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Abstract:
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which is similarly formulated in [2] (the problem of minimum cut arrangement of
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i j.e. the problem of optimal permissible plm_er_nem'hy the height of the
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1. Introduction
Let G=(V.U) be a graph on the set of vertices ¥, where ['|=n. A one-to-one function

PV {12,V is called the placement (numeration, arrangement) of graph G.P(v) is
called the position or number of the vertex vel .

In other words, to numerate graph G means to put its vertices on the coordinate line, so that
the vertex vV will be placed on the line in the position P(v).

If (u,k) e U and P(u) < P(v) < P(k) or P(k) < P(v) < P(u), we will say that the edge (u k)
passes above the veriex v € V.

Let us give the following three famous definitions of the height of the vertex.

The height of the vertex V€& ¥ for the given placement P s

hy (v) = (s, k) € U P) < PO < PR

The height of the verlex veV for the piven placement P s

k,(v)s‘{(u.k]e U, P(u) S F(v) < P{Hn.

The height of the veriex velV for the piven placement P i§
hy(v) = |l k) € U3 Pu) < P(¥) P(b)}-

The height of the graph G=(V,U) in the given placement P will be the
H(P.G)=n‘1:xh,(v)_

The height of the given graph G will be the H(G)= mjn H(P.G), i.e. the minimum from
the heights of all P placements of graph G
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The aforementioned definitions are applied to directed graphs as well.

The placement P of the directed graph G = (V,U) is called permissible, if P(u) < P(v) for
2ye arbitrary arc (u,v)elU .
~ Itisclear, that if a directed graph contains a directed circle, a permissible placement will not
xist

Let G =(V,U) be a directed graph without directed circles. The directed graph G is called
iwansitive, when for all pairs x,zeV, if there exists a ye ¥, for which (x,y)eU,(y,z)eU,
en (x,2)eU. :

The Section 2 shows, that in common case, the minimum height placement problem is
1iP~completc for graphs, the minimum length and width placement problems for graphs and
uirected graphs are also NP-complete [3-6]. The optimal placement problems for some partial
unses of the graphs have polynomial solutions [1, 7-11].

In this paper in Section 3 a new concept is introduced: the transitive directed tree with
tne rool. In Section 3 we have formulated the minimum height placement problem for a
sransitive directed tree with one root. In Section 5 we give the necessary conditions for solving
inis new problem mdlhr&ispmmmeimpoﬂmtnewmmumfomulutedin%ﬂioni
secause the problem considers a new concept, a new subclass of transitive directed graphs,
{shich requires a new approach.

.. Related Problems and Results
set us present the following famous problem for the graphs, taken from the book [2]:
«]. Minimum cut linear arrangement of the graph
Instance: Graph G = (V,U), positive integer K .
Question: [s there a one-to-one function P:¥ — {1,2,...,| ¥ |} such that for all /1 <:‘<;V|
H(n,t)e U:Pu)<i< P(k)]s K?

Reference [3]. The problem is NP-complete: transformation from simple max cut problem.
vet us formulate the following famous problem for the directed graphs (as we have noted above,
ae placement, numeration and arrangement of the graph are similar concepts and the results
‘btained for one of these concepts are applied for the remaining two concepts as well):

«2. Minimum placement by the height of the directed graph

For a given directed graph G =(V,U) find a F,,, permissible placement of G, so that its
eight equals lo the directed graph’s height: H(P,,,G}=mrin H(P,G), where the minimum is
iken from the all permissible placements of directed graph G .

This problem is NP-complete. Minimum length and width placement problems of the

irected graphs are also NP-complete [4-6]. The solution algorithms for some special cases of
1ese problems are of polynomial complexity [1, 7-11].

). Notations and Formulation of Problem

Hereinafter, by the placement of the directed graph we will mean its permissible placement.

In the given directed graph G =(V,U) vertex x directly follows vertex y (and vertex y
irectly precedes x)if (x,y)el/.

The directed tree with one root is the tree the arbitrary vertex of which is directly preceded
nly by one vertex (the number of the incoming arcs is equal to one) except of the vertex which
oesn't have a preceding vertex (that vertex will be called the root of the directed tree).
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directed graph G =(¥,U) will be called its sub

G'=(V,U" which is obtained from G by means ofﬂfc following operation: for the arbitrary
vertices X, 2 of the directed graph a.irghutcxuuudntcmdpuhﬁm x 10z and (x,2)el)
then the arc (x.2) will be removed from G': (x,2)eU’. .

¥

Definition of transitive directed tree with one root.
. dww:ﬁwroﬂwﬁikrhemymdimftdgmm,&mmﬂ

wkzc.:hﬁ:wwadlncmdmwuhwm 2
In this paper we will discuss the necessary oulldxpons for the following special case ﬂ‘;
minimum height placement problem of graph: the minimum height placement problem hi
transitive directed tree with one root. '
Problem. Minimum Permissible Placement by the Height of the Transitive Directed Tree 'lﬂ
One Root. il

For the given G=(.U) transitive directed tree with one root find a F,, permi I
G. so thar its height equals (o the height of the directed tee:
where the minimum is taken from the all permissible placeme @g

106 Necessary C

The arc base of the transitive

ment for
H(P,,G)=min H(P.G).

G.
4. Necessary New Definitions for Solving of the Problem ,

Definition 1. : '
The bmnchingwnuofﬁeg:‘wndwqed_m with one root G =(V,U) will be called the
vertex which is directly followed by more than one vertex. ]
Example 1: the vertices a and ¢ are branching vertices of the directed tree in picture | but
the vertex & isnota i i :
Definition 2.
The branching vertex of the given transitive directed tree with one root G =(V,U) will be
branching vertex in the arc base of that directed iree. ‘
Example 2: the vertices a and ¢ are branching vertices of the transitive directed tree |
picture 1, the vertex b is not a branching vertex of the directed tree.
'

Hereinafter, saying a directed tree we mean a transitive directed tree with one root.

Definition 3.
The branch of transitive directed tree G will be called its subgraph when its arc base s
'“,t it doesn't possess branching vertices excep' of the last veriex, the last veriex is eithe
a‘ OHrK hing vertex or doesn't have the following vertices, and the vertex directly preceding th
first vertex of the branch is a branching vertex of another branch or the first vertex of the brm.'}l

is the roat of the directed tree. |
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Picture 1. A transitive directed tree with one root and its branches
| Definition 4.

In the given placement the arbitrary one or several adjacent placed branches of the given
direcled tree will be called a structure.

Let us define the following properties of an arbitrary structure of the transitive directed tree.
Definition 5.

Two structures are said to be connected if the vertices of those structures are joined by arcs
Definition 6.

The structure is said to be negative {f the number of incoming arcs is less than the number of
ouigoing arcs. Otherwise, it will be sald lo be positive.

Example 3: The branches {b,c) and {d} from picture | obtain a structure mentioned in the
placement of picture 2, but the branches (b,c} and {e} do not obtain a structure.

Picture 2. [llustration of a placement of the transitive directed tree and its structure .
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Picture 3. The partial placement of the mentioned structure of the transitive directed tree

efinition 9.
D e height of the vertex (structure) in the general placement for the given definition of
height will be called the general height
Definition 10. _ :

The height of the given veriex in the partial placement P will be the height of the given
of above mentioned definitions of height, when only the structures of the

vertex from any
placement P are placed. 4 g : 3
Example §: The height of the vertex ¢ in the partial placement from picture 3 is equal 10 4
for the first definition of the height.
Definition 11.
nt P will be the maximum height of its

The height of the given structure in partial placeme
vertices in partial placement P . L ;

Example 6: The height of the mentioned structure in the partial placement from picture 3 is
equal to 4 for the first definition of the height

Definition 12
he structure in the given partial placement P will be the sum of the

The incoming height of t
number of arcs passing over the structure and the number of arcs incoming the structure in the

given partial placement P
Definition 13.

The outgoing height of
number of arcs passing over the structure
the given partial placement P .

Note that the incoming and outgoing heights of the structure (of the vertex) do not depend
on the definition of the height.

Definition 14. <
The height of the vertex belonging 10 the given structure in the partial placement of the

given structure will be called the inner height of the vertex.

Definition 15.

The height of the struciure in ilS partial placement will be called the inner height of the
structure.
Definition 16.

An incoming (ouigoing) height of the structure in its partial placement will be called the
inner incoming (oulgoing) height of the siructure.
~ As only per!nissible placements are considered, the inner height of the structure and inner
incoming, outgoing heights are therefore uniquely defined in the given general placement.

the structure in the given partial placement P will be the sum of the
and the number of arcs outgoing from the structure in
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Example 7: When we assume first definition of height by the height of the vertex, the inner
jiseight of the structure from picture 2 will be 4, the inner incoming height — will be 4, the inner
luptgoing height — 3, the general height - 7.

'wiefinition 17.

Let us define as the delta (let us denote it with A) of the positive structure the difference of
ws inner height and inner incoming height, and for the negative structure we shall take the
\lifference of its inner height and inner ouigoing height.

Example 8: When we assume by the height of the vertex the first definition of height, the
Isflta of the mentioned structure from picture 2 is null and the delta of the structure (f,g,k} is
iminus 1.

From the definitions 12, 13, 16 and 17 follows, that if the structure is positive, its inner
smcoming height is greater than the inner outgoing height, otherwise it is less than the inner
uutgoing height
sOefinition 18.

Two structures are said to be permissibly replaceable in the given placement (according to
wach other) if the permissibility of the placement is not violated by putting the second structure
ilirectly before the first structure.

. Necessary Conditions for Optimal Permissible Placement by the Height of
the Transitive Directed Tree with One Root
. £mma 1.

If the positive structure is placed directly after the negative one and isn't connected fo it, the
seight of the placement will become less by the replacing the positive structure directly before
' he negative one.

?roof.

The height of the positive structure will become less, as replacing it before the negative
jtructure, makes incoming arcs (which are less in number than the outgoing arcs of negative one)
»f negative structure pass over it. The height of the negative structure will become less in the
uame way.

Lemma 2.

For the given transitive directed tree the inner incoming height of the arbitrary branch of
"he tree is less than the inner incoming heights of the vertex having maximum inner height in the
Sranch and the vertices of the branch preceding il, and the inner ouigoing height of the branch is
‘ess than the inner outgoing heights of the vertex with maximum inner height in the branch and
he vertices of the branch following it.

]

\\;eﬂellllhedi:mdwhawholechninM)mitdom‘tpossasanybrmdﬁngvmm
s placed on the line.

The whole chain with m vertices will be denoted by C,, = {v,,v;,....v, }.

The outgoing height of /-th (157 < m ) vertex of C,, (which is denoted by o, ) is equal to
o, = i(m~ i) . The incoming height of i-th (1< /< m) vertex of C,, (denoted by /, ) is equal to
the outgoing height of /—1-st vertex: [, =0, (due to the definitions 12 and 13).

Thus, the plots of incoming, outgoing height of the vertex of the whole chain have the form
of a tumed parabola and reaches its maximum in the centre of the chain. In the case of m =2k
the k -th vertex has a maximum outgoing height, and the k +1 -st vertex has maximum incoming
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height. The &-th and & +1-st vertices have rismery: outgoing height when m =2k <1, mg, :
e “Lndmwrt-“-xmm i :;:sheiﬂm;rmc i-th(1sism)ventexin C_chainjg

In case of the first definition of height. . -

ual to A(v,)=U 1){m—1) . therefore when m=2k, v, and v, vertices have the maximum
equal to AV )=U" - v . . |
g A (o) = A ()= = 804 oo (A2 =) w8 s

I case of the second definition of height, the height of the i-th (1Si<m) veriex i
(5; c:ain is equal to Ay(v,)=i(m-D, therefore when ”'=:‘”" v, vertex has the maximum
hc?s,hr. h(v,) =k, md ¥;, V., vertioes ("z‘-"a"":("l-l""r_** ) when m =2k +1 : |

lnu;cofd:etllirddeﬁniﬁonofheighl. the height of the i-th (1siSm)vertex in C_chain
is equal to h)=i(m-i+D-1, therefore when m =2k, V; 8:'"* ¥y, vertices have the
maximum height: by () =hy(,.0) =K +& -1, 80d Vi, (Iy(¥n) =& +2k) when m =2k +1,
Putting all these together, we can state thal the following property takes place: the incoming
heights of the vertices preceding the vertex having maximum height in the whole chain are.
monotonously growing towards the veriex with maximum height and the outgoing heights of the
vertices following the vertex with maximum height are monotonously decreasing.
of the given directed tree(denote it by B). Let us place the

ing chain of B, the branch B and the cTown of the subtree of that branch B having an
arbitrary placement on the line and denote that placement by 7. Let the number of the vertices
of that placement be equal to m.ltiseuywmﬁncﬂtﬂwmobmplmm P by taking
away some arcs from C,. The vertices of the considered branch form a subset of adjacent
vertices at  C,, (let us denote it by S),ilsheight(mal'utheheishtofmcww
maximum height) will equal to the inner height of B _branch in .plancm_eu: P. The incoming
(outgoing) heisghlu of § will be equal to inner incoming (outgoing) height of branch B in
placement P and those heights will not depend on mutual order of the brmch:s oft:hem of
the subtree of branch B in placement P. The vertex of C,, with maximum height we will
denote by €, -

The outgoing height of § is equal to the outgoing height of its last vertex (which we have
already counted), and the incoming height is equal to the incoming height of the first vertex (due
to the definition 12 and definition 13). If the last vertex of S precedes ¢, the height of § is
equal to the height of its last verex for all the definitions: of height. If the first vertex of §
follows ¢,,. . the height of § is equal to the height of its first vertex for all the definitions of
height. Otherwise, S contains c,,,, and the height of § will be equal to the height of ¢, ( the
heights of the first, last vertices of § and ¢, We have already, counted).

Taking into account all the considerations brought above and that the incoming heights of
the vertices preceding ¢,,,, are monotonously growing towards ¢, and that outgoing heights of
the vertices following ¢,,, are monotonously decreasing , we will obtain the proof of the lemma.
Theorem 1.

The vertices of the transitive directed tree in the optimal placement of the tree by the height
must be placed branch by branch.

Proof:

Let us consider the arbitrary branch of the directed tree in the arbitrary placement (denote it

by B). Let us denote the vertex of the branch having maximum inner height by v, . group the
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vertices of the branch round v and show that the height of the general placement will not

grow.

As the inner height of the vertices of the branch grows towards v__ and decreases afier
¥, » the new height of those vertices after the replacement won't be greater than the height of
¥pwe - According to the lemma 2, if the vertex v of branch 8 precedes v__, the inner incoming
height of v is greater than the inner incoming height of branch B and is equal to the inner
outgoing height of the vertex directly preceding v in branch B. The number of arcs of B
passing above a vertex u of another branch, placed between the vertices of B is equal to the
inner incoming height of the first vertex of B placed after the vertex u. Therefore, after
replacing the vertices of B towards v, the number of arcs of branch B passing above the
vertex u will become less and the general height of u will decrease.

The case of the vertices of other branches placed between the vertices of B and following
the v, is proved similarly. :
Lemma 3.

From the merging of adjacent placed posilive (negative) structures the joint structure
obiained by their unification is also positive (negative): S,
Prooft

Consider arbitrary two adjacent positive structures, designate the first one by S, the second
one by 7, and the joint structurc obtained by their unification - by A . Let us find the
relationship of incoming and outgoing arcs of the unified structure. Let us denote the number of
the incoming arcs of the first structure by Lj , and the number of the outgoing arcs by O;. The
number of the incoming and outgoing arcs of the second structure will be denoted by L, and
O, , and the number of the incoming and outgoing arcs of the unified structure by L, and
L, . The number of the arcs incoming 7' from § will be denoted by C, Thus
L,=Lls+L,~Cg, O, =03+0;~Cq, and 8s S and T are positive Ly >0y, L, >O;,
consequently L,, >0,, and therefore M is also a positive structure. The case of two positive
structures is proved similarly.

Ordering of two structures with the same sign assumes the replacement of the second
structure within two positive or two negative structures directly before the first structure in the
given placement.

Theorem 2.

Two permissibly replaceable structures with the same sign are ordered in the following way:
iwo positive structures are ordered in the increasing order of their deltas — first being the
smaller, and the two negative ones ordered according (o the decreasing order of their deltas:
Jirst, the greater one.

Proof:
Consider the case of two positive structures.
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of the order has
: i arbitrary structure. i i
have remained the same in the arbi Let us denote its inner height by A, delta

As the permissibility
hmmﬂmmfmmﬁmwﬂw

by a,.mnu-inmmhshﬁgtxby f,.innﬂoutgomshe
plwemmmegmaﬂheightofmeﬁmmm

new height will be denoted by A i ' ‘ .
Theimerhcighlonhemdmmmhdemwdby Iy, inner incoming height by /, , inner

outgoing height by 0;, delta by 4,, in the general planeu:em before replacing the height is

denoted by h;.and:henewheishtaﬁcnhereplmmtby K.
Lcuheddnofmcﬁmmmissruwmmedclmofmc second structure: A, > A,
Exoeplthcmoudmmmemoflhemainhsmufﬂ'{e placement which are

nummdﬁmmcﬁﬂmmmdpmwﬂﬂwﬁmmmmllhemdw K

(remainig ), ki =h +h+h, = +A+hL+h,,.

ight by 0,. Before the replacement in the
is denoted by A/, after replacing the

! remaining *,
AT structures L
L4 hlun

Picture 5. lllustration of the structures after the replacement
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Since the second structure is connected neither with the first structure, nor with the
structures lying between itself and the first structure, Af =h, +/,+h,_ =1, +A,+1,+h, <K &s
A, > Ay, i.e, the new general height of the second structure is less than the general height of the
first structure before the replacement.

As the second structure is positive, = /, > o,, therefore, the new height of the first structure
is less than its previous height: i'=h, +0, +h,,. <h.

Due to [, >0, the new height of the structures lying between the first and the second
structures will also decrease.

Hence, the height of the new placement didn’t grow.

The case of the two negative structures is proved in the same way.

6. Conclusion
_In one of the theorems the "minimum inseparable units” (branches) were obtained in the
placement of transitive oriented tree, that is; it was shown that vertices of other branches
must not be placed between the vertices of those branches. By grouping the vertices within
the branches in an arbitrary given placement and ordering them based on the results obtained
in the paper (the lemma on the structures with different signs and the theorem on the
structures with the same sign), the placement becomes theoretically possible to order by
considering together not only separate branches but also arbitrary adjacent placed branch
sets. The obtained result is of both theoretical and practical significance. And the most
important of all is that it plays a fundamental role in the optimal solution of the given

problem.
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HeofGxopuMEIE YCAOBHS ONTHMAABHOH AOMYCTHMOI PACCTAHOBKH 1O
BEICOTE TPaH3HTHBHO OpHMEHTHPOBAHHOrO AepeBa ¢ OAHHM KOPHeM

A. XawarypsH
AsHOTAnHI

B TeopnH rpacoB M3BECTHA npobaema MHHHMAABHON PACCTAHOBKH rpada mno
BHICOTE, KOTOpas AaHAAOIHYHO ctpopMyAHpOBaHa B [2] (mpoGaema YHOPSACHMBAMIR
rpadha C MHHHMAABHEIM paspesom). [TpoGAema NP-noasa 3. B Racrosmeii crarse
(bOpMyAHpOBAH WACTHBLH caydait IToit IPOGAeMBI: npoGAeMa  ONTHMAALHO
AOHYCTHMOJ PaccTaHOBKH MO BhICOTE TPAH3HTHBHO OPHEHTHPOBAHHOIO Aepesa ¢
OAHHM KOpHEM (9TO TaKoil TPAH3HTHBHO opHenTHpoBaHHLIL rpad, Gasa Ayr
KOTOPOTO' COCTABASIeT OPHEHTHPOBAHHOE AepeBo ¢ OAHMM KopHeMm). B paGore
BBEAGHb! HEKOTOphle HOBhle TOHSTHS H AdHbl HeOGXOAHMBIE YCAOBHS  AAS
ONTHMAABHOIO pelueHHs chopMyAHPOBAHHO 3aAAYH.



