DISTRIBUTION OF A CLASS ...

A. Selberg, Old and new conjectures and results about a class of Dirichlet series, in:
Proccedings of the Amalfi Conference on Analytic Number Theory (Maiori, 1989), 367-385,
Univ. Salerno, Salerno (1992).

J. Steuding, Value distribution of L-functions, Lect. Notes Math., 1877, Springer-Verlag,
Berlin (2007).

E. C. Titchmarsh, The Theory of Functions, Oxford University Press, 2nd ed. (1939).

A. D. Wu and P. C. Hu, “Uniqueness theorems for Dirichlet series”, Bull. Aust. Math. Soc.,
91, 389 — 399 (2015).

C. C. Yang and H. X. Yi, Uniqueness Theory of Meromorphic Functions, Kluwer Academic
Publishers, Dordrecht, Boston, London (2003).

Q. Q. Yuan, X.M. Li and H. X. Yi, “Value distribution of L-functions and uniqueness
questions of F. Gross”, Lithuanian Math. J., 58, 249 — 262 (2018).

Q. C. Zhang, “Meromorphic functions sharing three values”, Indian J. Pure Appl. Math.,
30, 667 — 682 (1999).

Iloctynuna 12 nexabps 2019
[Tocne mopaborku 27 mas 2020

IIpunara k nybaukamun 10 urosst 2020

43



	1. Introduction, definitions and results
	2. Lemmas
	3. Proof of the theorem
	Список литературы

