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method iscmsiderud.Anllplﬂhmtnmawbicsplhuwiﬂimbwd-type
boundary constraints is derived. .

.. Introduction

CuweﬁtﬁnghufouMmmyapplicﬁiminhmgcpmomﬁng,winpﬂugnphiu,pm
szcognition and computer-zided geometric design. The least squares method is the most popular
1ol to approximate experimental data. The best fit in the least squares sense is the instance of the
snodel for which the sum nfsqunedruidualahasilslelstvalue;nmidudbdugthcdi&'amun
rsetwemmobwvedvﬂuemdlhcuﬂuesivmby_ﬂ:emodel.hnhispm-pmmbicsplimm
e most frequently used curves. Usually the cubic splines with certain boundary constraints
ssomplete splines, natural splines, etc.) are used. In this paper 'we consider more general cubic
tplines with mixed-type boundary constraints and derive a computational algorithm to find the
\:ast squares approximation.

.. Construction of a Cubic Spline with Mixed-type Boundary Constraints
Let us consider a partitioning A:a=1, <t, <---<f, =5, nzl (2.1)
'Fa segment [, b]. Suppose the values v, at the points #,, k=0,1,...,n are given. The cubic spline
¥(x) associated with the partitioning (2.1) is defined as follows (see, for example, [3, 5, 7]):
a) the function S(x) is a cubic polynomial in each segment [t.t:,], k=01,...,n—-1,
b) S(x)eC[a,b],
c) S(t,)=v,, k=01,....n.
The points ¢, of the partitioning (2.1) will be referred to as basic nodes of the spline. Letus
\troduce the following notation for spline segments:
So(x),  xe[ty,4]
S(x) = Si(x), xe[t,1,]
'%:—l(‘l,")li "F € B.'l"l]
Thus, we need to construct cubic polm@a{?forthe values k=0,,...,n—1
S () =a'C+al's} £ax+al,  xelt b,] @2
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b
i SI(I.)‘I:‘L'.. sg(h-:)"".:- k=01....,n=1, m)":
0= Siala)s Si0)=Sa(a)e k=12....n-1. Q4

we need 0 find 4n coefficients ﬂnm-“}”-’g“-‘aw- k=0l...n-1
o s o L B S

5 : should impose TWO 3 ; i

unique solution, W& iR afuwmuudmofmw[n.b](uh -'

example, [3. 4. 5D : . condits
Inmis;upﬂ'uvwillmndﬂ'muwd-wwy tions
a,s’(a)+ﬂ35'(ﬂ)=‘d.- ﬂlr(b]‘bﬂ:s‘(b):di‘ u‘s) :
Assume that
@, 20, a;s0. ai+ai =0, 8

p;zo,p,zo. Bi+B:#0. Qn
Asi:wﬂlbesecnbclow.thscqndiﬁon’gz.ﬁ)md@-ﬂpmvidﬂkemofmm' !

mllumcg;hilixyofanummcal:lsomhm. o _
l-‘imlelnscomid:rmeuse.when n>3. For the sake of simplicity, we introduce the

following notation:
b=t~ h k=0]l..,n-1, @s)
Aml -s;ul) L] k=0,l,...,ﬂ"l. ml -s;-l('-)n (2‘” L
M, =S{(@) k=0L..n-1, M, =S.(). Q-W)J:.‘

.hhspupﬂ[l]i:wuobuincdthatmenynmﬂofthespum S(x) can be written in the
ey

e

v,,,-v, ZM,‘*MM L -ji._ = M o —M‘ :
e A L A

sa(x)“"a"‘[ A
where_ ' the  quantities M,, k=0lL.,n are calculated as follows. To ﬁlﬂ'

M=[M, My MLT first we solve the linear system

HM=g

with the symmefric positive definite matrix @12
dy b !
b od b 0 ;
Bpatt o By, i :
WS, e
0 hb-! dn—l "'-—I ¢
by dg !
3h, (4a, —a3h,) 3

d = e | Yebead Bt i 2
1= 203a, - ayhy) 5 ﬂ-"):g_
dy =2,y +h), k=23,...n-2, (2.15')"'5
ooz s BB i) ol

: : 238, + B,h,.,) -
And the right-hand side g =[g, g; - 8, ] is defined by the following formulac:
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e S s o =), o
& =5(—-ﬂ£&——r—"—} k=23,...n-2, Y (2.18)
S oy v e GO T
r=n 3
M,= [._3_ M, + {g' —a, I'_"_"&]] ! . (220)
3, “’z"n h, SRR
1 [_Bh,, v, -,
S s B O 'ﬂ“ﬁﬂ S

I" Thus, we have discussed the case, when n=3. Now let us consider the cases n=2 and
l=]mpu-nu=ly

/' When n=2, from the equation (2.21) we get:

A V=¥
sl 3ﬂ.+ﬂ=h.[ e i {d"ﬂ‘ m J] o

@ quantity M, is already defined in (2.20). Inserting the expressions (2.22) and (2.20) into
£12) yields

dtul"gls (2.23)
T Shy(4a ~ahy) | Sh(4F + )
A e —arh) T 2G5+ Bk (R
. V=¥ W= 3k, r "l“’o] 3h, ( ]
TR ) s Tor B\ ) @29

~ In doing so, for k=0,1, similar to the expression (2.11), we have:

(%) =V, +(v,,}'-—v, £ ;M—"""’r](x_‘a)"‘ﬂ'("‘t}l"“_—‘—M“I—Ml G-4). @26
A

Finally, let us discuss the case when n=1. Writing the equation (2.21) evaluated for n=1,

1 get:
ﬂz"o _ah~V%
M, = 3 +.83 [ > {d, B —-]] :

Iting the expression (2.20) for M, into the last equation, after some rearrangement we obtain

2(Ga, ~ayh,) d, - 3: "o J ﬂ:bo(da—“:ﬁiv—n]

43a, - a,h )3, + Bih,) + @, frh;
In accordance with the preceding case, we get:

M, =6 @27
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= Least Squarss
2 M, Mo (x-
s (x)-=v,+[ = ':ﬂg’;ét'”"‘]‘"")*'f'(’ ol
mmmmormmms' mﬂpﬂmmwmm"mhntj
constraints iS
1

a Cubic Spline
i : i data points due to its stable g
Cubic spline ﬁumsTl: :hi?dml a numerical algorithm of constructing a cubic spline
£ i,p,mm-setafmﬂ data points (x,.y,) §

given: '
_.E_Ix,|x! I-"IS. ) >
y yﬂ yl bt yﬂ 0“
Consid agﬁollw'nswﬂ:m“““‘ws(’)”“m""‘mm
2

E= gﬂ,[s&,)—}’,] . m

P — m',oﬂuwwmmwmofﬂmwcmmmi

qllﬁﬁu Vu,'l’]."'-v.:,
E("o-“lo---""-)" Zﬂi[s(r":)'yul . M
s
M.mgumumazjmm&umm:mﬂnqmmu Vo,V yeens¥s Stich tha
E(v,,v, .....v,)-- wm.b'(v,.v,.....v, : M
The construction of the cubic spline consists of several steps.
Step 1. Definition of quantities M, k=0,L....n.
Casesnz3.n=2mdn=lutdisamedupunely. I
Case n23 :

Certainly, we can define the mentioned quantities M,,M,,..., M, , by solving the syste.
with trindiagonal matrix (2.12). But it is more appropriate fo find H™ matrix and get i
formula of M as J

M=H"g. i
For this, we can get the elements [, ]7%, of the matrix H™ b'yulingthcmclhodm“mg?i
(8], For k=12,...,n~1, having in view the equalities (2.17) - (2.19), from (3.5) we get:
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! =r o
M, :Eﬂ*g, =4,,8; +§6;,x, #6048, =
J=l

V=% _n-% 3h, ( o V=,
"“[ p h.,J Y ]]*

{v!, v, : v!—v,_,J‘_
=] hy.

ah-'l: Va Vet Vs = Vo a] 3h,., Va ""HJ]

TR 3ﬁ.+ﬂ,h..,[‘ e
2 3h, { R el ) 3h, Y=y
”"w.-azhkd' R ] e Gl
= ";—a
sler grouping by quantities v, , we get:

uere

"o = ¢ adty. s
hy 3a -ah

22 o,

6 6
o Ot T 6 =~ +— (6, - nts
m= hn ’l| h _a!h' +h| k 7 +h|(a 9 )

1 1 1 ! : :
W ={k |9”-| [h‘H +h‘}‘ +E61”1J, j=2'3.m’n_2'

3.7
,,[_2_ _&__],, :
2 by 3B +ph,, %

2 2 . 6 6 ‘
el = E*’E‘Pﬁ;_ ll—l+z:alu-l=_rh+ckln-l—akﬁ)'

hlld o h-—ldi J

3a| ayh, = 38, + fih,, Ohent

Let us get similar expressions for M, and M,. Submumng into (2.20) the expression for
from (3.6) and after some rearrangement we get:

M, =270;V1 +0y, - (3.8)
=0
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a, 3.k

Yoo = 3a, - a:h [I*. - ’“]'
o -"'3- i?’ ]o

f«"szr-"s:at[ B2

ah\i x az,l...,ﬂ.
n"m’” J
1 3d E’.’_"’-g ]
R T A
Similarly, from the formula (2.21) We 8¢t
M.-Zr.."ﬁ‘ﬂ'.-
=

3 Ay
Yams s3ﬂ."'ﬁxh.-l (h-a 2 YHH]‘
R e Y |
Y =3t B\l 2
1 _ﬁxh-l
% =3B, + B:he. [”‘ 2 ’*']'
After inputting the vectors

ﬁ'w[M, M, M, M,r. v-[v, Yy Voot v_]r
and summing up the expressions (3.6), (3.8).lnli (3.10), we can write:

M=Iv+o,
where

Yo Yo - Yoma You
To Yu o Net s
I'= - - ] [
Yoto Yatr oot Yotwt Vu-in
Yo Ym o Yama Yem
Case n=2

In this case, we have quantities M,, M, and M. From the equality (2.23) we have:

M, =2

@
(.12
@13

G.14)

@.15!

1
Letusmbsﬁmlheexpmsion(zminsludofg,.Nowwemmmdmmﬂ

equality (3.15) as follows:
2
M, *Eh;"; +0,,
J=0

o
!.
ii.
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A3 s g
Ui d, 3a,-ah, )’

hy
. _1( 2.2, a B, J
" "n "| 30', ah, 33:"“”:":
B
di\h 3B +ph)

__3(_hd, .34,
o d.(sa,—a,k.+3ﬂ.+,a,h,]
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(G.17)

Jote that d, is defined in formula (2.24). Similar to the case 12 3, for the quantity M, we get:

M, = ir,,v, +0, .

'l'henmsﬂ'lmgﬂwexptmmnﬁ lﬁ)msteldnfM from (2.22) yields

My =379 40,
=
uhere

. .
7208+ ) "

ey B [3 h ]
4T3+ B\, 2

RN e
oA 3ﬁ.+ﬂ,f-.[h, 2""J

1
%= 36+ B (3""%”‘)‘
amming up (3.16), (3.18) and (3.19), we get the formula (3.13) for n52.
Case n=1
From the expression (2.27) we have:

Ml:i"u";"'ﬂ'ls
J=0

e 6 25, G, ‘“:"u)"a;_&ho

= hy, 4(3a, - “:"n)@ﬂt"‘ﬁ:hn)*“:ﬁz"g’
y 6 ~24,(3a, - ahy)+a,fyh,

i ﬁo 4G3a, — ayho)3B, + Paho) + s By’
0,=6 2(3a, —a,h,)d, — Bihd,

4Ga, ~a,h)3B, + Bih) + s By
Similar to the case n2 3, for M, we have

(3.18)

(3.19)

(3:20)

G21)

G22)
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2
Hngy“VJ +0,- g :
the formula (3.13) for n=1. Thus,

Summing up the
y.:Zr.v +0,, k=12..n-l GJQ

the value of 7
Supzwmﬁmmofme\duﬁ S(x,), for i=0L...m. -
the formula for the value S(£), {G[a b] through the

VgsVpreens V) . Assume fei'a ‘m] 0sksn-l. [ﬂﬂlﬂmﬁmﬂ:mmﬂ“m

= 1 th M
S@ =5 ="+ [3*’",;:3" = h.)(f-f.)+—’-(g‘-l.)' +'—‘§h,__(" -) (31,9:.
(see also the formulac (‘2.26)and(2-28)} Wm&wo.zqmor"“f

we get: : |
s(ﬂ“gﬂ;(ﬂ‘"; "'Jl(ﬂ' mi
ﬂ"'({) ﬂ_n' +3,(§-1)-C- ")3)7¥ +(_"|I +(E-n) )rnou] c"ﬂ-n

for j=01....n. Then,dcﬁnemefouowmsqmnuu
Fy({)=”§{f)l Jrkk+1, g_m-!

i E-t
() = fu(§)+1- k..' an:j
ﬂllol(ﬂ-ﬁllol(ﬂ"'%n (33@{ |

5,€)= 28 + 3 e -10- - ~) o+ C B +E-1) o). osﬁr

F““d’wl”“ﬂx.-f'&lp m, after determining the segment [1,,1,.,] the
from (3.26) we have: N mu“"’-l

S(x,)sga,vﬁg, GMF

where y
a, = py(x), i=0L.,m, j=0L..n, (m-,'t

p=8x), i=0l..m. f

Let us introduce the vectors .(-\‘) el ﬂ-‘ﬂ
S =[S(x,) Sx,) - ST, v=[vo v, - :

From (3.32) we have: Istea) S65) - S, v=foo -l 93@*
S=dv+p, Glﬁﬂ

where
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Gy Gy *- G, Py
A [ &
Ot Ouy *** Gy P

“  Step 3. Definition of the quantities v,,v,,...,v,.

/ We have already found the expressions of the spline S(x,) in the form of equation (3.32)
“spending on the quantities v;,v,,....v,. Substituting these expressions into minimand (3.3)
bLizlds

- - " ’
E(vy, Vs Vy) = ZW:[S(-':)-J’:F -~ Zm'[zﬂ;"; TP ‘yu] ¥
=0 =0 | =
Zaleafa‘val "225[0'1 -V, +(, _p‘)z] =
=0 =l J=0

;ﬂ[g:a,a,a,},v, ‘ZJZ‘[Z"W: 67 _P:)]"; "’iat(y; -5).
I v taking partial derivatives of E equal to zero, we get a system of linear algebraic equations
vormal system):
Z[H ayma, v, 'gaﬂr(ﬂ =), J=0L...n. (3.38)

=)
affler inserting a diagonal matrix
@y

bid a vector of the data

y=b¢ b {1 ___y-]l"
£2 can write the normal system (3.38) in the form
A"Qiv=A"Q(y- p), (3.39)
uhere the matrix A4 is defined in (3.37), while the vectors v and p are defined in (3.35) and
-.37), respectively.

Let us sum up the steps above. By solving the normal system (3.39), we get the optimal
lilues v;,v;,...,v, of the quantitis v,,v,,-+-,v,, which are solutions of (3.4). Then the cubic
lilline S(x) is constructed by the method, given in Section 2.

Finally, let us define some properties of the matrix 4"QA, particularly, the conditions of
15ing a nonsingular matrix.

- For any vector v, we have:
. I

2 Alia } wdt :
(A"QAv,v) = (QAv, Av}=Za,[2a,v,] : £ *+(3.40)
) Al =0 J=0
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(,[’(Mv.v)zo Yv.
i itive semidefinite matrix. ¥
$:34;m {74 becomes a positive definite matrix. §
ing (2.1) of the segment [a,b] is ke
+ Assume m>3n and partitioning 2. such
e 3-,‘ ).osksu-l Mm!mdmmlmﬁm@aa”_ *;}
whiel |
3.1 is satisfied then A"Q4 is a positive definite matrix. :
Proof: Consider the following intervals of partitioning (2.1):
AG ’[‘n-ﬂ)v Al =[‘l'f=)‘""ﬁ"‘ ’["_:'l'-')' A'-{ =[‘-lv"n] .
Having in view the notation (3.33), ﬂ:‘ equality (3.40) can be rewitten as follows:

2
- 1
(A'M.v)-aﬂ.[g!%;(‘a)"f] +£ﬂ.[§h(r.ﬁ;] +m+..§.“‘[§”’“”("')“] =

5-24: % “a[gﬂv("i)":]:'

k=l x el

Theorem 3.1: If condition

m L]
81(‘)'2”!(")"}’ xe[‘b‘hl]- k=0\l.n-1 a-“)l
=0 ;
(3.30), the function B, (x) is a cubic polynomial and

As follows from @2n-
B,(t)=v. B (tha) =Viar- (3.42)

Thm-
h!rmv.\’)- E E a'B: x‘,. ¥
=0 x,03, ( (3.‘3’

Assume v=[v, v, %] # 0. Now let us discuss two possible cases.

a) The vector v has a zero component. In this case, there exists a segment [t_.¢_],
0<m<n—1 such that v, =0,v,,#0 or v, #0,v,,, =0. Since B_(x) is a cubic polynomia]
with the property (3.42), it can have no more than two roots in (f,,4.,). Thus, from the

condition 3.1 we get:
Y 0,Bi(x)>0,
xed,

and from (3.43) we can write, that (4"QAv,v)>0.

b) The vector ¥ does not have a zero component. In this case the polynomial B, (x) =
have no more than three roots in (,4,,). Since m>3n (condition 3.1), then from (3.43)-‘
obviously follows that (4"QAv,v)>0.

The theorem is proved.
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3 crathe pACCMATDHBECTCE ANNPOKCHMAINS 3KCIOCDPHMCHTANLHEIX JAHHEIX METOHOM,
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