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Abstract

Andus—colmingnflmphGwlthwlwsl....,thulhdmlnhﬂnlt-cdaﬂngif
for all colors are used, and the colors of edges incident to each vertex of G are distinct
and form an interval of integers. Inthhmtewepmthntﬂumncudmpha
with n vertices admits an interval t-coloring, then ¢t < 2n — 3. We also show that if
G s a connected r-regular graph with n vertices that has an interval ¢-coloring and
n 2 2r + 2, then this upper bound can be improved to 2n — 5.

1. Introduction

All graphs considered in this paper are finite, undirected and have no loops or multiple edges.
Let V(G) and E(G) denote the sets of vertices and edges of G, respectively. The maximum
degree of G is denoted by A(G) and the diameter of G by d(G). An (a, b)-biregular bipartite
yathlsabipaniugraphGwiththeverucesinonepnnaﬂha.vingdegreeaandthe
vertices in the other part all having degree b. A partial edge-coloring of G is'a coloring of
some of the edges of G such that no two adjacent edges receive the same color. If a is a
partial edge-coloring of G and v € V(G), then S (v.a) denotes the set of colors of colored
edges incident to v. x

An edge-coloring of a graph G with colors 1. ..., is an interval t-coloring if all colors are
used. and the colors of edges incident to each vertex of G are distinct and form an interval
of integers. A graph G is interval colorable if G has an interval t-coloring for some positive
integer t. Let A be the set of all interval colorable graphs [1. 6]. For a graph G € A. the
greatest value of ¢ (the maximum span) for which G has an interval t-coloring is denoted by
W(G).

The concept. of interval edge-coloring was introduced by Asratian and Kamalian [2]. In
[2. 3] they proved the following theorem.

Theorem 1 If G is a connecled triangle-free graph and G € N, then
W(G) < [V(G)| - L.
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'ulnr.&om:hismuh itfollmﬂsmuifqilacomecudbipnniugn?hw
G eln.\,r then W(G) < [V(G) — 1- It is worth to notice that for some families of bipartite
“:hisuppcboundmhe' . For example. in [1] Asratian and Casselgren

proved the following
Theorem 2 If G is a connected (a. b)-biregular bipartite graph with V(G = 2(a + b) and
G €N, then

W(G) £ V(G)] -3

For general graphs, Kamalian proved the following

Theorem 3 [6]. IfG isummd;mphmdﬁ'e;\'. then

W(G) < 2IV(G)| - 3.

Nouthn:theuppnrboundlnThmemSiuhnrpforK:.hutifG#Kz.thenthhuppa
bound can be improved.
ected graph with |V(G)| 2 3 and G € N, then

Ww(G) <2|V(G)| -4

Theorem 4 [5]. If G is a conn

On the other hand, in [8] Petrosyan proved the following theorem.
Theorem 5 For any s >0, there is a graph G such that G € N and
W (G) 2 (2-9) V(G
For planar graphs, the upper bound of Theorem 3 was improved in [4].
Theorem 6 IfG isamnnoctdp!mrmhsndGEN. then
' w(G) < §IV(G)I.

In [3]. Asratian and Kamalian investigated interval edge-colorings of connected graphs.
In particular, they obtained the following two results.

Theorem 7 If G is a connected graph and G € N, then
W(G) < (d(G) + 1) (A(G) = 1) + L.

Theorem 8 If G is a connected bipartite graph and G € N, then
W(G) < d(G) (A(G) — 1) + 1.

’ Recently. Kamalian and Petrosyan [7] showed that these upper bounds cannot be signif-
icantly improved.

In this note we give a short proof of Theorem 3 based on Theorem 1. We also derive a
new upper bound for the maximum span in interval edge-colorings of regular graphs.
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2. Results
Proof of Theorem 3. Let V(G) = {1y, v,...,1,} and a be an interval W (G)-coloring of
the graph G. Define an auxiliary graph H as follows: ‘i 3
V(H)=UUW. where:..
U={Uj.ﬂg.....ll"},w={1ﬂ|.'lﬂj ..... wy,} and
E(H) = {unwy, uyw/| v, € E(G),1 i< n,1<j<n}U{uw|l<i<n).
Clearly, H is a connected bipartite graph with |V (H)| = 2|V(G)|.

Define an edge-coloring 4 of the graph H in the following way:
(1) Plunw;) = Bluwy) = a(vu;) + 1 for every edge vy € E(G),
(2) Aluw,) = max Sy, a) +2 fori=1,2,...,n.
Itismmytoseubhatﬂisanedge—oaloﬁngofthemph!fwithonlors2,3,....W(G)+2
and min S(u;. f) = min S(w;. ) for i =1,2,...,n. Now we present an interval (W(G) +2)-
coloring of the graph H. For that we take one edge u;,w;, with min S(u,,, 8) = min S(wy, B) =
2, and recolor it with color 1. Clearly, such a coloring is an interval (W(G) + 2)-coloring of
the graph H. Since H is a connected bipartite graph and H € N/, by Theorem 1, we have

W(G)+2< |V(H)| - 1=2|V(G)| -1, thus
W(G) <2|V(G)| -3.
Theorem 9 If G is a connected r-reqular graph with |V (G)| > 2r +2 and G € N, then
W(G) <2|V(G)| - 5.
Proof: :
Let V(G) = {v;,o},....u.,} and a be an interval W (G)-coloring of the graph G. Define
an auxiliary graph H'as follows: :
V(H)=UUW, where
U= {u.u,...,u}, W = {w, w,....,w,} and
E(H) = {wwy. uywi| v; € E(G),1 <i<n,1 <j<n}uU{uw|1<i<n}.
Clearly, H is a connected (r + 1)-regular bipartite graph with |V (H)| = 2|V(G)|.

Define an edge-coloring 4 of the graph H in the following way:
(1) Bluiw;) = Bluw,) = a(vy;) + 1 for every edge viy; € E(G),

(2) Bluw;) = max S(v;.a) +2 fori=1.2....,n.

It is easy to see thal 8 is an edge-coloring of the graph H with colors 2.3... .. W(G) +2
and min S(u;. 8) = min S(w;.3) for i = 1.2.....n. Now we present an interval (11"(G) + 2)-
coloring of the graph H. For that we take one edge u;, w;, with min S(u;,. 3) = min S(w;,. 3) =
2. and recolor it with color 1. Clearly. such a coloring is an interval (11(G) + 2)-coloring of
the graph /. Since H is a connected (r + 1)-regular bipartite graph with [V (H)| > 2(2r+2)
and H € N. by Theorem 2. we have

W(G) + 2 < |[V(H)| — 3 = 2|\'(G)]| — 3. thus

W(G) < 2V(6)] - 5.
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Qpunnui qpuditiph ThewyujpwjhG YnnuyhG GEpynuiGhiph dwuhl
n. Ruiwpwi b M. Mbnpoujwl

Uithnthnud

G qpudh YnnwhG Gpyowip 1,....¢ gnybpny Guljwibip Showluwjpuyhl -Gtpyow,
bipt popnp goyGbpp oquiwgnpdyty b6 L ynpuwpwbynp ququphG Yhg Ynntipp Gplpwd bo
qnygq wn qnyg wwppbp L hwenprulpul goylbpng: Uu w2luwnwipnd wugugmgou t,
np bpb ququpwih G Ywuywlgyud gpubp nbh Shewlupwh -Ghplnud, wuw ¢ < 2n-3:
Vuwl wyuuwnwpmd gnyg t wpgdnud, np bpt 7 quqwpwih G juwwhggwd r-hunfwubne
qnwpp mGh Shewluwpw)hG -Ghpymd b n > 2r +2, wyju ¢ < 2n - 5

3aMeTKa 0 HHTEPBAABHEIX pe6epHEIX packpackax rpagos
P. KamaasiH u I'l. [Terpocsn

AHHOTAIHA

MHTepBaAbHOI {-pacKpacKoii rpacda G Ha30BeM IPaBHALHYIO pacKpacky pedep
G B nBera 1,..../ IPH KOTOPON B KaXXABI nBeT i, 1 < i < ¢ OKpauleHo xots Onl
opaHO peGpo rpacda G, u pe6Gpa, HHIMAGHTHRE KaJKAOH BepuiHHe (7, OKpalleHbl B
MOCAeAOBaTeALHEle nBeTa. B HacTosmel paGoTe AOKa3aHo, YTO ECAH CBA3HLIA
rpadp G ¢ n BEepUIMHAMH HMEET MHTepBaAbHYIO {— pacKpacky, To t < 2n — 3.
Tax>ke B paHHOW paGoTe MOKasaHO, YTO €CAM CBA3HLIN r-peryAspHuil rpad G
C n BEpUIHHAMH HMEEeT HHTePBaAbHYIO (-pACKpacKy Hn = 2r +2, 7ot < 2n — §



