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Abstract

pmeutpapcristhcmndpmofth:papﬂ_lll.ﬁmmhm
innoE::ed a couple of additional concepts and have obtained some additional
necessary eondiﬁonsfmthesoluﬁun of d:e problem formulated in paper [1].
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1. Introduction 5

The definitions of the following concepts: a transitive directed graph., a permissible.
placement of the directed graph, a height ofthe.plac?mcnt of the directed groph, an optimal
placement by the height of the directed graph are given in paper 1.

From now on by the placement of the directed graph we will mean its permissible:
placement. AIIthemulnobw‘nedinthispapermnuefurall!hethmdeﬁnitionsonhehei;ﬁ

in paper [1].
The following concepts are defined in paper [1]: a vertex dircctly following (preceding) the.
vme:,nbnisafaru.ntuusitiwdirmedmwithoncmol.abmnchingvutcx of the transitive
directed tree, a branch of the directed tree, a structure, a partial placement, a height of the vertex
(structure) in partial placement, an inner height, an (inner) incoming (outgoing) height, delta - A*
In chapter 2 of the paper [1] the problem of optimal placement by the height for graphs was
introduced. The problem is NP-complete [4]. Polynomial optimal algorithms for its??? solutiop
are known only for certain special classes [2, 8-12]. In paper [1] the concept of the transiti
directed tree with one root was introduced, the optimal permissible placement by the
problem was formulated for it, and necessary conditions were obtained for the problems solution:
In the present paper certain important results have been obtained for the solution of the problem:
In this paper we provided additional definitions for it. 4,

2. The Formulation of the Problem

Let us recall our definitions of the transitive directed tree with one root and its optima:
permissible placement problem introduced in paper [1].
The transitive directed graph the arc base of which is a directed tree with one root will be callec
a transitive directed tree with one root.
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" Problem: An optimal placement by the height of transitive directed tree with one root.
lvmgmmrmdwmdmmﬂnm6=mmﬁumdmmm&ﬂmw
\\ the height of which is equal to the height of the directed tree H(P,®=mpH(P.G) where

\ %e minimum is taken by all the permissible placements of G .

1. Necessary New Definitions
nenceforth, by ortree we will mean a transitive directed tree with one root,

Definition 1. The branch S of the ortree will be called a direct descendent (or branch T is
‘wrectly preceding branch S), if the first vertex of branch § is the directly following vertex of
s¢ last vertex of T .

MnlﬂonzmMofﬂnmlemmmmwmbemlbdaw

Definition 3. The branch S of the ortree is the descendent of the branch T, if the origin of
se branch S is the following vertex of the terminal point T .

Example 1: the branch {d} is the direct descendent of the branch {b,c}. {d} is the
wscendent of {a} but not a direct one. {d} is a leaf.

" Picture 1. A transitive directed tree with one root and its branches.

Definition 4. The subtree of the given branch of the ortree will be called that given branich
ud the subgraph obtained from all the descendent branches of the given branch: that given
vanch will be called a stem of the subtree (or a basis of the subtree), and the branches following
\faken together will be called a subtree crown.

Example 2: in picture 1 the subtree of the branch {b,c} is the subgraph obtained from the
mnches {{b,c},{d}.{e}}. {b.c} is the stem of the subtree, branches {d} and {e} obtain the
‘own.

Definition 5. The main subiree of the given subtree of the ortree will be called a subtree of
1¢e direct descendent branch of the stem of the given subtree.

Example 3: in picture 1 the subtree of the branch {b,c} is a main subtree of the ortres, that
, of the subree of the branch {a}.

Definition 6. (a subtree of the i-th branching level, a branch of the i-th branching level).

The leaf is a subtree of zero branching level. It is also a branch of a zero branching level.



qﬂuﬁmarmlsk\d e
subtree ; -th branching level will be a subtree subtrees of
mz'mafgrf?;hdmtmw:mmb-m subtrees of i-1-g)

mﬂw;ﬁmmdﬂw!-:hbrmwlwﬂfbemutdnhwdqff.ﬂgw
Example 4: the branches (4}, (e}, {f,g.h} are the subrees and branches of a zenyy
hnnchins?:ﬂ.lhesubu'ecofhmch{b,c}bofﬁeﬁummhmor.
branch -thesemdhu-nchinslm‘cl- i
D@ll(:l}limtlnﬂngawm!p!mmubewqfﬂ!ghmmbmwmbgwi'
Wmd@mﬁmkmsqwmqwmmmﬁ
mkbknﬂmﬂnmmbﬂqfﬂ!mnmorqw”
kaMoMbmedmginswmﬂmmbmmh

#Wmﬂes:hmsmﬂﬂpwtufmemmﬁnmdhpimzhm“E
{e} ﬁ)mnsnbuownofmembmoﬂbcbrmdl {b,c}, but they do not obtain the sut o5
the subtree of the branch {a} (Misfnrdt:whdem),mﬂwm (bc)
U.g.k}plmdbcmmebnnch {d} are not included. :

Picture 2. The illustration of a general placement of the transitive directed tree.

mm;_huuggmm;p:mmlbepmﬂ'a!mbtruofdngfvmnbmwmbew
m,mqummmdmﬂmmordnnmmdammvunwmmmdw
q%erﬂnnmmhn:ogeme.M&hmnﬁebmmmmm?bewaQ:-
other subtrees.

Ennpl:ﬁ:inlheplm:utofpiﬂﬂ:eZthﬁhlneh {a} forms a partial subtree of th
ortree, the sequence of the branches {{a},{b,c})} also forms a partial subtree of the ortree, bi
{{a}.(b.c},{d),{e}} does not. The only partial subtree of the subtree of the branch {b,c} is thi
branch {b,c} itself, the sequence of the branches {{b,c},{d}} does not form a partial sublree ¢
the subtree of the branch {6,c} .

The structure has been defined as an arbitrary set of branches put next to each other and gy
the lemmas about structures in [1] are true for the general definition of the structure. ”
But, henceforth, by the structure of the’subiree (subcrown) we will mean a more concress
structure,

Definition 9. The structure of the given subtree (subcrown) is the sequence of the branchi
which in the general placement are put next to each other and belong to the given subir
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aiuhmwﬂadﬂmtmmwmmwmmmmquﬂgum
Arptruciure.

Example 7: the {b,c} and {{d},{e}} are structures of the subtree of the branch {b,c}, the
tlmpnly branches {d} and {e} - are not. ;

l Dgﬁnltlmlo.mmmq‘&mmmﬂmmﬁﬂnﬂmmd
 withe subtree the ouigoing height of which in the partial placement of the stem of the subtree is
‘swamaller than the inner incoming height of the stem of the subtree.

The general placement is noted in this definition since which one of the subtree branches
llmnlumehmmmédwhmhmmﬂudHofmmmmmgm
ulqlmml(mdﬂdounmdepmdmﬂ:eoﬂusnbhmpmhmmmq,nmmm
:;genowdthuihepuﬁalplmuoﬂhcmonhembmisobuimdﬁomﬂu
uﬂmmtbymuvh;ﬂﬁchmchsofﬁcmuﬂphmmtwmmofﬂw
‘digubtrec and the preceding branches of the stem (as the subtree does not form a structure in the
:.nldmenl:wemuse'apﬁﬁdplmmtofﬂlomhuu”inlhedcﬁniﬁmwufm
fupartial placement of the stem of the subtree). '

Enmp.lel:ﬁ:ﬂhosmenlplmmtofﬂnmmanﬁmdinpmzmebomduy
wioranch of the subtree of the branch {b,c} is {d}, because in the partial placement of the branch
Afb,c) mmﬁmediupimuhoﬁmbnmhnﬁﬂnhominghgighﬂmm“s{d},

8 a b c d -

Picture 3. The partial placement of the branch {b,c} of the ortree.

Definition 11. In the partial placement of the stem of the subtree the sequence formed by the
“\item of the subtree and the branches of the subtree placed up 1o the boundary branch (including
uilthat branch) will be called an integrity range of the subtree.

The integrity range depends on the mutual order of the branches of the subtree in general
ulghwmmLItdoumtfmapnﬁdnbueeinthemuﬂplmmtu&mmbem
litsubtree branches between its branches in general placement.

Example 9: the sequence of branches {{b,c},(d}} is the integrity range of the subtree of the
smoranch {b,c} for the general placement in picture 2.

44, Necessary Conditions for Optimal Permissible Placement by the Height of
tithe Transitive Directed Tree with One Root

Theorem 1. The positive structures of other subtrees placed within the branches of integrity
wirange of the given subtree in optimal placement must be moved before the stem of the given
sisubtree :

Proof: Let us, consider the first positive structure belonging to another subtree placed
stoetween the branches of the integrity range of the given subtree,

Let us consider the subcrown of the subtree, which is obtained from the branches of the
igiven subtree crown placed before that considered positive structure. !
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Necessary Conditions Ojties
. subcrown will be denoted by E. E jsj

mmofmwm::mwlmnlhpwﬂ[l]hnp«iﬁw

already a pegauve plllll-l -

must be moved before £ f the ortree. '

u.mgmg‘mmoym of the given subcrown of the subtreg's

Theorem 2. In the optimal dwwplauﬂbemnlhanorkmmh'
L]

are all positive the the subcrown.
aﬂdnmnﬁcbcmvdnadﬂd’"mmwmmn??ﬁwmmmcfolhumw
F.I:IM. mmﬂ:;“ ”“,’mmmdpnmmemwmm_qrmm _
Faccording to paper (1] lemma 1). Due 0 leP " belonging to another subtree:
mpﬂhﬂ'whichinlhemhofmpw“ °f'."’9'“““"“‘mi,.,,,mm“ s h
Wmmmmwﬂlmwfomlmmum Amﬂﬁﬁmmff .
joned i lemma same lemmas:
mbmr*nmmmﬁ‘.’ L negative structures of other subtrees which in the s
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U Utl wpdwwnny npwighwnhy ophblunwgywé dwnh puwn pupdpnipjwl
oujunhdwy pnijjwwnpbih nbnunpiwl wihpwdtzn wwyswiobp
(0wu Gplpnpn) =

_ll. hwswunnipwb
.Ulill‘lnlhl'll.ll g
gyl hnodwép hwinhuwGnd € [1] honwéh wpnibwlnipnilp: Ujuinbn dbGp

napdniéby 60p npnz Gnp hwulwgnipynGlbn L unwighy [1] hnndwéntd dlulbpupfwé
ntinph nuddwl hwiwp Lu 6h pwih wihpwdbzn wwyswGlbn:

HeoBxoaMEle YCIOBAS ONTEMANBHOR A0MyCTEMOff pPACCTAHOBKH IO BRICOTE
TpaH3HTHBHO OPHEHTEPOBAHHOI'O JepeBa C OJHHM KOpDHEM
(gacrs BTopas)

A. XauaTypsH
AHHOTAIHA LTS
£ACMOALIAR CMambA ABAEMCH NPoJOAXeHueM cmambu [1]. 3aece Mel npuseau

#3KOMOpbie HOBbIe KOHLEeNUU U NOAYUYUAU ellle HECKOALKO Heuﬁxo.aum YcAoBUU AAR
N3WeHuUs 3asauu cchopmyAyposaHHol B cmambe [1]. : E



