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Introduction and preliminaries . .
B.Km'anndA.M‘uut-mﬂalﬁndthiamuknmlll. A gen.
eralization of this result is the lattice- i &m:lpmntt.h_enmn(nmed'lhah'a _
point theorem)[2]. In [3] Tarski's theorem is generalized for semilattices. In the present
& fixed point-like theorem is proved for q-lattices. The concept of a q-lattice was introduces
in [4].

[%embra{b;n.u}kcdldqmﬂa&ﬁm.ifltnﬁﬁﬂ?hﬂﬁﬂlﬂin&idenﬂﬁu: Lanb =
bnc(wmmuu:i\'itﬂ: 9 gn(bncj = [anb)nc (mﬂﬁ“ty]; 3.an (bnb) =anb (W“
idempotence). R :

The algebra (L; N, U) with two binary operations is called q-lattice, if the reducts (L;n)
and (L;U) are q-semilattices and the following identities, an(bUa) = aNa, aU(bNa) = aUg
(weak absorption), aNa = aUa (equalization) are valid.

For example, (Z \ {0};N,U), where 2Ny = |(z,¥)| and x Uy = [z, y]l, for which (z, y}
a.nd[::.y]mtheyeﬂatwmmdivﬁan(gcd)mdthelﬂﬂmmnlﬁphﬂm)ofs
andy.i.u.q-httice,whichhmtuh:ﬂae.sinnezn:#zmdzUzgéz. i

TharelaﬁonQQLxLinc;ﬂedsquadmderifitiﬂreﬂadvemdtmmiﬂw. Let
Q be a quasiorder on the set L # 0; then Eq =QnQ" C Lx L is an equivalence;
The relation Q/Eq which is induced from Q on the set L/Eq in the following manner:
(A, B) € Q/Eq + aQb, Va € AVb € B, where A, B € L/Eq, is an order. Further, u"
order Q/Eg is denoted by <q and the class of equivalence which includes the element z j¢
denoted by [z] € L/Eq. The function K : L/Eq — L is called choice function, if K([a]) €
for each [a] € L/ Eq. The pair (L, Q) is called inf sup-quasiordered set, if for each two
of equivalences [a], [b] € L/Eq there exist inf([a], [b]) = [a] N [5] and sup([a], [b]) = [a] L [B]:
i.e. if (L/Eg; <q) is a lattice.

An infsup-quasiordered set (L;Q) is called complete, if for each 0 # Y € L/Eq there
exist inf(Y) € L/Eq and sup(Y) € L/Eq , i.e. if (L/Eq; <q) is a complete lattice. '
mdL; (L,Q) beeia: in fsup-quasiordered set, K : L/Eg — L is an arbitrary choice

r any two elements z,y € L we have:z Ny = K (sup([z], [¥])),z Uy = K(in )
then the algebra (L; N, V) is a g-lattice. eawlinh Wil (in (el D)

Let (L; N, V) be a g-lattice, then the relation aQb «» anNb = aNa is a quasiorder on the
set L, tl::eﬁ.inctth:Lqu — L , which is defined in the following manner K([a]) = ane
is a choice function and the pair (L,Q) is an infsup-quasiordered set, where inf([a], (o]}
and sup([a], [b]) are defined by the following rules: inf([a],[t]) = [a N b], sup([a], [b]) '
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ufa U b]. Moreover, for the operations N and U we have: zNy = K(inf([z], 4])),z Uy =
AK (suplz], ). _

* The function  : L — L of a complete infsup-quasiordered set (L; Q) is called monotone
1if it follows from zQy that »(z)Qw(y).

The function ¢ : L — L of a complete infsup-quasiordered set (L; Q) is called homo-
smorphism, if i is a homomorphism of the corresponding g-lattice (L; N, U) into itself.

The point z of an infsup-quasiordered set (L, Q) is called a fixed point of the function
w:b—'Lrif‘P(z)=='

The function  : L — L of a complete infsup-quasiordered set (L; Q) is called antimono-
\itome, if it follows from zQy that o(y)Qu(z).

The function @ : L — L of a complete infsup-quasiordered set (L; Q) is called antiho-
-nmommphm,ifthcfuncﬁmwhahmnomuphimforthuwrtupmdjngq-htﬁu@;n,u)
uinto itself.

‘Note, that if ¢ : L — L is a homomorphism (an antihomomorphism) of an infsup-
pquasiordered set (L;Q) into itself, then the induced function @ : L/Eq — L/Eqg , which is
fdefined in the following manner ([z]) = [¢(z)] is a homomorphism (an antihomomorphism).

The points z,y of an infsup-quasiordered set (L, Q) with the property zQy are called
salternative fixed points of the function ¢ : L — L, if ¢(z) = y and ¢(y) = z.

The alternative fixed points z, y of the function ¢ : L — L of an in fsup-quasiordered set
j[L,Q)Inwnmlfmcaﬂedmmne,if&neuhdmﬂwﬁxndpdnGa.boftheﬂmcﬁmp
+we have zQaQbQy.

Main result
?Thmml)Mhumommphhntp:L—tLofthewm;ﬂatainfaup-qunioxdemdaet(L;Q)
{has alternative fixed points. Moreover, if [a] = sup{[z] € L/Eq|[z] <q $(lz])} € L/E, is
i the greatest fixed point of the function ¢, then for each fixed point a of the  we have
\aQ(aNa). Similarly, if [8] = inf{[z] € L/Eq|[z] <q #(|z])} € L/Eq is the lower fixed point
yof the function @, then for any fixed point a of the function ¢ we have (8N 8)Qa. Moreover,
 the in fsup-quasiordered set Fiz(p) = {z € L|(z) = z} is a complete in f sup-quasiordered
set.

2)Eu'hmtihomomnrphiamw:L-aLofhhaeomplﬁeinfaup-qmaimdemdset{L;Q)
| hos extreme alternative fixed points.
~ An application of this theorem in semantic of logic programming is considered.
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