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1. Introduction

m.&ﬁdﬁmof&e&lhn@swm:amﬂhcdhmm.mm
plmemcfmedinaedylpl}.aheiﬂ:lofm'phnfmmtofmedkmdm“w
plnémmbymcheigh:ofmcdmdmphmmmpapu[l]. 5

menawmbyﬂ:eplmemofthedinmdmhwewmmiu i
placement. All the results obtained in this paper are true for all the three definitions of the heig

wighoncmot,abrmchingvmofdw'u‘amiﬁvEdhmdmahmch-ofthedh’eetedm,.
m;wﬁdpummLaheightormevm(mm)hpuﬁﬂpmmM
height, an (inner) incoming (outgoing) height, delta - A.

The following concepts were defined in paper [2]:

a (direct) descendent of branch, a (directly) preceding branch, a leaf, a subtree of 4
b;mch,nnemofd:embmmembuummemﬁnmbmoﬁhegimmhm:m
of the i-th branching level, a branch of the i-th branching level, a subcrown of the subtres,
puﬁalsuﬁueeofthesubuae.amnﬂmofthesivensubn'm(mbcmm), nbmmdarym,i
thesubt;_ei:,mintegritynngeofﬂxembm

In chapter 2 of paper [1] the problem of optimal placement by the height for graphs wi
inn'oc_lnoed.The?mblm}iaNP-wmplete [5]. Polynomial optimal algorithms are known only f
solution of, certain special classes [3, 9-13]. In paper [1] the concept of transitive directed try
with one rogt has been introduced, the optimal permissible placement by the height problem
bemfmmuqufo:inmdnemymndiﬁomwbemobuimdfnrmemluﬁmof"
m:::.lnpapcrs[l]md[zlmuinimpnﬁmtmul!shwebeenobuimdﬂmhnwluﬁouof :
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| the present paper the algorithm of optimal solution of the problem and the proof of its
sptimality are introduced.
', Formulation of the Problem
Lammaﬂnwdeﬁniﬁmofmﬂﬁvedﬁwtedmwﬂhmmmdinupﬁmd'
rzrmissible placement problem introduced in paper [1].
mrmﬂrmdmdadgrwhﬂnmbanojwhiahfsadirmadmndlhmemtwﬂlbe
\alled a transitive directed tree with one root.
vroblem: Optimal placement by the height of transitive directed tree with one root.
For the given transitive directed tree with one root G =(V,U) find such a permissible placement
! the height of which is equal 1o the height of the directed tree H(P,G):mjnH(P,G) where the

Wnimum is laken by all permissible placements of G .

. Optimal Placement Algorithm.

Letusomﬁdamyu‘bihryb:mdmf!hemree,daimitby B (Branch), the number of
& branches - by BV,theuumberofthevcrﬁmoﬂbemeedﬁzghmchuufmmch-hy
1P, the number of the vertices of the descendent branches of B - by BT . The inner height of
ue branch is designated by H,, the inner outgoing height - by O, the inner incoming height -
y Ly. Ly=BPx(BV+BT) , O, =BT x(BP+BN).

The method for counting H, isg'veuinpaper[l]indwpmofoflemmz(fonl]hd:m
efinitions accepted for the height).

ur;d:m:mehnuhdghtofmygivm&mbyﬁw.th:minmimhdghb

y Lg,, the inner outgoing height - by O, .

Ugorithm 1. Optimal placement (ordering) by the height of the transitive ortree having m

ranching levels.

. Let's assign 1 to /. Consider all the leaves of the ortree as modules,

. For Mm,ld'saomidulﬂﬂlembmcsofthcmhavingi-ﬂlhmchinglwd,fmudx
whue:mdwmﬁduaﬁonlpplympamdstep4ofﬂ1eﬂgmﬁmmmwuuwd
all the subtrees of the i-th branching level set /+1 to i. Repeat step 2 once more. If i =m
let'aconsidﬂﬂaeonlysubtmofi-d:hannhinglevelwbjchisjmthewholcmhmemd
apply step 3 and step 5 to it.

Order all the modules (primary and residual) of the main subtrees of the subtree under
mmddu:ﬁmukmwgdbubylheorduofgmwthoftheirddm(&mhwingequdﬁm
order arbitrarily) and denote that sequence by S'. Let's denote the stem of the ortree by B
and P, the first module of the sequence S- by M, the partial subtree formed by P and the
module M -by C.

. Apply Algorithm 2 to the subtree considered, transferring parameters B,P,M,C,S to it, in
the result of which we will form the modules of i-th branching level being considered, find
the inner height of the newly formed module of the subtree (called a primary module in
algorithm 2), inner incoming, outgoing heights and delta. The obtained parameters of the
module will be needed for considering the subtrees of higher branching level.

. (Applied only when i=m). The optimal placement of the ortree will be the stem of the
ortree and the sequence S' placed after it. To find the height of the optimal placement for all
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: ence S beginn ing from module M let's apply step 3 of algorithm |

the modules in S‘\{_c,s mit.hlhemultoflpp‘lyinsm3of|lgorim2!
counted quantity Hc ‘"mb‘“"hﬁshlol‘an'.s

odules '
Algorithm 2: Formation gﬁmzfmm takes the parameters B,P,M,C,S of subtrec §

' Algorithm 1.

2 m&'mdlfo’d‘vpwmbecdledthgminimumper.mi!ﬁblemumgm.i
G ight is equal to 0, , inner incoming height is Ly, inner height is H, , ang

and the modules following M in sequence §

aﬂﬂ'Pi.nthegmwingorderoﬁhcirmmJ:

structure imary g .
hmmdp:ﬁn-ywmomdeofE will be called residual modules of subtres E. Go g

step 5. >
3. Evaluating the quantities of
As P let's take C, as M - the
and M m&p&:épz
terative step. Go to
!ruwdmofmeqmﬁﬁaofmmmmwﬂe. As the sequence S we will take th
ordered subsequence of modules of S following module M which have smaller deltas thy
P and apply for each of its module step 3 of the Algorithm with parameters B,P,M,C.§
The He,Le,Oc calculated in the result of step 3 of the Algorithm for the last module ¢
seqmneeS“dﬂbclhninnﬂbcigthmﬁinmmhg,mngoingheigmafmepﬁmw :
i y‘m&luorﬂwp‘imnymndﬂewillbeequalwthcdiﬂhmeeofiu
height and inner incoming height. End of the algorithm. ;

The modules of newly formulated sequence S obtained on step 5 will be called the ta
mu&ﬂninﬂnepmofof‘[‘heomnu(thae.ofwum.mnntthcmodﬂuofﬁ').

Notice that #, L, O, A-s of the residual modules have already been evaluated before the
were just fnmdnpﬁmarymod:ﬂes.minstheﬁmherulhonhcu@ﬁmmm,
fmedpﬁmuymodzdewﬂ]bemeamidun!modnleoramsﬁmmtpmorwimw

of the subtree of higher branching level.

4. Optimality of the Algorithm

Theorem 1. Jn the result of Algorithm 1 the optimal permissible placement by the height ¢
the considered ortree is obtained. 1

Proof: First note that the vertices of the ortree in optimal placement must be put branch b
branch (theorem 1 of paper [1]).

In the optimal placement the modules are inseparable positive structures (as the leaves) - th
parﬁnlmbmwhichdminsthemﬂhnpwcmmdmcphmeminmem(.
np}memswﬂlrcmnininscpmble(thaiil.lhﬂemmlmlbe any other structures betwee
their vertices), and, finally, they will appear entirely in the optimal placement.

To prove the theorem it is just enough to prove the statement below.

G LY.'=LI' Oc.=0,-Lu+O,,, HC =MH’:O’+A")£’
module following the module M in sequence §, as c-€

Lt
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*  Statement 1. By means of induction let's prove that in the result of iteration of the algorithm
“\\. the optimal permissible placement the partial placements of all the subtrees of i-th branching
‘el (taken separately) are obtained. That is, the following three properties take place:

l Property 1. In the optimal placement the modules (of subtrees of(0,...,i—1 branching
\wels) forming the crown of the subtree of the i-th branching level must appear in the order
\Weentioned in the algorithm,
' Property 2. Thzmod:desofthcmbheinﬂwapﬁmalplmmwmgparab& that
ly _Memwlmbeplamdanybmdusafolkermbmubemﬂnbrwdmofﬂm
“wodules.

Property 3. The permissibility of the placement is not violated while ordering the modules
\\f the subtrees of 0,...,i—1-th branching level) forming the crown of the subtree of the i-th
weanching level (theorem 4).

Proof: The basis of induction we will prove for the subtrees of the first branching level.

The leaf is a positive structure. The leaf is also a subtree of zero branching level, and as it is
i 3 inseparable unit in the optimal placement we shall also consider it to be a module by itself

Consider a subtree of an arbitrary first branching level in an arbitrary placement. As the
serown of the subtree of the first branching level is entirely formed from the leaves (which are
znsitive structures), therefore, due to theorem 2 of paper [2] we will have that no negative
wructures of other subtrees can be placed between the modules of the subtree crown. By
fqoplying theorem 2 of paper [1] we will obtain that by placing the modules of the crown in the
lider of their growth the height of the placement will not increase. According to theorem 1 'of
qaper [2] we shall also have that the positive structures of other subtrees placed between the
wranches of the integrity range of the first branching level subtree must be moved from their
mlaces, ; gl

The integrity range of the subtree of the first branching level will be its minimum
nezrmissible partial subtree mentioned in Algorithm 2, and all the branches of the crown not
dicluded in that range the delta of which is less than the delta of the minimum permissible partial
dibtree will become the tail modules mentioned in Algorithm 2.

The minimum permissible partial subtree is a positive structure according to its construction
bind definition 11 of paper [2]. In the base of induction the tail modules are leaves so they are
sositive structures. The structures of other subtrees placed between the minimum permissible
wartial subtree and tail modules are also positive according to theorem 2 of paper [2]. And these
rructures must be moved from their place, since they can be put after the minimum permissible
wartial subtree if and only if their delta is greater than the delta of that partial subtree (according
s theorem 2 in paper [1]), in the case of which it in itself will also be greater than the tail
oiodules.

Thus, the minimum permissible partial subtree in the optimal placement together with the
il modules placed immediately after it forms one inseparable unit (which was called the
trimary module of the subtree being mentioned in Algorithm 2), and in further replacements
dtherever those modules are moved must be moved together.

According to lemma 3 in paper [1] the primary module is a positive structure, as it is
tbtained from minimum permissible partial subree and tail modules (being positive).

The property 1 of statement 3 for the basis of induction is trivial.
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e :ﬁ:ol::mmdnmﬂnﬂui-ﬁlbmﬁms]aﬂmm :
hwuwshﬂvmmwhdhmemofhm?mbemhm h
mmw:urmcplmmnummmcwnwmqumm ‘
MndﬁcmofﬁeMMwﬂa&emﬁﬂumhm‘or .
mbmhlbcuderoﬁhcwﬁofthei{@hnmdmspwcme_pm?w“mor
mbwaplnwdmmmemoddumnmmg!hemc&ufﬂ:.ewqw“h _
{n.ahmudymm&drmomhmmmmsmepomdu}md:umwy :
2 i m&madeﬁem&-:ﬁmmwﬂm :
i ithi of the o subtree
pu'nlln!huecmthmmcm Wlh: 3 0 el m“dofhcm ‘
. x : gy minimum permissible partial subtree ]
"“"i.‘”:".;‘:"&?}."i?“.i"”m it is also proved here that the minimum permissible partia
subﬂeeinﬂxeopﬁmllplammmg:(her“i_thdruﬂmoduluplmdduwdy-.ﬂaﬂfml !‘:
i emil(uﬁchwscaﬂedtthmnarymod:ﬂcofthcmbmumgmmﬁu i
Algoriﬂ:mZ).mdthemmuplndbawmﬂ?emmmbemowdmg,“mm‘
Tomvepmpmyﬁnmcmlitiuufﬁcmmmthcfeummmm
Tlmrr.nz.mdmaofdnpmaymodmbahmlmmwdﬁmqrmm” -

= f the residual modules is greater than the delta of the minimun

samme, their partial placements are also the same). As the primary module includes the mi
pm,-,,mgp..ﬁ,lmnmmmmmmofhpﬁmwwmkhmm
equultol.heinnerhnighlohhepﬂﬁlll"hm

Let's show that the height of the primary module is not greater than the height of th
mh:hnummimhlepuﬁﬂmbmeinmeirpuﬁdplmmmhmmniaequia

ummmhzighmabowﬂlbeeqmlinﬂwmrdplmtuinmcm
wﬁmdp;mmmpﬁmmymodlﬂehmimepuableunihtheuﬂmoMum ;
hnmedindyumweminﬁnummim'blembuwmdlhebmchuukmmmof'
puﬁ:lphmmtmnmjoinedwcithn-oﬁhehw,mmfme.eilhuﬂ;eypassmlhem@:
them or not. I:

We will denote the minimum permissible partial subtree by M, the tail module place
immediately after it - by 7', the partial subtree formed together with A and 7'- by E,ﬁ
innerhgighlofTwﬂlbcdmowdbyHr.lheinnerineominshdghl-by!,.lhcinnuoulgohj
height - by oy, in the partial placement of £ the height of 7 will be denoted by H., th
incoming height - by L;.

As the branches of T belong to the subtree of the stem of M , it means that they are th
descendents of branches of M , ( or only the descendent of the stem of M , if the stem of 7' §
the direct descendent of the stem of M ). Consequently, the branches of 7' and their descendent
'ueals;othedescmdmﬂof!hepmcedingbrmdlﬁoﬁhesl.emofM.whichmordingmlli-
incoming and outgoing heights of the structure allows us to state the following:
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the set of the arcs forming the inner incoming height of T is the subset of the set of arcs
trurming the inner outgoing height of M .

L; =0,, where O, is the outgoing height of M in its partial placement. H, =L, +A,
suzcording to the definition of H; and L. As in any permissible placement the number of the
#cs passing over the structure is becoming greater or smaller over all the vertices of the structure
‘wgually, its delta remains the same for all the plwmmu.udmthnmmmammully.

Thus, Hy =0, +A;,andas Oy, <L, A, <A, ,=> H, <H,, that is the height of £ did
It increase more than the heightof M : H, =H,,.

Oy =0y ~(l; —0;). As T is a positive structure = I, > o, , consequently Oy <0, <L,
‘gt is £ as M is a positive partial subtree and applying the same statement to E a$ we did in
waeofM,inIhemdwewiﬂhavelhcheightorthcpﬁmarymodulebcmgequalm Hy.

Thus, we have obtained that the primary module is always placed before the residual
odules while ordering according to their deltas, henceforth in iterations of higher branching
mvellheorde:oftlwmmodulas(primuymdmiduﬂ)mrdingtod;e_delmahudy
arovides the permissible placement, that is the stem of the primary module will be placed before
wie residual modules belonging to the crown. Theorem 4 is

This implies the proof of Statement 1, by which Theorem 3 is also proved.

. Complexity

The arc base of the given G = (V,U) transitive oriree can be formed by means of operations
“fn’ complexity where n=|V|.

We denote G, the directed graph which is obtained from G in the following way: associate
s unique vertex of G, to every branch of G so that the two vertices will follow each other in
.7y if and only if when their corresponding branches in G are direct descendents of each other.
the following quantities ascribe to every vertex of G,: the vertex following that vertex, the
iumber of the vertices of the branch corresponding to it in G, the number of the vertices of the
sreceding branches of the branch, the number of the vertices of the descendent branches, the
tumber of the branching level. The formation of the orgraph G =(V,,U,) can be realized by
sieans of operations of the order O(n), and the formation of the above mentioned quantities
jeribed to its vertices, by means of the operations O(r,) (where n, = ).

Let's assess the complexities of Algorithm 1 and Algorithm 2. During the work of the
i gorithm the subtree of every branch is considered (ordered) only once (all togeather n,
cranches), the number of the subtree modules of that branch is less or equal to n,, for the
rdering of which less or equal #,logn, operations will be needed, other o(n,) operations will
:e needed to count the delta and the inner incoming, outgoing heights of the newly formed
‘rimary module of the subtree of that branch. The number of the branches of the whole ortree is
jqual to n,, hence, for the optimal ordering of the whole ortree the algorithm will perform
)(n; logn,) operations, other O(n,) operations will be needed to count the height of the whole
wtree. And as n, <n=|V|, consequently the complexity of the algorithm is o(n* logn) .
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UtYy wpiwwnny wpwighwhy ophblnwgywé dwrh owunhdwy
pnjlwinpbh nbnwnpnudb puwn pwndpnLpjw

U. wswunnipjwi
Udthnthnud

{] hanwénid dbGp GBpdnudky GOp Gnp hwulwgnipniG® dky wpdwwnny wnpwighwnhy

{iphbiunwgywé dwn L dlwlbpwby Gpw puin pwpépnipjwl owwnhdw| pnyyjwwnpbih
dibnwnpdwh fuGnphpp: [1] L [2] handwéGbpnud Gblp Ghpdnidh) LGp dh zwpp Gnp
uwuljwgnipyntibbn L unwgby uyn fulnph (nuédwl  whhpwdbpin wwjdwlGbp:
pigunugnpébiny [1] L [2] hanuwéGbpnud unwgdwé wpnynilplbpp L Gbpdnéywé
uwulwgnipniGbpp, unyl hnnywénid dblp unwgb) bOp Gpwé fuGnph nLédwi
punpdw]  pwqiwlnuiwihG wignphpdp L wowpwplby Gpw  owwnhibwnipwG
Ljuyjugntjgp:

OnTaMaAbHasa AONYCTHMAas PacCTaHOBKA IO BEICOTEe TPaH3HTHBHO
OpPHEHTHPOBAHHOI'O AEpeBa C OAHMM KOpHeM

A. Xavarypan
ARHOTaURA

crathe [1] MBI BBeAM HOBYIO KOHIEMIHIO — TPaH3HTHBHO OpMEHTHMDOBAHHOE
‘3peBo C OAHHM KOpDHEM M ChODMYAHDOBAAH 38A8YY €r0 ONTHMAALHO AOIIYCTHMOIH
JCCTAHOBKM 1o BeicoTe. B crateax [1] ® [2] MBI BBeAM HECKOABKO HOBBIX
OHNENNMA ¥ TOAYYMAM HEeOOXOAMMEIE YCAOBHA AAf DelleHHs 3TOH 3aAAYH.
ICIIOAB3YA pe3yABTATHl M BBEAGHHhle KOHNENIMM M3 craTheir [1] m [2], MM B
ACTOAINEH CTaThe NOAYYHAH ONTHMAABHEIA HOAMHOMAAABHELL AAT'ODHTM AAS
BINEHHS 3aAAYH M NPEACTABHAH AOKA3ATEALCTBO €ro ONTHMAABHOCTH,



