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In the case of a disc the integral logarithmic mean of order q, 1 ≤ q < +∞
is defined by the formula

mq (r, B) =

 +π∫
−π

∣∣log
∣∣B (reiϕ)∣∣∣∣q dϕ

1/q

, 0 ≤ r < 1,

where B is the Blaschke product for the unit disc. In this case, for q = 2
the problem about the boundedness of the function m2 (r, B) was posed by
A. Zygmund. In 1969 this problem was solved by the method of Fourier
series for meromorphic functions by G.R. MacLane and L.A. Rubel [1]. In
[2] V.V. Eiko and A.A. Kondratyuk investigated this problem in the general
case when 1 ≤ q < +∞. L.R. Sons [3] constructed a Blaschke product for
which m2 (r, B)→∞ as r → 1.

In the case of a half-plane the problem of the connection of the bound-
edness of m2 (v, πα) to the distribution of zeros of the products πα of A.M.
Dzhrbashyan [5] was solved by the method of Fourier transforms for mero-
morphic functions (see [4]). The function πα coincides with B for α = 0.

In [6] estimates for mq (v,B) were obtained by n (v). It is known that
lim
v→0

m1 (v,B) = 0 (see, for example [6]).

Let us define the quantity index p (B) of Blaschke products for the half-
plane as in [7],

p (B) = p− 1,

where p−1 + q−1 = 1 and q = sup{s ∈ [1,∞) : ms (v,B) = O (1) , v → 0}.
A.A. Kondratyuk and M.O. Girnik constructed Blaschke products of

given quantity index for the unit disc [7]. They used asymptotic formulas of
R.S. Galoyan [8]. In [9] analogous formulas for the half-plane were proven.

1 Constructing Blaschke products

Theorem 1 . For any p ∈ [1,+∞], there exists a Blaschke product of given
quantity index p (B) = p− 1 for the half-plane.

Proof. We will prove the theorem by establishing 3 cases:
1. p = +∞. In this case, we will prove that there exists a Blaschke product
such that for any s ∈ (1,+∞), ms (v,B)→ +∞ as v → 0.
2. p ∈ (1,+∞). In this case, using that ms is monotonically increasing
with respect to s, we will prove that there exists a Blaschke product such
that for any s ∈ (q,+∞), ms (v,B)→ +∞ as v → 0 and for any s ∈ (1, q],
ms (v,B) = O (1) as v → 0.
3. p = 1. In this case, we will prove that there exists a Blaschke product
such that for any s ∈ (1,+∞), ms (v,B) = O (1) as v → 0.
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For each case we will findB with the zeros {wk}∞1 = {ivk}∞1 (−∞ < vk < 0).

Case 1.
Since

log

∣∣∣∣w − wkw − wk

∣∣∣∣ =
1

2
log

u2 + (v − vk)2

u2 + (v + vk)
2 =

1

2
log

(
1− 4vvk

u2 + (v + vk)
2

)

≤ − 2 |v| |vk|
u2 + (|v|+ |vk|)2

,

then

log |B (u+ iv)| ≤ −2 |v|
+∞∑
k=1

|vk|
u2 + (|v|+ |vk|)2

.

If |u| < |v| we have

|log |B (u+ iv)|| ≥ 2 |v|
+∞∑
k=1

|vk|
u2 + (|v|+ |vk|)2

≥ 2

5 |v|
∑
vk>v

|vk|. (2)

From (2) and |B (−u+ iv)| = |B (u+ iv)| it follows that

ms (r, B) = 2
1
s

 +∞∫
0

|log |B (u+ iv)||s du

1/s

≥ 2
1
s

 |v|∫
0

|log |B (u+ iv)||s du

1/s

≥ 2
1
s
+1

5
|v|

1
s
−1
∑
vk>v

|vk|. (3)

Since ∑
vk≤v

|vk| =
v∫

−∞

(−t) dn (t) = −vn (v) +

v∫
−∞

n (t) dt >

v∫
−∞

n (t) dt,

we obtain
0∫
−∞

n (t) dt < +∞. Therefore, there exists

lim
v→0

vn (v) =

0∫
−∞

n (t) dt−
0∫

−∞

(−t) dn (t).

Having

0∫
v

(−t) dn (t) = lim
t→0
|t|n (t)− |v|n (v) +

0∫
v

n (t) dt ≥ lim
t→0
|t|n (t),
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we can imply that lim
t→0
|t|n (t) = 0. Hence

∑
vk>v

|vk| =
0∫
v

(−t) dn (t) = − |v|n (v) +

0∫
v

n (t) dt. (4)

Let

n (v) ∼ 1

|v| log2 |v|
, v → 0. (5)

Then from (4) and (5) we obtain that there exists v0 (−∞ < v0 < 0) such
that when v0 < v < 0 :

∑
vk>v

|vk| > −
3

2

1

log2 |v|
+

1

2

|v|∫
0

1

t log2 t
dt = − 1

2 log |v|

(
3

log |v|
+ 1

)
.

If s > 1, we have

lim
v→0

|v|
1
s
−1

log 1
|v|

= +∞.

Then from (3) it follows that for any s ∈ (1,+∞), ms (v,B)→∞ as v → 0.

Case 2.

Let the counter function n (v) satisfy the condition

n (v) ∼ 1

|v|α
, v → 0, (6)

where 0 < α < 1. Then for 0 < ε < α/(2− α) we have

− |v|n (v) +

0∫
v

n (t) dt > − (1 + ε) |v|1−α + (1− ε)
|v|∫
0

t−αdt

= |v|1−α
(
−1− ε+

1− ε
1− α

)
=
α− (2− α) ε

1− α
|v|1−α . (7)

From (3) and (7) we obtain

ms (v,B) ≥ 2
1
s
+1

5
|v|

1
s
−1
∑
vk>v

|vk| ≥
2

1
s
+1 (α− (2− α) ε)

5
|v|

1
s
−α . (8)

In order to find an upperbound estimate for the integral, let’s first prove
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integral representations. First of all, we have

log |B (u+ iv)| = Re

0∫
−∞

log
w − it
w + it

dn (t)

= Re

−2iw

0∫
−∞

n (t)

t2 + w2
dt

 = 2Im

w 0∫
−∞

n (t)

t2 + w2
dt

 . (9)

Taking n (t) = n (−t) when t ∈ [−1, 1] and n (t) = 0 when |t| > 1, from (9)
we obtain

log |B (u+ iv)| = Re

 0∫
−∞

n (t)

t+ iw
dt−

0∫
−∞

n (t)

t− iw
dt


= Re

 +∞∫
−∞

n (t)

t+ iw
dt

 =

1∫
−1

(t− v)n (t)

(t− v)2 + u2
dt. (10)

Let n (t) = n1 (t) + ε (t), where |ε (t)| < 1. Then

1∫
−1

(t− v) ε (t)

(t− v)2 + u2
dt ≤

v∫
−1

v − t
(t− v)2 + u2

dt+

1∫
v

t− v
(t− v)2 + u2

dt

=
1

2
log

(1− v)2 + u2

(1 + v)2 + u2
.

If |v| < 1/2,

1

2
log

(1− v)2 + u2

(1 + v)2 + u2
=

1

2
log

(
1 +

4 |v|
(1 + v)2 + u2

)
≤ 2 |v|

(1− |v|)2 + u2
≤ 2 |v|

1
4

+ u2
.

Hence, +∞∫
0

 1∫
−1

(t− v) ε (t)

(t− v)2 + u2
dt

s

du

1/s

≤ 2 |v|

 +∞∫
0

du(
1
4

+ u2
)s
1/s

for |v| < 1/2.
Since we can approximate any continuous function with step functions,

then without loss of generality we can take n (v) = |v|−α where v0 < v < 0.
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From the following formula in [10]

+∞∫
0

t−α

t2 + w2
dt =

π

2w1+α cos πα
2

, 0 < α < 1

and from (9), we obtain

log |B (u+ iv)| = π

cos πα
2

Im
(
w−α

)
= − π

cos πα
2

|w|−α sin (α argw).

Hence, when v → 0,

ms (v,B) = 2
1
s

 +∞∫
0

(log |B (u+ iv)|)s
1/s

≤ 2
1
s

π

cos πα
2

 +∞∫
0

(
u2 + v2

)−αs
2

∣∣∣∣sin(α arctan
|v|
u

)∣∣∣∣s du
1/s

+ o (1)

= 2
1
α

π

cos πα
2

|v|−α+
1
s

 +∞∫
0

(
x2 + 1

)−αs
2

∣∣∣∣sin(α arctan
1

x

)∣∣∣∣s dx
1/s

+ o (1) .

From here and (8) it follows that ms (v,B) is unbounded when s > α−1 and
that it is bounded when s ≤ α−1. Therefore, q = α−1.

Case 3. q = +∞.
Let us take n (v) ∼ log |v|−1 as v → 0 and n (v) = 0 as v < −1. First

note that∣∣∣∣log

∣∣∣∣w − wkw − wk

∣∣∣∣∣∣∣∣ =
1

2
log

u2 + (v + vk)
2

u2 + (v − vk)2
=

1

2
log

(
1 +

4vvk

u2 + (v − vk)2

)
≤ 2 |v| |vk|
u2 + (v − vk)2

≤ 2 |v| |vk|
u2

.

From here it follows that when u > 1/4,

|log |B (u+ iv)|| ≤ 2 |v|
u2

+∞∑
k=1

|vk|.

Hence,

ms
s (v,B) = 2

1
4∫

0

|log |B (u+ iv)||s du+ 2

+∞∫
1
4

|log |B (u+ iv)||s du

≤ 2

1
4∫

0

|log |B (u+ iv)||s du+ 2s+1 |v|s
(

+∞∑
k=1

|vk|

)s +∞∫
1
4

du

u2s
. (11)
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As in the previous case, without loss of generality, we can take n (v) =
log |v|−1, −1 < v < 0. From (9) it follows that

log |B (u+ iv)| = 2Im

w 0∫
−1

log |t|−1

t2 + w2
dt

 = −2Im

w 1∫
0

log t

t2 + w2
dt

 .

From the formulas above and the following one (see [10])

+∞∫
0

log t

t2 + w2
dt =

π

2w
logw, |argw| < π

2
,

we obtain

log |B (u+ iv)| = −2

Im
w +∞∫

0

log t

t2 + w2
dt

− Im
w +∞∫

1

log t

t2 + w2
dt


= −2

π
2
Im logw − Im

w +∞∫
1

log t

t2 + w2
dt

 .

Then, from the last inequality it follows that

|log |B (u+ iv)|| ≤ π arctan
|v|
u

+ 2 |w|
+∞∫
1

log t

|t2 + w2|
dt, u > 0. (12)

Let now u ∈ (0, 1/4] and |v| ∈ (0, 1/4). Since |w| < (2
√

2)−1, from (12)
we obtain

|log |B (u+ iv)|| ≤ π arctan
|v|
u

+
1√
2

+∞∫
1

log t

t2 − 1
2

dt ≤ π2

2
+

1√
2

+∞∫
1

log t

t2 − 1
2

dt.

Hence

1
4∫

0

|log |B (u+ iv)||s du ≤ 1

4

π2

2
+

1√
2

+∞∫
1

log t

t2 − 1
2

dt

s

. (13)

From (13) and (11) the proof of case 3 is complete. �
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