WMMWM:WS&M.MQ.

On a Property of the n-dimensional Cube
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baetofverﬁcﬂofthen-dimmdﬂnlcubewhichconmmum

We show that in any su
gn-1 11 vertices (n > 4). Lhuemfourmﬂcﬂthﬂindumuclaw,onhmmmm

that induce the cycle of length eight. A
Waeonﬁda'ﬁniusmllhﬂc=(v-5'} with vertex set V and edge set E. The graphs
The n-dimensional cube is denoted by Qn, and a claw is

conta}nnomuitipleedsuorloopl.
themmplgtebipu'ﬁtewhffu. Moreover, the vertex of a degree three in a claw is called
a claw-center. Non-defined terms and concepts can be found in [1].

Themninmﬁtqfthspaperiar.hefolhwlns:
Theorem 1.Let n > 4 and let V' € V(Qa). IfIV'] 2 2* + 1, then at least one of the
folfomﬁgtwmndiﬁomhdds:

(a) there are four vertices in V' that induce a claw;

(d) tﬁerecmﬁghlmﬁhuﬁﬂ”ﬂmtindwnsﬁnp!ecyde.
Proof. Our proof is by induction on 7. Suppose that n = 4. Clearly, without loss of
generality, we can assume that V| =9. Consider the following partition of the vertices of
Qu:

Vi = {(0,02,05,05) : o € {0,1},2 S i S 4k Va = {(1,aa,03,2) : s € {0, 1}, 2 S i < ).

Clearly, the subgraphs of Q4 induced by V; and V4 are isomorphic to Q3. Define:
V{'—‘Vlnv'.v;=VnDV'.

We shall assume that |V{| = |V4]. We shall complete the proof of the base of induction by
Case 1: [V{| =8 and [V = 1. Clearly, any vertex from V| is a claw-center.
Case 2: [V/| =7 and [Vj| = 2. It is not hard to see that V{ contains a claw-center.
Case 3: |V/| = 6 and |V5] = 3. Again, it is a matter of direct verification that V* contains
a claw-center.
Case 4 |V/| = 5 and |V§| = 4. Consider the subgraph G} of (4 induced by V{. Clearly, if
G, contains a vertex of a degree three, then this vertex is a claw-center. Therefore, wltht:ut
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%8s of generality, we can assume that any vertex in G; has a degree at most two. It is not
“iard to see that this implies that G; contains no isolated vertex. Moreover, since |V} = 5,
2 4 can conclude that G is a connected graph, and, consequently, it is the path of length
asur.
1 Now, let a1, 02,03 be the internal vertices of Gi, and let by, b; be the end-vertices of G;.
vslearly, we can assume that neither of a, a,as has a neighbour in Vj. Since |V3| = 8 and
|| = 4, we have that there are five possibilities for V;. We invite the reader to check that
i1 1 four of these cases one can find a claw-center in V;, and in the final case V” has a vertex
ussuch that V'\{z} induces a simple cycle.
' Now, let us assume that the statement is true for n — 1, and a subset V” of the vertices
27 Q, satisfies the inequality [V’| = 2*~" +1. Consider the following partition of the vertices
Q0
1 Vi ={(0,02,...0n) : s €{0,1},2 i <n}, Va2 = {(1,09,...,an) : s € {0,1},2 < i < m}.
sllearly, the subgraphs of @, induced by Vi and V; are isomorphic to Q,—;. Moreover, it is
diot hard to see that at least one of the following two inequalities is true: [ViNV’| > 2241
bnd |Va N V| = 2™2 + 1. Thus the proof follows from the induction hypothesis.

For the case of n = 3 we have:

roposition 1.Let V' C V(Qs) and let [V’| > 6. Then at least one of the following two

e there are four vertices in V' that induce a claw;
e there are siz vertices in V' that induce a simple cyele.
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