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Abstract

The notion of n-recognizing systein in the class of two-element sels concerning the
operations of intersection and complement is defined. The set of powers of dead-end
n-recognizing systems of such kind is estimated.

A similar task was considered by the author for the class of two-element sets concerning
the operations of intersection |1]. In this paper an analogous problem concerning the opera-
tions of intersection and complement is considered. Let us give some definitions by analogy
with those given in [1-4]. |. Let us consider a finite set [n] = {1,2,...,,n}, when n > 3. By
it[n] we denote the set of all subsets of [n]. Let n* = {A;.Aj..... A:} be a subset of the set
R'n). :

; }Jeﬂnitiun 1: We say that an element i € [n] is recognizable by n* if the set (i} can be
obtained by the operations of intersection and complement (with respect to [n]) from the sels
Ay Agy e A

Definition 2: We say that n* is n- recognizable if any i € [n] is recognizable by n«.

By |A| we denote the power of the set 4. Obviously the class of ni-recognizing systems
is not empty. Let us define the notions of dead-end system and minimal system in the class
of n-recognizing systems.

Definition 3: An n-recognizing system S is said to be dead-end if any proper subset of
S is not an n-recognizing system.

Definition 4: An n-recognizing system S is said to be minimal if there is no n-recognizing
system having the power less than |S].

If maxima and minima are considered not in the class of all recognizing systems but in one
of its subclasses then they are called local. maxima and minima. In this paper we consider
n-recognizing systems containing only two-element subsets of the set [n]. All considered
definitions refer to this subclass of the class of n-recognizing systems.

For every n-recognizing system S belonging to the mentioned subclass we consider some
graph associated with it . This graph is defined as follows. To any number i € [n] we associate
some vertex of the graph; we associate different vertices to different numbers. Two different
vertices we connect by an edge if and only if the two-element set of numbers associated to
these vertices belongs to the considered n-recognizing system. The graph constructed in
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such & way is said to be the representing graph of the considered n-recognizing system S.
Sometimes we shall identify an n-recognizing system with its representing graph and describe
the properties of n-recognizing systems in terms of their representing graphs.

The definitions which are not given here can be found in [5].

It is proved in [4] that the power of any minimal n-recognizing system in the class of
two-element subsets is as follows.

if n=0(mod3);

2n
iT=I={ i(n—l) if n = 1(mod3);
in—2)+1 if n=2modd).
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Figure 1:

The examples of minimal n-recognizing systems in the cases n = 0(mod3). n = 1(mod3),
n = 2(mod3) ure given on the Fig. 1.

Definition 5 (cfr.[5]): A tree S having m vertices is said to be a stor (or m-star) if
there exists a vertez in S adjacent with all other (m — 1) vertices.

For any n > 3 let us consider a forest containing two components of connectivity; one of
them is an (n — 1)-star and the other one is an isolated vertice. We denote such a forest by
L2, It is easy to see that the n-recognizing system for which L2 is the representing graph
is an dead-end system having the power (n — 2). Indeed, if we remove some edge from
L2 then the remaining graph will contain two isolated vertices and such a graph cannot be
representing groph for an n-recognizing system (see below. lemmal).

Theorem 1: Ifn 2 4 then the power of any dead-end n-recognizing system in the subclass
of two-element subsels is less or equal to n — 2.

Theorem 2: Ifn > 7 then for any j such that |T3| < j < (n—2) there exists a dead-end
n-recognizing system having the power J.

Lemma 1: Ifn* = {A;. Ay. .... A} is n-recognizing system then the union of all sets A;
can exclude maximum one element of the set [n].

&
Indeed. if we suppose the contrary. i.e. U1 A, does not contain some different z and y
b=

belonging to [n). then z and y do not belong Lo any A,. i = I.E but belong to all B, = A;.
It is evident that applying any operation of intersection. and complement over the system
Ay. As, ..., Ay, By. Bs. .... By, we will obtain sets which either contain both x and y or don’t
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contain any of them. So it is impossible to distinguish one from the other and hence z and
ycnuldnotbemcognized.ummnllsmoved. e 3

Lemma 2: If the representing graph of some n-recognizing system S contains cycles, u,m
there exists an n-recognizing system 5* such that S* € S, |S*| < |S| and the representing
graph of S* does not contain cycles. _ ;

Indeed. assume that the representing graph of S contains a cycle {v, V2. s U=t - Uy Uy X
Let, us remove the edge {vy, vz} from it. Since the removing of {v1. v} provides impact only
on vertices v and vz then the recognition of the remaining \ferflces ?nll not change. But
{w} = {v2,va} N {3, 4} (it is worth to mention that vy can coincide with v if.Lhu cycle is of
Jength 3). By analogy {s1} = {1-tm}N {tmUm-1}. So, the resulting system is recognizing
and contains a set and a cycle less than the original n-recognizing system. By applying the
described procedure to remaining cycles we will come to acyclic graph.

Corollary 1: For any n-recognizing system S, such that its representing graph contains
cycles, a new n-recognizing system S* can be constructed such that S* C S, |S°] < |S| and

the representing graph of S* is a forest.
Lemma 3: No n-recognizing system S can contain a set, which does not intersect with

none of the other sets of 5.

Indeed, let us suppose the contrary, i.e. a two-element set A; = {z,y} does not intersect
with any remaining two-element set Az. A;,...,A.. of the system {Al, Az, ey A‘\-} Clem'ly ev-
ery set obtained by the operations of intersection and complement from the sets A;, Ay, ... Ag
either contains both z and y or does not contain no one of them. So, it is impossible to
distinguish one from the other and hence z and y could not be recognized.

Lemma 4: If the representing graph of some n-recognizing system S contains some
chains with length equal or greater than 5, then there ezisls an n-recognizing system S* such
that S* C 8, |S*| < |S| and the representing graph of S* contains only chains with the length
less or equal to 4.

Indeed, let us consider a chain of length > 5 in the n-recognizing system S. Let’s remove
the edge which is on the distance > 3 from both its ends(it is always possible since the
length of chain is > 5). Denote by u and v the ends of the removed edge, then there exists
a chain of length > 2 starting from v (correspondingly the chain of length > 2 starting
from u exists). Let the chain be {vi.%....} (or {u1,uz,...}).Then {v} = {vm}N {vima}.,
{u} = {uullniultlgi and consequently the obtained system is recognizing.(The state of
remaining vertices will not change and hence their recognition will not be violated). Applying
the described procedure to all chains of length > 5, we obtain the final system S*. Proceeding
from lemmas proved above and the corollaryl we obtain the following consequence.

Corollary 2:Any dead-end n-recognizing system is a forest salisfying the following con-
ditions:

o It contains no more than one isolated vertices.

o It does not contain isolated chains containing only one edge.

o [t does not contain chains of length > 5.

Let us denote the number of connectivity components of the forest S by p. Let z; be
the number of vertices in the i-th component of connectivity of S. Then the numbers z,.
i = 1. p satisfy the equality z; + 23 + - - - +Z, = n. Since any component of connectivity is
a tree then the number of edges in the i-th component is z; — 1 and the number of edges in
the total forest is () = 1) + (z2— 1)+ -+ (B =1) =z +Za+)+ - -+ 7, —~p=n—p.

Thus. the number of edges depends only on pand n. It isclear thanp > 1. If p =1
then we have a tree which is a representing graph of an n-recognizing but not dead-end
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system (hecause any edge leading Lo an henging vertice of this tree may be removed. and
the property of heing representing graph of an n-recognizing system will not be preserved).
Hence the greatest value for (n — p) is obtained when p = 2 and in this case we can take L2
(Fig. 2a) as the representing graph of an n-recognizing system having the power n — 2. So.
Theorem 1 is proved.

=3

3) b)
Figure 2:
Let us define the operation of partition for the graph L2, in the case m > 7.

Definition 6: The replacement of the graph L2, with graphs L2 _, and z3 is called o
partition of the graph L3,. The partition of the graph L} into L2_, + 23 is shown on the Fig.
2b.

Lemma 5: The result of the partition of the representing graph L2, of m-recognizing
system with m > 7 is the representing graph of an m-recognizing dead-end system and the
number of edges in it is less than the number of edges in L2, by one.

It has been already mentioned above that L2, is m-recognizing and dead-end. If m > 7
then m ~ 3 > 4 and hence the number of edges in L?,_3 will be greater than 2, which ensures
recognition of all elements from L?,_;. Considering the elements of z; it is easy to notice
that they are also m-recognizable. The graph is dead-end since the removing of any edge
leads to the secand isolated vertex. which is not allowed. The change of the number of edges
is defined by the fact that we removed 3 from L?, and added 2 edges.

Corollary 3: The resull of the partition of the graph L} is an n-recognizing dead-end
system with n — 3 edges. (sets).

Applying the operation of partition on the component L7 unless i > 7 we get n-
recognizing dead-end systems containing one edge less than L?

The components of 23 do not change during partition, meanwhile a new component z3 is
obtained ot every step of partition. The process of partition is continued until the result is
an n-recognizing system and the obtained components of z3 type are the following subgraphs
(Fig. 3).

In the first situation the remaining part contains only one component z3 and an isolated
vertex. i.e. the final result coincides with the graph considered above in the case n = 1
(meod3) (Fig..1) which is minimal.
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1) ) 3)
Figure 3:

In the second situation the remaining part contains a component z; with 3 edges ( as in
chains of length 3), i.e. the final result can be replaced by the graph considered above in
case n = 0 (mod3) (Fig.1) which is minimal. In the third situation the remaining part can
be replaced with two components z3, i.e. the final result can be replaced by the graph in
case n = 0 (mod3) (Fig.1) which is minimal. In fact we proved that the number of edges in
the result of partition of L2 reduces from (n — 2) to |T3|. Theorem 2 is proved.

Remark: When n takes values 5,4,5 and 6 then the greatesi possible length of dead-end

systems coincides with the length of miaimal n-recognizing system and is equal lo £,2,8 and
4 correspondingly.
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