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1. Ââåäåíèå

Ðàáîòà ïðîäîëæàåò èññëåäîâàíèÿ àâòîðà ñâÿçàííûõ ñ ñóùåñòâîâàíèåì è îïè-

ñàíèåì ñòðóêòóðû ôóíêöèé, ðÿäû Ôóðüå êîòîðûõ ïî çàäàííîé êëàññè÷åñêîé

ñèñòåìå óíèâåðñàëüíû òåì èëè èíûì ñìûñëîì â ðàçëè÷íûõ ôóíêöèîíàëüíûõ

êëàññàõ. Çàìåòèì, ÷òî åäèíîãî îïðåäåëåíèÿ ïîíÿòèÿ ¾óíèâåðñàëüíàÿ ôóíêöèÿ¿

íå ñóùåñòâóåò. Îáû÷íî ïîä ýòèì òåðìèíîì ïîíèìàåòñÿ ôóíêöèÿ, ñ ïîìîùüþ êî-

òîðîé ìîæíî ¾ïðåäñòàâèòü¿ ¾âñå¿ ôóíêöèè. Ïðè ýòîì ñïîñîá ïðåäñòàâëåíèÿ, à

òàêæå êëàññ ïðåäñòàâèìûõ ôóíêöèé ìîæåò òðàêòîâàòüñÿ ðàçëè÷íûì îáðàçîì.

Ïðèìåðû óíèâåðñàëüíûõ ôóíêöèé ïðèâëåêàëè âíèìàíèå ìíîãèõ ìàòåìàòèêîâ è

ïóáëèêàöèè ïî ýòîé òåìàòèêå ðåãóëÿðíî ïîÿâëÿþòñÿ â ìàòåìàòè÷åñêîé ïå÷àòè.

Â ýòèõ ïóáëèêàöèÿõ èçó÷àþòñÿ òå èëè èíûå óíèâåðñàëüíûå ôóíêöèè, à òàêæå

èõ ñâîéñòâà. Ïðè÷åì ðàçâèòèå ïðîèñõîäèò êàê â äåéñòâèòåëüíûõ, òàê è â êîì-

ïëåêñíûõ ðàìêàõ. Ïî ñóòè ïåðâûé òèï óíèâåðñàëüíîé ôóíêöèè áûë ðàññìîòðåí

â 1929 ã. Äæ. Áèðêõîôîì â ðàáîòå[1]: ñóùåñòâóåò öåëàÿ ôóíêöèÿ g(z), êîòîðàÿ

óíèâåðñàëüíà îòíîñèòåëüíî ñäâèãîâ, ò.å. äëÿ ëþáîé öåëîé ôóíêöèè f(z)

1Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå Ãîñóäàðñòâåííîãî êîìèòåòà ïî íàóêå
ÌÎÍ ÐÀ â ðàìêàõ íàó÷íîãî ïðîåêòà íî. 18T-1A148.
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è ÷èñëà r > 0 ñóùåñòâóåò âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ

÷èñåë {nk}∞k=1 òàêàÿ,÷òî ïîñëåäîâàòåëüíîñòü ñäâèãîâ {g(z + nk)}∞k=1 ðàâíîìåðíî

ñõîäèòñÿ ê f(z) íà êðóãå |z| ≤ r.
Â 1935 ãîäó É. Ìàðöèíêåâè÷ [2], îïèðàÿñü íà íåêîòîðûå èäåè Í. Í. Ëóçèíà,

äîêàçàë ñóùåñòâîâàíèå íåïðåðûâíîé ôóíêöèé, êîòîðàÿ óíèâåðñàëüíà îòíîñè-

òåëüíî ïðîèçâîäíûõ ÷èñåë (ïðîèçâîäíîé îòíîøíèÿ). Åñëè hn → 0 çàðàíåå ôèê-

ñèðîâàííàÿ ïîñëåäîâàòåëüíîñòü, òî ñóùåñòâóåò ôóíêöèÿ F ∈ C[0, 1] òàêàÿ, ÷òî

äëÿ ëþáîé èçìåðèìîé ôóíêöèé g îïðåäåëåííîé íà [0, 1] ñóùåñòâóåò âîçðàñòàþ-

ùàÿ ïîäïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë nk òàêàÿ, ÷òî ïî÷òè âñþäó íà

[0, 1]

lim
→∞

F (x+ hnk)− F (x)

hnk
= g(x)

Áîëåå òîãî, îí â ýòîé ñòàòüå äîêàçàë, ÷òî ìíîæåñòâî òàêèõ óíèâåðñàëüíûõ

ôóíêöèé ÿâëÿåòñÿ ìíîæåñòâîì 2-îé êàòåãîðèè â C[0, 1]. Â ýòîì íàïðàâëåíèè

èíòåðåñíûå ðåçóëüòàòû áûëè ïîëó÷åíû òàêæå â ðàáîòàõ [3]-[4].

Â 1952ã. Äæ. Ìàêëåéí â ðàáîòå [5] äîêàçàë, ÷òî ñóùåñòâóåò öåëàÿ ôóíêöèÿ

g(z), êîòîðàÿ óíèâåðñàëüíà îòíîñèòåëüíî ïðîèçâîäíûõ, à èìåííî: äëÿ ëþáîé

öåëîé ôóíêöèè f(z) è ÷èñëà r > 0 ìîæíî íàéòè âîçðàñòàþùóþ ïîñëåäîâàòåëü-

íîñòü íàòóðàëüíûõ ÷èñåë {nk}∞k=1 òàê, ÷òîáû ïîñëåäîâàòåëüíîñòü ïðîèçâîäíûõ

{g(nk)(z)}∞k=1 ðàâíîìåðíî ñõîäèëàñü ê f(z) íà êðóãå |z| ≤ R.
Â 1987ã. Ê. Ãðîññå � Ýðäìàí [6] äîêàçàë ñóùåñòâîâàíèå âåùåñòâåííîé äåé-

ñòâèòåëüíîé ôóíêöèè ñ óíèâåðñàëüíûì ðÿäîì Òåéëîðà: ñóùåñòâóåò ôóíêöèÿ

g(x) ∈ C∞(R) ñ g(0) = 0, ðÿä Òåéëîðà êîòîðîé â òî÷êå x = 0 ëîêàëüíî � ðàâ-

íîìåðíî óíèâåðñàëåí â C(R), ò.å. äëÿ ëþáîé ôóíêöèè f(x) ∈ C(R) ñ f(0) = 0 è

÷èñëà r > 0, ñóùåñòâóåò ïîäïîñëåäîâàòåëüíîñòü

Snk(g, 0) =

nk∑
m=1

g(m)(0)

m!
xm

÷àñòè÷íûõ ñóìì ðÿäà Òåéëîðà ôóíêöèè g(x), êîòîðàÿ ðàâíîìåðíî ñõîäèòñÿ ê

f(x) íà îòðåçêå |x| ≤ r.
Â ðàáîòàõ [7],[8] Â. Ëüþ áûë ïîñòðîåí êîìïëåêñíûå ñòåïåííûå ðÿäû

∑∞
k=1 ckz

k

ñ íåíóëåâûìè ðàäèóñàìû ñõîäèìîñòè R > 0, ïîäïîñëåäîâàòåëüíîñòü ÷àñòè÷íûõ

ñóìì êîòîðûõ àïïðîêñèìèðóåò ëþáûå ìíîãî÷ëåíû íà ïðîèçâîëüíûõ êîìïàêòàõ

{z ∈ K : |z | > R} ñî ñâÿçàííûìè äîïîëíåíèÿìè.
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Ñëåäóåò îòìåòèòü, ÷òî âîïðîñàì ñóùåñòâîâàíèÿ ðÿäîâ êàê ïî êëàññè÷åñêèì,

òàê è ïî îáùèì îðòîíîðìàëüíûì ñèñòåìàì, óíèâåðñàëüíûõ òåì èëè èíûì ñìûñ-

ëîì â ðàçëè÷íûõ êëàññàõ ôóíêöèé, ïîñâÿùåíî ìíîãî ðàáîò (ñì. [9�16]). Äëÿ

ôîðìóëèðîâêè íåêîòîðûõ ðåçóëüòàòîâ ñóùåñòâîâàíèÿ óíèâåðñàëüíûõ ðÿäîâ íà-

ïîìíèì ñëåäóþùèå îáîçíà÷åíèÿ.

ÏóñòüM [0, 1]- ñîâîêóïíîñòü âñåõ (íå îáÿçàòåëüíî êîíå÷íûõ) èçìåðèìûõ ôóíê-

öèé (ñîîòâ. L0[0, 1]) - êëàññ âñåõ (ñîîòâ. ïî÷òè âåçäå êîíå÷íûõ ) èçìåðèìûõ íà

[0, 1] ôóíêöèé. Ïîä ñõîäèìîñòüþ âM [0, 1] èëè â L0[0, 1] ìû áóäåì ïîäðàçóìûâàòü

ñõîäèìîñòü ïî÷òè âñþäó. Ïóñòü E ⊆ [0, 1] íåêîòîðîå èçìåðèìîå ìíîæåñòâî è |E|�

ìåðà Ëåáåãà èçìåðèìîãî ìíîæåñòâà E ⊆ [0, 1], Lp(E) (p > 0) � êëàññ âñåõ òåõ èç-

ìåðèìûõ íà E ôóíêöèé, äëÿ êîòîðûõ
∫
E
|f(x)|pdx <∞ . Ïóñòü Φ = {ϕk(x)}∞k=1 �

ïîëíàÿ îðòîíîðìèðîâàííàÿ ñèñòåìà íà [0, 1] è ïóñòü ck(U) =
∫ 1

0
U(x)ϕk(x)dx, k ∈

N−êîýôôèöèåíòû Ôóðüå ïî ñèñòåìå {ϕk(x)}∞k=0 ôóíêöèè U ∈ L1[0, 1],(N− ñî-

âîêóïíîñòü âñåõ íàòóðàëüíûõ ÷èñåë).Ïóñòü

(1, 1) Sm(x, U,Φ) =

m∑
k=0

ck(U)ϕk(x), spec(U) = {k ∈ N∪{0}; ck(U) 6= 0}

Ïóñòü ìåòðè÷åñêîå ïðîñòðàíñòâî S− êàêîå-íèáóäü èç ïðîñòðàíñòâ M [0, 1] è

Lp[0, 1], p ≥ 0.

Îïðåäåëåíèå 1.1. Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ U ∈ L1[0, 1] óíèâåðñàëüíà

äëÿ êëàññà S îòíîñèòåëüíî ñèñòåìû {ϕk(x)}∞k=0 :

à) â îáû÷íîì ñìûñëå, åñëè ðÿä Ôóðüå ôóíêöèè U(x) ïî ýòîé ñèñòåìå óíèâåð-

ñàëåí â S â îáû÷íîì ñìûñëå, ò.å. ñóùåñòâóåò ïîäïîñëåäîâàòåëüíîñòü {mk}∞k=1 ⊂
N , mk ↗∞ òàêàÿ, ÷òî {Smk(x, U,Φ)}∞k=1 ñõîäèòñÿ ê f(x) â S.

á) â êâàçè-îáû÷íîì ñìûñëå, åñëè ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü çíàêîâ

{δk = ±1}∞k=0 òàêàÿ, ÷òî ðÿä
∑∞
k=0 δkck(U)Wk(x) áûë áû óíèâåðñàëüíûì â îáû÷-

íîì ñìûñëå â S,

â) â ñìûñëå ïåðåñòàíîâîê, åñëè ðÿä Ôóðüå ôóíêöèè U(x) ïî ýòîé ñèñòåìå

óíèâåðñàëåí â S â ñìûñëå ïåðåñòàíîâîê ò.å. äëÿ êàæäîé ôóíêöèè f ∈ S ÷ëåíû

ðÿäà
∑∞
k=0 ck(U)Wk(x) ìîæíî ïåðåñòàâèòü òàê, ÷òîáû âíîâü ïîëó÷åííûé ðÿä∑∞

k=1 cσ(k)(U)Wσ(k)(x) ñõîäèëñÿ ê ôóíêöèè f(x) â S,

ã) â ñìûñëå çíàêîâ, åñëè äëÿ êàæäîé ôóíêöèè f ∈ S ìîæíî íàéòè ïîñëåäîâà-

òåëüíîñòü çíàêîâ { δk = ±1}∞k=0, äëÿ êîòîðîé ðÿä
∑∞
k=1 δkck(U)Wk(x) ñõîäèòñÿ

ê ôóíêöèè f(x) â S.
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Ïåðâîé ðàáîòîé, ãäå ïîñòðîåíû óíèâåðñàëüíûå â îáû÷íîì ñìûñëå òðèãîíî-

ìåòðè÷åñêèå ðÿäû â M [0, 1] â ñìûñëå ñõîäèìîñòè ïî÷òè âñþäó, ÿâëÿåòñÿ ðàáîòa

[9] Ä.Å.Ìåíüøîâa. Ðÿäû
∑∞
k=1 akϕk(x) ïî ëþáîé îðòîíîðìèðîâàííîé ïîëíîé ñè-

ñòåìå {ϕn(x)}∞n=1, x ∈ [0, 1], óíèâåðñàëüíûå â M â îáû÷íîì ñìûñëå (â ñëó÷àå

ñõîäèìîñòè ïî÷òè âñþäó) áûëè ïîñòðîåíû â ðàáîòå [10] À.À.Òàëàëÿíîì.(ñì. òàê-

æå ðàáîòû [11]-[16]).

Â ïîñëåäíèå ãîäû íàìè (ìíîé è ìîèìè ñîàâòîðàìè -ó÷åíèêàìè ) áûëè ïî-

ëó÷åíû íåêîòîðûå ðåçóëüòàòû (ñì. [17] -[22]), ñâÿçàííûå ñ ñóùåñòâîâàíèåì è

îïèñàíèåì ñòðóêòóðû ôóíêöèé, ðÿäû Ôóðüå êîòîðûõ ïî çàäàííîé êëàññè÷åñêîé

ñèñòåìå óíèâåðñàëüíû òåì èëè èíûì ñìûñëîì â ðàçëè÷íûõ ôóíêöèîíàëüíûõ

êëàññàõ. Òàêèå ôóíêöèè ìû íàçîâåì óíèâåðñàëüíûìè îòíîñèòåëüíî êëàññè÷å-

ñêèõ ñèñòåì.

Çàìå÷àíèå 1.1. Íå ñóùåñòâóåò ôóíêöèè U ∈ L1[0, 1], ðÿä Ôóðüå êîòîðîé ïî

òðèãîíîìåòðè÷åñêîé ñèñòåìå (ïî ñèñòåìå Óîëøà) áûë áû óíèâåðñàëüíûì â

êëàññå M [0, 1] â îáû÷íîì ñìûñëå (äàæå â ñëó÷àå, ñõîäèìîñòè ïî ìåðå).

Â ñàìîì äåëå, åñëè ñóùåñòâîâàëà áû ôóíêöèÿ U ∈ L1[0, 1], êîòîðàÿ óíèâåð-

ñàëüíà äëÿ êëàññàM [0, 1] îòíîñèòåëüíî òðèãîíîìåòðè÷åñêîé ñèñòåìû â îáû÷íîì

ñìûñëå, òîãäà äëÿ ôóíêöèè f(x) = 2U(x) íàøëàñü áû ïîäïîñëåäîâàòåëüíîñòü íà-

òóðàëüíûõ ÷èñåë {mk} òàêàÿ, ÷òî ïî ìåðå íà [0, 1]

(1, 2) lim
k→∞

mk∑
|n|=0

dn(U)e2πnix = 2U(x), dn(U) =

∫ 1

0

U(x)e−2πnixdx

Ñ äðóãîé ñòîðîíû, èç èçâåñòíîé òåîðåìû Êîëìîãîðîâà [23] (ðÿä Ôóðüå êàæäîé

èíòåãðèðóåìîé ôóíêöèè ïî òðèãîíîìåòðè÷åñêîé ñèñòåìå ñõîäèòñÿ â Lp[0, 1], p ∈

(0, 1)) âûòåêàåò, ÷òî
mk∑
|n|=0

dn(U)e2πnix -ñõîäèòñÿ ê U(x) ïî ìåðå íà [0, 1].Îòñþäà

è èç (1.2) âûòåêàåò, ÷òî U(x) = 2U(x) ïî÷òè âñþäó íà [0, 1]. Ïðèøëè ê ïðîòè-

âîðå÷èþ.

Çíà÷èò, íå ñóùåñòâóåò ôóíêöèè U ∈ L1[0, 1] óíèâåðñàëüíàÿ äëÿ êëàññîâM [0, 1]

è Lp[0, 1], p ∈ (0, 1) îòíîñèòåëüíî òðèãîíîìåòðè÷åñêîé ñèñòåìû (ñîîòâ. îòíîñè-

òåëüíî ñèñòåìû Óîëøà) â îáû÷íîì ñìûñëå.

Ñðàçó æå âîçíèêàåò ñëåäóþùèé âîïðîñ, îòâåò íà êîòîðûé íàì íå èçâåñòåí.

Âîïðîñ 1. Ñóùåñòâóåò ëè îãðàíè÷åííàÿ îðòîíîðìèðîâàííàÿ ñèñòåìà {ϕn(x)}
òàêàÿ, ÷òî ìîæíî áûëî áû ïîñòðîèòü ôóíêöèþ U ∈ L1[0, 1] óíèâåðñàëüíóþ äëÿ

êëàññà Lp[0, 1], p ∈ [0, 1) èëè äëÿ êëàññà M [0,1] îòíîñèòåëüíî ñèñòåìû {ϕn(x)} â
îáû÷íîì ñìûñëå?
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Îòìåòèì, ÷òî â ðàáîòàõ [18], [20] àâòîðîì è À.Ñàðãñÿíîì ïîñòðîåíû èíòðåãðè-

ðóåìûå ôóíêöèé U(x) óíèâåñàëüíûå äëÿ êëàññîâ Lp[0, 1], p ∈ (0, 1) îòíîñèòåëüíî

ñèñòåìû Óîëøà â ñìûñëå çíàêîâ. Îòìåòèì òàêæå, ÷òî íàì íå èçâåñòåí âîïðîñ

î òîì: ñóùåñòâóåò ëè ôóíêöèÿ U ∈ L1[0, 1) óíèâåñàëüíà äëÿ êëàññîâ Lp[0, 1],

p ∈ (0, 1) îòíîñèòåëüíî ñèñòåìû Óîëøà â ñìûñëå ïåðåñòàíîâîê ?

Â ýòîé ñòàòüå ìû ïîñòðîèì ôóíêöèþ U ∈L1[0, 1] òàêóþ, ÷òî ïîñëå âûáîðà

ïîäõîäÿùèõ çíàêîâ ( εk= ±1 , k = 0, 1, 2..) äëÿ åå êîýôôèöèåíòîâ Ôóðüå- Óîëøà

{ck(U)}∞k=0 ìîæíî äîñòè÷ü òîãî, ÷òîáû âíîâü ïîëó÷åííûé ðÿä
∑∞
k=0 εkck(U)Wk(x)-

áóäåò óíèâåðñàëüíûì â Lp[0, 1], p ∈ (0, 1) â ñìûñëå ïåðåñòàíîâîê.

Âåðíû ñëåäóþùèå òåîðåìû

Òåîðåìà 1.1. Ñóùåñòâóåò ôóíêöèÿ U ∈ L1[0, 1] (suppU ⊂ [0, ε] , çäåñü ε ∈
(0, 1)− íàïåðåä çàäàííîå ÷èñëî) ñî ñõîäÿùèìñÿ ïî L1[0, 1] íîðìå è âñþäó íà

(0, 1) ðÿäîì Ôóðüå - Óîëøà ñ ìîíîòîííî óáûâàþùèìè êîýôôèöèåíòàìè, è êîòî-

ðàÿ ÿâëÿåòñÿ óíèâåðñàëüíîé äëÿ êëàññà M [0, 1] îòíîñèòåëüíî ñèñòåìû Óîëøà

â êâàçè- îáû÷íîì ñìûñëå.

Òåîðåìà 1.2. Ñóùåñòâóþò ÷èñëà { εk = ±1, k ≥ 0} è ôóíêöèÿ U ∈ L1[0, 1]

(suppU ⊂ [0, ε] , çäåñü ε ∈ (0, 1)− íàïåðåä çàäàííîå ÷èñëî) ñî ñõîäÿùèìñÿ ïî

L1[0, 1] íîðìå è âñþäó íà (0, 1) ñ ðÿäîì Ôóðüå - Óîëøà ñ ìîíîòîííî óáûâàþùèìè

êîýôôèöèåíòàìè, òàêèå, ÷òî ðÿä
∑∞
k=0 εkck(U)Wk(x) -óíèâåðñàëåí â Lp[0, 1] ,

p ∈ (0, 1) â ñìûñëå ïåðåñòàíîâîê.

Çàìå÷àíèå 1.2. Íåòðóäíî âèäåòü, ÷òî òåîðåìà 1.2 îêîí÷àòåëüíà â íåêîòî-

ðîì ñìûñëå (íåóëó÷øàåìà), îíà íå âåðíà ïðè p ≥ 1.

Òåîðåìû 1.1 è 1.2 ñëåäóþò èç áîëåå ñèëüíîé Òåîðåìû 1.3.

Òåîðåìà 1.3. Ñóùåñòâóåò ôóíêöèÿ U ∈ L1[0, 1] (suppU ⊂ [0, ε] , çäåñü ε ∈
(0, 1)− íàïåðåä çàäàííîå ÷èñëî) ñî ñõîäÿùèìñÿ ïî L1[0, 1] íîðìå è âñþäó íà

(0, 1) ðÿäîì Ôóðüå-Óîëøà ñ ìîíîòîííî óáûâàþùèìè êîýôôèöèåíòàìè, êîòîðàÿ

îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:

1) îíà ÿâëÿåòñÿ óíèâåðñàëüíîé äëÿ êëàññà M [0, 1] îòíîñèòåëüíî ñèñòåìû

Óîëøà â êâàçè- îáû÷íîì ñìûñëå,

2) äëÿ ëþáîãî p ∈ (0, 1) ôóíêöèÿ U(x) óíèâåðñàëüíà äëÿ Lp[0, 1] îòíîñèòåëüíî

ñèñòåìû Óîëøà â ñìûñëå çíàêîâ,
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3) ìîæíî íàéòè ïîñëåäîâàòåëüíîñòü çíàêîâ {εk = ±1}∞k=0 òàêóþ, ÷òî ðÿä∑∞
k=0 εkck(U)Wk(x) áóäåò óíèâåðñàëüíûì â Lp[0, 1], p ∈ (0, 1) â ñìûñëå ïåðåñòà-

íîâîê.

2. Âñïîìîãàòåëüíûå ôàêòû

Íàïoìíèì îïðåäåëåíèå ñèñòåìû Óîëøà-Ïýëè {Wk(x)} (ñì.[24], [25]).

W0(x) = 1, Wn(x) =

k∏
s=1

rms(x), n =

k∑
s=1

2ms , m1 > m2 > ... > ms ≥ 0,

ãäå {rk(x)}∞k=0 - ñèñòåìà Ðàäåìàõåðà:

r0(x) =

{
1, x ∈ [0, 1

2 );

−1, x ∈ [ 1
2 , 1).

r0(x+ 1) = r0(x), rk(x) = r0(2kx), k = 1, 2, ...

Ââåäåì íåêîòîðûå îáîçíà÷åíèÿ. Ðàçîáüåì ïîëóèíòåðâàë [0, 1) íà 2m ðàâíûõ ÷à-

ñòåé è îáîçíà÷èì ýòè ïîëóèíòåðâàëû ÷åðåç ∆
(j)
m , êîòîðûå áóäåì â äàëüíåéøåì

íàçûâàòü äâîè÷íûìè èíòåðâàëàìè èëè ïðîñòî èíòåðâàëàìè âèäà∆
(j)
m , (∆

(j)
m =

[ j−1
2m , j

2m ) , 1 ≤ j ≤ 2m). Ïóñòü

(2, 1) Sm(x, g) =

m∑
k=0

ck(g)Wk(x),

ãäå ck(g) =
∫ 1

0
g(x)Wk(x)dx−êîýôôèöèåíòû Ôóðüå- Óîëøà ôóíêöèè g ∈ L1(0, 1).

Ìû áóäåì èñïîëüçîâàòü ñëåäóþùèå íåðàâåíñòâà (ñì. [26])

(2, 2) |Sn(x, g)| < 2

δ

∫ d

c

|g(t)| dt ∀x /∈ [c− δ, d+ δ] ,

ãäå g(t)− ïðîèçâîëüíàÿ èíòåãðèðóåìàÿ è âíå (c, d) îáðàùàþùàÿñÿ â íîëü ôóíê-

öèÿ, δ− ïðîèçâîëüíîå ïîëîæèòåëüíîå ÷èñëî.

(2.3)

∫ 1

0

|Sn(x, g)|p dx < A

1− p

(∫ 1

0

|g(x)|dx
)p

, ∀p ∈ (0, 1),

ãäå g(t)− ïðîèçâîëüíàÿ èíòåãðèðóåìàÿ íà (0, 1) ôóíêöèÿ è A−ïîñòîÿííàÿ. Â
äàëüíåéøåì íàì ïîëåçíà áóäåò ñëåäóþùàÿ î÷åâèäàÿ ëåììà.

Ëåììà 2.1. Äëÿ êàæäîé ôóíêöèè g(x) ∈ ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü

{Pk(x)}∞k=1 ïîëèíîìîâ ïî ñèñòåìå Óîëøà ñ ðàöèîíàëüíûìè êîýôôèöèåíòàìè ,

êîòîðàÿ ïî÷òè âñþäó íà [0, 1] ñõîäèòñÿ ê g(x).
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Ìû òàêæå áóäåì èñïîëüçîâàòü ñëåäóþùóþ ëåììó, äîêàçàííóþ â [20] (ñì. Ëåì-

ìà 3 â [20]).

Ëåììà 2.2. Ïóñòü 0 < p0 < 1, n0 ∈ N, η ∈ (0, 1) è f(x) =
∑ν̃0
m=1 γ̃mχ∆̃m

(x) åñòü

òàêàÿ ñòóïåí÷àòàÿ ôóíêöèÿ, ÷òî γ̃m 6= 0 è {∆̃m}ν̃0m=1 � ñóòü íåïåðåñåêàþùèéñÿ

äâîè÷íûå èíòåðâàëû ñ
∑ν̃0
m=1 |∆̃m| = 1. Òîãäà ìîæíî íàéòè ïîëèíîìû

H(x) =

2n−1∑
k=2n0

akWk(x), Q(x) =

2n−1∑
k=2n0

δkakWk(x), δk = ±1,

ïî ñèñòåìå Óîëøà, óäîâëåòâîðÿþùèå ñëåäóþùèì óñëîâèÿì:

0 < ak+1 ≤ ak < η, ∀k ∈ [2n0 , 2n − 1 ), H(x) · χ[2−n0 ,1](x) = 0,∫ 1

0

|f(x)−H(x)|p0 dx < η, max
2n0≤M<2n

∫ 1

0

∣∣∣∣∣
M∑

k=2n0

akWk(x)

∣∣∣∣∣ dx < η,

max
2n0≤M<2n

∫ 1

0

∣∣∣∣∣
M∑

k=2n0

δkakWk(x)

∣∣∣∣∣
p0

dx < 5

∫ 1

0

|f(x)|p0dx.

3. Äîêàçàòåëüñòâî òåîðåì 1.1 � 1.3

Ïóñòü 0 < ε < 1 è p ∈ (0, 1). Ïîëîæèì

(3.1) m0 = 2 + [log2

1

ε
] M1 = 2m0 .

Ðàññìîòðèì ñ÷åòíîå ìíîæåñòâî âñåõ ñòóïåí÷àòûõ ôóíêöèé âèäà

(3.2)

2n∑
j=1

γjχ∆
(j)
n

(x),

ãäå γj 6= 0-ðàöèîíàëüíûå ÷èñëà è ïóñòü {fm(x)}∞m=1− åñòü ïîñëåäîâàòåëüíîñòü

ýòèõ ôóíêöèé â ïðîèçâîëüíîé íóìåðàöèåé.

Ïðèìåíèì Ëåììó 2, ïîëàãàÿ â åå ôîðìóëèðîâêå

n0 = m0, η = 2−4, p0 = p, f(x) = f1(x)

Òîãäà îïðåäåëÿþòñÿ ïîëèíîìû ïî ñèñòåìå Óîëøà âèäà

H
(1)
1 (x) =

M2−1∑
k=M1

a
(1)
k Wk(x) , Q

(1)
1 (x) =

M2−1∑
k=M1

δ
(1)
k a

(1)
k Wk(x), M1 = 2m0 , M2 = 2m1

óäîâëåòâîðÿþùèå óñëîâèÿì:

0 < a
(1)
k+1 ≤ a

(1)
k <

1

2
, δ

(1)
k = ±1,

∫ 1

0

∣∣∣f1(x)−Q(1)
1 (x)

∣∣∣p dx < 2−4, k ∈ [M1 ,M2 ),
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H
(1)
1 (x) · χ[I2,1](x) = 0, I1 =

1

M1
,∫ 1

0

|H(1)
1 (x)|dx < max

m∈[M1,M2)

∫ 1

0

|
m∑

k=M1

a
(1)
k Wk(x)|dx < 2−4,

H
(1)
1 (x) · χ[I2,1](x) = 0, I1 =

1

M1
,

∫ 1

0

∣∣∣f1(x)−Q(1)
1 (x)

∣∣∣p dx < 2−4,

max
m∈[M1 ,M2 )

∫ 1

0

|
m∑

k=M2n−1

δ
(1)
k a

(1)
k Wk(x)|pdx < 5

∫ 1

0

|f1(x)|pdx.

Ñíîâà ïðèìåíÿÿ ëåììó 2.2, ïîëàãàÿ â åå ôîðìóëèðîâêå

n0 = [log2M2], η = min{a(1)
M2−1; 2−8}, p0 = p, f(x) = {f1(x)−H(1)

1 (x)}.

Òîãäà îïðåäåëÿþòñÿ ïîëèíîìû ïî ñèñòåìå Óîëøà âèäà

H
(2)
1 (x) =

M3−1∑
k=M2

a
(1)
k Wk(x) , Q

(2)
1 (x) =

M3−1∑
k=M2

δ
(1)
k a

(1)
k Wk(x), k ∈ [M2,M3) = [2m1 , 2m2)

óäîâëåòâîðÿþùèå óñëîâèÿì:

0 < a
(1)
k+1 ≤ a

(1)
k < a

(1)
M2−1 , δ

(1)
k = ±1,∀k ∈ [M2,M3),∫ 1

0

|{f1(x)−H(1)
1 (x)}−Q(2)

1 (x)|p dx < 2−8, H
(2)
1 (x) · χ[I2,1](x) = 0, I2 =

1

M2
,∫ 1

0

|H(2)
1 |dx < max

m∈[M2,M3)

∫ 1

0

|
m∑

k=M2

a
(1)
k Wk(x)|dx < 2−8.

Íåòðóäíî âèäåòü, ÷òî ïðîäîëæàÿ ýòè ðàññóæäåíèÿ, ìû ìîæåì ïî èíäóêöèè îïðå-

äåëèòü ïîñëåäîâàòåëüíîñòè ïîëèíîìîâ

{H(1)
n (x)}∞n=1, {H(2)

n (x)}∞n=1, {Q(1)
n (x)}∞n=1, {Q(2)

n (x)}∞n=1

âèäà

(3.3) H(1)
n (x) =

M2n−1∑
k=M2n−1

a
(n)
k Wk(x) , H(2)

n (x) =

M2n+1−1∑
k=M2n

a
(n)
k Wk(x), M1 = 2m0 ,

(3.4) Q(1)
n (x) =

M2n−1∑
k=M2n−1

δ
(n)
k a

(n)
k Wk(x) , Q(2)

n (x) =

M2n+1−1∑
k=M2n

δ
(n)
k a

(n)
k Wk(x),

ãäå

(3.5) Mk ↗∞, δ
(n)
k = ±1, k ∈ [M2n−1 ,M2n+1 ),n = 0, 1, 2, ....,

êîòîðûå äëÿ êàæäîãî n = 1, 2, .... óäîâëåòâîðÿþò óñëîâèÿì:

(3.6) 0 < a
(n)
k+1 ≤ a

(n)
k < a

(n−1)
M2n−1−1 , k ∈ [M2n−1 ,M2n+1 ),
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(3.7)

∫ 1

0

∣∣∣∣∣∣fn(x)−
n∑
j=1

(
H

(1)
j (x) +Q

(2)
j (x)

)∣∣∣∣∣∣
p

dx < 2−3n,

(3.8) H(1)
n (x)χ[I2n−1,1](x) = H(2)

n (x)χ[I2n,1](x) = 0, Ij =
1

Mj
,

(3.9)

∫ 1

0

|H(1)
n (x)|dx ≤ max

m∈[M2n−1,M2n)

∫ 1

0

|
m∑

k=M2n−1

a
(n)
k Wk(x)|dx < 2−

2
p (n+4),

(3.10)

∫ 1

0

|H(2)
n (x)|dx ≤ max

m∈[M2n,M2n+1)

∫ 1

0

|
m∑

k=M2n

a
(n)
k Wk(x)|dx < 2−

2
p (n+4),

(3.11)

∫ 1

0

∣∣∣fn(x)−Q(1)
n (x)

∣∣∣p dx < 2−4n−2,

(3.12) max
m∈[M2n−1,M2n)

∫ 1

0

|
m∑

k=M2n−1

δ
(n)
k a

(n)
k Wk(x)|pdx < 5

∫ 1

0

|fn(x)|pdx.

Ó÷èòûâàÿ ñîîòíîøåíèÿ (3.3) è (3.8)- (3.10), â ñèëó (2.1) è (2.2) äëÿ âñåõ x ∈ [I2n−1+2−n, 1]

è äëÿ êàæäîãî m ∈ [M2n−1,M2n), ∀n ≥ 1 áóäåì èìåòü

(3.13)

∣∣∣∣∣∣
m∑

k=M2n−1

a
(n)
k Wk(x)

∣∣∣∣∣∣ =
∣∣∣Sm(x,H(1)

n )
∣∣∣ < 2

2−n

∫ 1

0

∣∣∣H(1)
n (t)

∣∣∣ dt ≤ 2−n−1,

Àíàëîãè÷íî äëÿ âñåõ x ∈ [I2n+2−n, 1] è äëÿ êàæäîãî m ∈ [M2n,M2n+1), n ≥ 1

ïîëó÷èì

(3.14)

∣∣∣∣∣
m∑

k=M2n

a
(n)
k Wk(x)

∣∣∣∣∣ < 2

2−n

∫ 1

0

∣∣∣H(2)
n (t)

∣∣∣ dt ≤ 2−n−1.

Èç (3.9), (3.10) ñëåäóåò

(3.15)

∞∑
n=1

2∑
j=1

(∫ 1

0

∣∣∣H(j)
n (x)

∣∣∣ dx) <∞.

Îïðåäåëèì ôóíêöèþ U(x) è ïîñëåäîâàòåëüíîñòü ÷èñåë {ak} ñëåäóþùèì îáðàçîì

(3.16) ak = 1, k ∈ [0, 2m0 ), ak = a
(n)
k , k ∈ [M2n−1,M2n+1), n = 1, 2, .

(3.17) U(x) = H0(x) +

∞∑
n=1

(
H(1)
n (x) +H(2)

n (x)
)

=

∞∑
k=0

akWk(x),

ãäå (ñì. (3.1))

(3.18) H0(x) =

2m0 −1∑
k=0

Wk(x),
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Îòñþäà è èç (3.15) ñëåäóåò U(x) ∈ L1 [0 , 1 ]. Â ñèëó (3.1), (3.3), (3.8), (3.17) è

(3.18) èìååì U(x) = 0 ïðè x ∈ [2−m0 , 1] ⊂ [ε, 1].

Ïóñòü x ∈ (0, 1), ÿñíî, ÷òî äëÿ íåêîòîðãî íàòóðàëüíîãî nx, x ∈ [I2n−1+2−n, 1]

äëÿ âñåõ n ≥ nx.Òîãäà â ñèëó (3.13), (3.14) è (3.16) � (3.18) äëÿ ëþáûõ N ∈
[M2n−1,M2n+1) ïðè n ≥ nx áóäåì èìåòü∣∣∣∣∣U(x)−

N∑
k=0

akWk(x)

∣∣∣∣∣ ≤ max
m∈[M2n−1,M2n)

∣∣∣∣∣∣
m∑

k=M2n−1

a
(n)
k Wk(x)

∣∣∣∣∣∣+
+ max
m∈[M2n,M2n+1)

∣∣∣∣∣
m∑

k=M2n

a
(n)
k Wk(x)

∣∣∣∣∣ ≤ 2−n

Îòêóäà âûòåêàåò, ÷òî ðÿä
∑∞
k=0 akWk(x) ñõîäèòñÿ ê U(x) âñþäó íà (0, 1). Ó÷è-

òûâàÿ ñîîòíîøåíèÿ(3.9), (3.10), (3.16)- (3.18) äëÿ ëþáûõ N ∈ [M2n−1,M2n+1),

n ≥ 1 ïîëó÷èì∫ 1

0

∣∣∣∣∣U(x)−
N∑
k=0

akWk(x)

∣∣∣∣∣ dx ≤ max
m∈[M2n−1,M2n)

∫ 1

0

∣∣∣∣∣∣
m∑

k=M2n−1

a
(n)
k Wk(x)

∣∣∣∣∣∣ dx+

+ max
m∈[M2n,M2n+1)

∫ 1

0

∣∣∣∣∣
m∑

k=M2n

a
(n)
k Wk(x)

∣∣∣∣∣ dx ≤ 2−2n

Çíà÷èò, ðÿä
∑∞
k=0 akWk(x) ñõîäèòñÿ ê U(x) ïî L1 [0 , 1 )− íîðìå è ñëåäîâàòåëüíî

(3.19) ak = ck(U) =

∫ 1

0

U(x)Wk(x)dx, k = 0, 1, 2...

Â ñèëó (3.6), (3.16) è (3.19) áóäåì èìåòü ck(U) ↘. Èç (2.3), (3.3), (3.9) è (3.10)

ñëåäóåò

max
m∈[M2n−1,M2n)

∫ 1

0

∣∣∣∣∣∣
m∑

k=M2n−1

ck(U)Wk(x)

∣∣∣∣∣∣
p

dx+ max
m∈[M2n,M2n+1)

∫ 1

0

∣∣∣∣∣
m∑

k=M2n

ck(U)Wk(x)

∣∣∣∣∣
p

dx

(3.20) ≤ A

1− p
2−2(n+4) .

Ïîëîæèì

(3.21) δk = 1, k ∈ [0, 2m0 ) ∪
∞⋃
n=1

[M2n−1,M2n); δk = δ
(n)
k , k ∈ [M2n,M2n+1),

(3.22) εk = δ
(n)
k , k ∈ [M2n−1,M2n); εk = 1, k ∈ [0, 2m0 ) ∪

∞⋃
n=1

[M2n,M2n+1) .

60



ÔÓÍÊÖÈÈ ÓÍÈÂÅÐÑÀËÜÍÛÅ ÎÒÍÎÑÈÒÅËÜÍÎ ÑÈÑÒÅÌÛ ÓÎËØÀ

Ïîêàæåì, ÷òî ðÿä

(3.23)

∞∑
k=0

δkck(U) Wk(x) = H0(x) +

∞∑
j=1

(
H

(1)
j (x) +Q

(2)
j (x)

)
,

óíèâåðñàëåí êàê â M [0, 1) îòíîñèòåëüíî ñèñòåìû Óîëøà â îáû÷íîì ñìûñëå,

à ðÿä

(3.24)

∞∑
k=0

εkck(U)Wk(x) = H0(x) +

∞∑
j=1

(
Q

(1)
j (x) +H

(2)
j (x)

)
.

óíèâåðñàëåí â Lp [0 , 1 ) îòíîñèòåëüíî ïåðåñòàíîâîê.

Ïóñòü g(x) ∈ M [0, 1). Ïðèìåíÿÿ ëåììó 1 ìû ìîæåì èç ïîñëåäîâàòåëüíîñòè

{fm(x)}∞m=1(ñì. (3.2)) âûáðàòü ïîäïîñëåäîâàòåëüíîñòü {flk(x)}∞k=1 òàê, ÷òîáû ïî-

÷òè âñþäó íà [0, 1]

(3.25) lim
k→∞

flk(x) = (g(x)−H0(x)).

Â ñèëó (3.7) èìååì

∫ 1

0

∣∣∣∣∣∣flk(x)−
lk∑
j=1

(
H

(1)
j (x) +Q

(2)
j (x)

)∣∣∣∣∣∣
p

dx < 2−8(lk+2).

Îòñþäà ñëåäóåò, ÷òî äëÿ íåêîòîðîé ïîäïîñëåäîâàòåëüíîñòè {lkq}∞q=1 âûáðàííîé

èç ïîñëåäîâàòåëüíîñòè {lk}∞k=1 ïî÷òè âñþäó íà [0, 1] èìååò ìåñòî

(3.26) lim
q→∞
{flkq (x)−

lkq∑
j=1

(
H

(1)
j (x) +Q

(2)
j (x)

)
} = 0.

Ïîëîæèì Nq = M2lkq+1 − 1. Ó÷èòûâàÿ ñîîòíîøåíèÿ (3.3), (3.4), (3.16), (3.19),

(3.21), (3.23), (3.25) è (3.26), ïî÷òè âñþäó íà [0, 1] èìååò ìåñòî

lim
q→∞

Nq∑
s=0

δscs(U) Ws(x) = g(x).

Èòàê (ñì. (3.23)), ïåðâàÿ ÷àñòü òåîðåìû 3 äîêàçàíà. Òåïåðü ïîêàæåì, ÷òî ðÿä

(3.24) óíèâåðñàëåí â Lp [0 , 1 ) â ñìûñëå ïåðåñòàíîâîê.

Ïóñòü f(x) ∈ Lp [0 , 1 ]. Ïîëîæèì

(3.27) f∗(x) = f(x)−H0(x).

Ïî èíäóêöèè ïîñòðîèì ïîñëåäîâàòåëüíîñòè ôóíêöèè
{
fνq (x)

}∞
q=1

÷èñåë {νq}∞q=1,

{s(q)}∞q=1 è ïîëèíîìîâ {Q(1)
νq (x)}∞q=1 , {Rq(x)}∞q=1 , {βq(x)}∞q=1 óäîâëåòâîðÿþùèõ
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ñëåäóþùèì óñëîâèÿì:

(3.28)∫ 1

0

∣∣ fνq (x)
∣∣p dx ≤ 2−2q +

∫ 1

0

|Rq−1(x)+βq−1(x))|p dx , νq > νq−1+1, ν0 = 1,

(3.29)

Rq(x) =

 νq−1∑
n=νq−1

H(2)
n (x)

, βq(x) = εs(q)cs(q)(U)W
s(q)

(x), (R0(x) = f∗(x), β0(x) = 0) ,

(3.30)

s(q) = min{ k ∈ N, k ∈ spec

 q∑
j=1

νj−1∑
n=νj−1+1

Q(1)
n (x)

�{s(n)}q−1
n=1 }, s(1) = M1,

(3.31)∫ 1

0

∣∣∣∣∣∣f∗(x)−


q∑
j=1

[
βj(x) +Rj(x)+Q(1)

νj (x)+
]
∣∣∣∣∣∣
p

dx ≤ 2−2(q+2) +

∫ 1

0

|Rq(x)+βq(x))|p dx.

Íà ïåðâîì øàãå âîçüìåì ôóíêöèþ fν1(x), (ν1 > ν0+1) èç ïîñëåäîâàòåëüíîñòè

(3.2) òàêèì îáðàçîì, ÷òîáû

∫ 1

0

|{f∗(x)− fν1(x)|pdx ≤ 2−10 .

Îòñþäà è èç (3.11) èìååì∫ 1

0

| fν1(x)|p dx ≤ 2−2(1+4) +

∫ 1

0

|f∗(x)|p dx = 2−10 +

∫ 1

0

|R0(x)+β0(x)|p dx

∫ 1

0

∣∣∣f∗(x)−
{
R1(x)+β1(x)+Q

(1)
ν1 (x)

}∣∣∣p dx ≤ 2−10 +

∫ 1

0

|R1(x)+β1(x))|p dx,

ãäå

β0(x) = 0, R0(x) = f∗(x),

R1(x) =

(
ν1−1∑
n=1

H(2)
n (x)

)
, s(1) = M1 = 2m0 , β1(x) = εs(1)cs(1)(U)W

s(1)
(x).

Íàõîäÿ ôóíêöèþ fν1(x), ÷èñëà ν1, s(1) è ïîëèíîìû R1(x) , β1(x) èQ(1)
ν1 (x) òàêèì

îáðàçîì, ÷òîáû ïðè q = 1 âûïîëíÿëèñü óñëîâèÿ (3.28)�(3.31). Ïðåäïîëîæèì, ÷òî

óæå îïðåäåëåíû ôóíêöèè fν1(x), ..., fνq (x) ÷èñëà ν0 < ν1 < ... < νq; s(1) < ...... <

s(q) è ïîëèíîìû {Q(1)
νj (x)}qj=1 , {Rj(x)}qj=1 , {βj(x)}qj=1 ,óæå ïîñòðîåíû. Ïîêàæåì

òåïåðü, êàê ñëåäóåò ñòðîèòü ôóíêöèþ fνq+1
(x) ÷èñåëà νq+1, s(q+1), è ïîëèíîìû

Q
(1)
νq+1(x), Rq+1(x), βq+1(x).
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Ñíà÷àëà ïîäáåðåì íàòóðàëüíîå ÷èñëî νq+1 > νq + q ñëåäîâàòåüíî è ôóíêöèþ

fνq+1(x) èç ïîñëåäîâàòåëüíîñòè {fm(x)}∞m=1(ñì. (3.2)) òàê, ÷òîáû

(3.32)

∫ 1

0

∣∣∣∣∣∣f∗(x)−


q∑
j=1

[
Rj(x) + βj(x)+Q(1)

νj (x)
]− fνq+1

(x)

∣∣∣∣∣∣
p

dx ≤ 2−2(q+4) .

Èç (3.11) è (3.34) ñëåäóåò

(3.33)

∫ 1

0

∣∣∣∣∣∣f∗(x)−


q∑
j=1

[
Rj(x)+βj(x) +Q(1)

νj (x)
]− Q(1)

νq+1
(x)

∣∣∣∣∣∣
p

dx ≤ 2−2(q+3).

Ïîêàæåì, ÷òî óñëîâèÿ (3.28)�(3.31) âûïîëíåíû ñ q+ 1 íà ìåñòå q. Ñíà÷àëà çàìå-

òèì, ÷òî èç (3.31), (3.32) âûòåêàåò∫ 1

0

∣∣ fνq+1(x)
∣∣p dx ≤ 2−2(q+1) +

∫ 1

0

|Rq(x)+βq(x))|p dx,

ò.å. (3.28) âûïîëíåíî äëÿ q + 1. Ïîëîæèì

(3.34) Rq+1(x) =

νq+1−1∑
n=νq

H(2)
n (x)

, βq+1(x) = εs(q+1)cs(q+1)(U)W
s(q+1)

(x),

(3.35) s(q + 1) = min{ k ∈ N, k ∈ spec

q+1∑
j=1

νj−1∑
n=νj−1+1

Q(1)
n (x)

�{s(n)}qn=1 }.

Ñ ïîìîùüþ (3.33) - (3.35) ïðîâåðÿåì (3.31) äëÿ q + 1:∫ 1

0

∣∣∣∣∣∣f∗(x)−


q+1∑
j=1

[
Rj(x) + βj(x)+Q(1)

νj (x)
]
∣∣∣∣∣∣
p

dx ≤ 2−2(q+3) +

∫ 1

0

|Rq+1(x)+βq+1(x)|p dx.

Ó÷èòûâàÿ ñîîòíîøåíèÿ (3.10), (3.12) è (3.29) äëÿ âñåõ q > 1 ïîëó÷èì∫ 1

0

|Rq(x)+βq(x))|p dx ≤ 2−2(q+3) +

νq+1−1∑
n=νq

∫ 1

0

∣∣∣H(2)
n (x)

∣∣∣p dx+
∣∣cs(q+1)(U)

∣∣p
(3.36) ≤ 2−2(q+1) +

∣∣cs(q)(U)
∣∣p .

Â ñèëó (3.12), (3.16), (3.19) è (3.22) èìååì

(3.37) max
m∈[M2νq−1,M2νq )

∫ 1

0

∣∣∣∣∣∣
m∑

k=M2νq−1

εkck(U)Wk(x)

∣∣∣∣∣∣
p

dx =

= max
m∈[M2νq−1,M2νq )

∫ 1

0

∣∣∣∣∣∣
m∑

k=M2νq−1

δ
(νq)
k a

(νq)
k Wk(x)

∣∣∣∣∣∣
p

dx ≤
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≤ 5

∫ 1

0

∣∣ fνq (x)
∣∣p dx ≤ 5.2−2(q−1) + 5

∣∣cs(q−1)(U)
∣∣p.

ßñíî, ÷òî ïîñëåäîâàòåëüíîñòü ÷èñåë (ñì.(3.5) (3.30))

0, 1, .., M1 − 1;M2, ..,M3;M5,..,M7,...;M2ν1−2, ..,M2ν1−1 − 1;

s(1);M2ν1−1, ..,M2ν1 − 1;M2ν1 , ..,M2ν1+1 − 1; ...., ;

M2n, ..,M2n+1−1; ...;M2νq−2 , ..,M2νq−1−1; s(q);M2νq−1...M2νq−1;M2νq ..M2νq+1; ...

-åñòü íåêîòîðàÿ ïåðåñòàíîâêà {σ(k)}∞k=1. Ñëåäîâàòåëüíî ðÿä

(3.38)

∞∑
k=1

εσ(k)cσ(k)(U)Wσ(k)(x)= H0(x) +

∞∑
q=1

[
Rq(x)+βq(x) +Q(1)

νq (x)
]

-åñòü ïåðåñòàíîâëåííûé ðÿä îïðåäåëÿåìûé â ñèëó (3.3), (3.4), (3.18), (3.22), (3.28),

(3.31) è (3.30) ðÿäà (3.24). Îñíîâûâàÿñü (3.20), (3.27), (3.36), (3.37) è (3.38) äëÿ

ëþáûõ N ∈ [M2νq−1,M2νq+1+1) è q > 1 áóäåì èìåòü∫ 1

0

∣∣∣∣∣f(x)−
N∑
k=1

εσ(k)cσ(k)(U)σ(k)Wσ(k)(x)

∣∣∣∣∣
p

dx ≤

≤
∫ 1

0

∣∣∣∣∣∣f∗(x)−


q∑
j=1

[
Rj(x)+βj(x) +Q(1)

νj (x)
]
∣∣∣∣∣∣
p

dx+

+ max
m∈[M2νq−1,M2νq )

∫ 1

0

∣∣∣∣∣∣
m∑

k=M2νq−1

εkck(U)Wk(x)

∣∣∣∣∣∣
p

dx+

+

νq+1∑
n=νq+1

max
m∈[M2n,M2n+1)

∫ 1

0

∣∣∣∣∣
m∑

k=M2n

ck(U)Wk(x)

∣∣∣∣∣
p

dx+

+
∣∣cs(q+1)(U)

∣∣ ≤ (2−2q +
∣∣cs(q)(U)

∣∣p)+5(2−2(q−1) +
∣∣cs(q−1)(U)

∣∣p) +

+
A

1− p
2−2(q+1) +

∣∣cs(q+1)(U)
∣∣p .

Îòêóäà, ïðèíèìàÿ âî âíèìàíèå, ÷òî cs(q)(U)→ 0 ïðè q → ∞ è ÷òî q → ∞
êîãäà N →∞ çàêëþ÷àåì, ÷òî ðÿä (3.38) ñõîäèòñÿ ê f(x) â ìåòðèêå Lp[0, 1). Äëÿ

çàâåðøåíèÿ äîêàçàòåëüñòâà òåîðåìû 1.3 îñòàëîñü ïðîâåðèòü,÷òî ôóíêöèÿ U(x)

óíèâåðñàëüíà äëÿ Lp[0, 1] îòíîñèòåëüíî ñèñòåìû Óîëøà â ñìûñëå çíàêîâ.

Íåòðóäíî óáåäèòüñÿ, ÷òî ïî òåì æå ñîîáðàæåíèÿì, ÷òî è ïðè ïîëó÷åíèè ïî-

ñëåäîâàòåëüíîñòè ôóíêöèè
{
fνq (x)

}∞
q=1

÷èñåë {νq}∞q=0, {s(q)}∞q=0 è ïîëèíîìîâ

{Q(1)
νq (x)}∞q=1 , {Rq(x)}∞q=1 , {βq(x)}∞q=1 óäîâëåòâîðÿþùèõ óñëîâèÿì (3.28)-(3.31),

ïî èíäóêöèè ìîæíî âûáðàòü ïîñëåäîâàòåëüíîñòè ôóíêöèè
{
fλq (x)

}∞
q=1

,÷èñåë
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{λq}∞j=0 è ïîëèíîìû {Q(1)
λq

(x)}∞q=1, {Aq(x)}∞q=1 , {Bq(x)}∞q=1 , êîòîðûå óäîâëåòâî-

ðÿþò ñëåäóþùèì óñëîâèÿì:

(3.39) Aq(x) =

λq∑
n=λq−1+1

(
H(1)
n (x) +H(2)

n (x)
)
, A0(x) = f∗(x), H

(1)
0 (x) = 0 =λ0,

(3.40)

∫ 1

0

∣∣ fλq (x)
∣∣p dx ≤ 2−p(q+2) +

∫ 1

0

∣∣∣Aq−1(x)−H(1)
λq−1

(x))
∣∣∣p dx ≤ 2−2q, q > 1,

(3.41)

∫ 1

0

∣∣∣∣∣∣f∗(x)−


q∑
j=1

[
Aj(x)−H(1)

λj
(x) +Q

(1)
λj

(x)
]
∣∣∣∣∣∣
p

dx ≤

≤ 2−2(q+3) +

∫ 1

0

∣∣∣Aq(x)−H(1)
λq (x))

∣∣∣p dx ≤ 2−2(q+1).

Ïîëîæèì

(3.42) ηk = δ
(n)
k , k ∈ [M2λq−1,M2λq ); ηk = 1, k /∈

∞⋃
q=1

[M2λq−1,M2λq ) .

Â ñèëó (3.12), (3.16), (3.19), (3.40) è (3.42) èìååì

(3.43) max
m∈[M2λq−1,M2λq )

∫ 1

0

∣∣∣∣∣∣
m∑

k=M2λq−1

ηkck(U)Wk(x)

∣∣∣∣∣∣
p

dx =

= max
m∈[M2λq−1,M2λq )

∫ 1

0

∣∣∣∣∣∣
m∑

k=M2λq−1

δ
(λq)
k a

(λq)
k Wk(x)

∣∣∣∣∣∣
p

dx ≤ 5

∫ 1

0

∣∣ fλq (x)
∣∣p dx ≤ 5 2−2q

Èç (3.39)- (3.43) äëÿ ëþáûõ N ∈ [M2λq−1,M2λq+1−1) è q > 1 áóäåì èìåòü∫ 1

0

∣∣∣∣∣f(x)−
N∑
k=0

ηkck(U)Wk(x)

∣∣∣∣∣
p

dx ≤
∫ 1

0

∣∣∣∣∣∣f∗(x)−


q∑
j=1

[
Q

(1)
λj

(x) +Aj(x)+Bj(x)
]
∣∣∣∣∣∣
p

dx+

+

λq+1∑
n=λq+1

 max
m∈[M2n−1,M2n)

∫ 1

0

∣∣∣∣∣∣
m∑

k=M2n−1

ck(U)Wk(x)

∣∣∣∣∣∣
p

dx+ max
l∈[M2n,M2n+1)

∫ 1

0

∣∣∣∣∣
l∑

k=M2n

ck(U)Wk(x)

∣∣∣∣∣
p

dx

+

+ max
m∈[M2λq−1,M2λq )

∫ 1

0

∣∣∣∣∣∣
m∑

k=M2λq−1

δ
(λq)
k a

(λq)
k Wk(x)

∣∣∣∣∣∣
p

dx≤ 2−q+3.

Îòñþäà è èç òîãî, ÷òî q →∞ êîãäàN →∞ çàêëþ÷àåì, ÷òî ðÿä
∑∞
k=1 ηkck(U)Wk(x)

ñõîäèòñÿ ê f(x) â ìåòðèêå Lp[0, 1).

Òåîðåìà 1.3 äîêàçàíà.
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Abstract. In this work it is constructed an integrable function U(x) is universal

for clas Lp [0 , 1 ], p ∈ (0, 1) with respect to the Walsh system in sence of signs ,

with strictly decreasing Fourier -Walsh coe�cients {ck(U) }∞k=0 ↘, and converging

everywhere on (0, 1) and in the norm of L1[0, 1) Fourier -Walsh series , which

has the following propertie: one can �nd a numbers εk= ±1 such that the series∑∞
k=0 εkck(U)Wk(x) is universal in Lp [0 , 1 ], p ∈ (0, 1) in sense of rearrangements.
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