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ÔÅÐÌÈ-ÃÀÇÀ

1. Ââåäåíèå. Áàðîìåòðè÷åñêàÿ ôîðìóëà äëÿ èäåàëüíîãî ãàçà ñâÿçûâàåò
êîíöåíòðàöèþ ãàçà n(x) â ñèëîâîì ïîòåíöèàëüíîì ïîëå U(x) ñ âûñîòîé x ïðè
çàäàííîé òåìïåðàòóðå T è êîíöåíòðàöèè n0 íà âûñîòå x = 0. Â îäíîðîäíîì
ãðàâèòàöèîííîì ïîëå áàðîìåòðè÷åñêàÿ ôîðìóëà èìååò âèä [1,2]

  , exp0 







kT
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ãäå m - ìàññà ÷àñòèö ãàçà, g - óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ (óñêîðåíèå â
ãðàâèòàöèîííîì ïîëå), k - ïîñòîÿííàÿ Áîëüöìàíà.

Íà ïðàêòèêå ÷àñòî äîñòàòî÷íî çíàòü çàâèñèìîñòü êîíöåíòðàöèè îò ïîòåí-
öèàëüíîé ýíåðãèè ÷àñòèö â ñèëîâîì ïîëå. Â ýòîì ñëó÷àå áàðîìåòðè÷åñêàÿ
ôîðìóëà ïðèîáðåòàåò ôîðìó èçâåñòíîãî ðàñïðåäåëåíèÿ Áîëüöìàíà
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UnUn exp0 (2)

äëÿ ãàçà ñ óðàâíåíèåì ñîñòîÿíèÿ p = nkT ïðè ôèêñèðîâàííîé òåìïåðàòóðå
(èçîòåðìè÷åñêèé ñëó÷àé), ãäå p - äàâëåíèå ãàçà.

Èçâåñòíû áàðîìåòðè÷åñêèå ôîðìóëû è ðàñïðåäåëåíèÿ äëÿ äðóãèõ óðàâíåíèé
ñîñòîÿíèÿ ãàçîâ. Íàïðèìåð, â [3,4] äëÿ îïèñàíèÿ ïðîöåññîâ â ïëàçìå èñïîëü-
çóåòñÿ àíàëîãè÷íàÿ ôîðìóëà àäèàáàòè÷åñêîãî óðàâíåíèÿ ñîñòîÿíèÿ; â [5]
ïîëó÷åíà è ïðîàíàëèçèðîâàíà áàðîìåòðè÷åñêàÿ ôîðìóëà äëÿ ãàçà Âàí-äåð-
Âàëüñà; â [6] âûâåäåíà áàðîìåòðè÷åñêàÿ ôîðìóëà äëÿ òåïëîãî ôåðìè-ãàçà,
êîòîðàÿ â ôîðìå ðàñïðåäåëåíèÿ ïðèìåíÿëàñü â òåîðèÿõ èîííî-çâóêîâûõ âîëí
â ïëàçìå ñ êâàíòîâî-âûðîæäåííûìè ýëåêòðîíàìè [7,8].

×àíäðàñåêàð [9,10] ïîëó÷èë óðàâíåíèå ñîñòîÿíèÿ óëüòðàðåëÿòèâèñòñêè
âûðîæäåííîãî ãàçà, ò.å. ãàçà ñ ýíåðãèåé Ôåðìè, ñóùåñòâåííî ïðåâûøàþùåé
ýíåðãèþ ïîêîÿ ÷àñòèö. Ýòî óðàâíåíèå ìíîãîêðàòíî èñïîëüçîâàëîñü äëÿ
îïèñàíèÿ ïðîöåññîâ â íåäðàõ áåëûõ êàðëèêîâ [11,12] è â òåîðèÿõ âîëíîâûõ
ïðîöåññîâ â óëüòðàðåëÿòèâèñòñêè âûðîæäåííîé ïëàçìå [13-20]. Òåì íå ìåíåå,
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áàðîìåòðè÷åñêàÿ ôîðìóëà äëÿ ãàçà ñ óðàâíåíèåì ñîñòîÿíèÿ ×àíäðàñåêàðà
íèãäå íå ïðåäñòàâëÿëàñü.

Â äàííîé ñòàòüå ñîîáùàåòñÿ î ïðîñòîì âûâîäå áàðîìåòðè÷åñêîé ôîðìóëû
äëÿ óëüòðàðåëÿòèâèñòñêè âûðîæäåííîãî ãàçà, ïîä÷èíÿþùåãîñÿ óðàâíåíèþ
ñîñòîÿíèÿ ×àíäðàñåêàðà:
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âèñòñêèé ïàðàìåòð âûðîæäåíèÿ, ãäå P - äàâëåíèå ãàçà; n - êîíöåíòðàöèÿ
÷àñòèö ãàçà; m - èõ ìàññà; p

F
 - ðåëÿòèâèñòñêèé èìïóëüñ Ôåðìè; n

F
 -

êîíöåíòðàöèÿ ÷àñòèö ãàçà, ïðè êîòîðîé èìïóëüñ Ôåðìè ðàâåí mc; c -
ñêîðîñòü ñâåòà; h - ïîñòîÿííàÿ Ïëàíêà.

2. Âûâîä áàðîìåòðè÷åñêîé ôîðìóëû. Áóäåì ñëåäîâàòü ãàçîñòàòè-
÷åñêîìó ìåòîäó âûâîäà áàðîìåòðè÷åñêîé ôîðìóëû, ïðèìåíåííîìó â [6]. Äëÿ
ýòîãî ðàññìîòðèì óðàâíåíèå ãàçîñòàòè÷åñêîãî ðàâíîâåñèÿ
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Ïîäñòàâèì (3) â (4) è ïîëó÷èì îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå.
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Ðàçðåøàÿ (5) îòíîñèòåëüíî n, ïîëó÷èì ðàñïðåäåëåíèå óëüòðàðåëÿòèâèñòñêè
âûðîæäåííîãî ãàçà ×àíäðàñåêàðà â ñèëîâîì ïîëå U â ÿâíîì âèäå:
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Ïîäñòàâëÿÿ â íåå îäíîðîäíîå ñèëîâîå ïîëå U = mgx, ïîëó÷èì èñêîìóþ
áàðîìåòðè÷åñêóþ ôîðìóëó
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Ôîðìóëû (6) è (7) - îñíîâíîé ðåçóëüòàò äàííîé ðàáîòû. Àíàëèçèðóÿ èõ,
ïîñòðîèì ãðàôèê çàâèñèìîñòè n(U) (ðèñ.1). Âèäíî, ÷òî îí èìååò äâå âåòâè,
â ïðîìåæóòêå ìåæäó êîòîðûìè çíà÷åíèÿ ôóíêöèè (6) êîìïëåêñíîçíà÷íûå.
Ïðàâàÿ âåòâü ïðè áîëüøèõ çíà÷åíèÿõ U ÿâëÿåòñÿ ëîæíîé. Îíà âîçíèêëà ïðè
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âîçâåäåíèè â êâàäðàò (5) ïðè ðåøåíèè èððàöèîíàëüíîãî óðàâíåíèÿ îòíîñèòåëüíî
n. Ëîæíóþ âåòâü íåîáõîäèìî îòáðîñèòü.

Â èòîãå, ôîðìóëà (6) ñïðàâåäëèâà ëèøü äî çíà÷åíèÿ U
F
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êîòîðîå íàõîäèòñÿ, êàê íàèìåíüøèé êîðåíü ôóíêöèè (7). Çäåñü ðåëÿòèâèñòñêèé
ïàðàìåòð âûðîæäåíèÿ 0  ñîîòâåòñòâóåò n0.

3. Çàêëþ÷åíèå. Òàêèì îáðàçîì, ôîðìóëà (6) ïðè 0 < U < U
F
 åñòü ðàñïðå-

äåëåíèå ÷àñòèö â ñèëîâîì ïîëå, à (7) - áàðîìåòðè÷åñêàÿ ôîðìóëà äëÿ óëüòðà-
ðåëÿòèâèñòñêè âûðîæäåííîãî ãàçà, ïîä÷èíÿþùåãîñÿ óðàâíåíèþ ñîñòîÿíèÿ
×àíäðàñåêàðà [9,10]. Èõ ìîæíî èñïîëüçîâàòü â òåîðèÿõ íåëèíåéíûõ
ýëåêòðîñòàòè÷åñêèõ âîëí è ñòðóêòóð â ðåëÿòèâèñòñêîé âûðîæäåííîé ïëàçìå.

A barometric formula for ultra-relativistically degenerate Fermi-
gas. An exact explicit barometric formula for ultra-relativistically degenerate
Fermi-gas governed by the Chandrasekhar equation of state is derived.

Keywords: ultra-relativistically degenerate Fermi-gas: Chandrasekhar equation
      of state: barometric formula
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Ðèñ.1. Ãðàôèê çàâèñèìîñòè (6); ëîæíàÿ âåòâü îòìå÷åíà ïóíêòèðîì.
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