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Abstract
Given the field F with g elements and of characteristics p and an Irreducible polyno-
mial P(z) = 42" + 612"~ *01%" % gver F. We prove that the composite polynomial
(dz” - dz)" p (’i—:ﬁ‘) is irreducible over  under certain conditions. Also & recur-
sive construction of sequences of irreducible polynomials of degree n2(k = 1.2,3.--)

1. Introduction

The subject of constructing irreducible polynomials over a finite field has been of considerable
interest in recent years. Interest to it steams both from mathematical theory and practical
applications At mathematical aspect. determining the irreducibility of a polynomial js an
issue of interest in number theory, computer algebra. computational mathematics. theory
of finite fields. At the practical aspect, it still remains an active subject. highly motivated
by the fast development of coding theory and the appearance of cryptosystems in which
implementation of finite fields fields arithmetic is required [3], [8].

There are known different composition and recursive construction techniques to generate
irreducible polynomials over finite fields. among which polynomial composition method is
considered to be most efficient.

The work concerns the questions of irreducibility of a polynomial composition over a
finite: field, more precisely we are interested in the following problem: given the field F with q
elements and of characteristics p. Let az’—az+c and dz"—dz be relatively prime polynomials
in Fylz] and P(z) = €,2" 4 ¢, 2"~"***""" be an irreducible polynomial over . Our aim
ia to determine irreducibility of the composite polynomial (dz* — d.r)"p(%fﬁ-f) over 7.

A number of interesting irreducibility results for composition of polynomisls appear in
the literature. including Varshamov [9]. Kyuregyan [4]-[7). Cohen [2]. [1] and perhaps the
most important resull for the present study is the following one due to Cohen.

Theorem 1:(Cohen [2]] Let f(z).g(z) € F,[z] be relatively prime polynomials and let
P(z) € F,lz| be an irreducible polynomial of degree n. Then the composition

F(x) = g"(x)P(flz)/g(z))
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is irreducible over F if and only if f(z)—ag(z) 1 irreducible over Fou for some root o € Fia
s aomial composition results were derived by Kyuregyan (7].

generalizations of poly i ; y ;
whf z‘:;:idered several constructions which yields families of higher degree irreducible poly-

nomials over finite fields starting from an irreducible polynomial.

2. Preliminaries
In this section we introduce some definitions and provide some auxiliary results that will be

helpful to derive our main result. .
l;..et F» be a finite extension feld over finite field F. We state the following definitions.

Definition 1: For a € Fy» the trm'!‘r;.,p-(n) of a over F is defined by
Treairl@) =a+ a4l o

Definition 2: For a € Fyn the norm Ny, of a over F is defined by

Nrpprl@) =a-af---a¥" ot =%t

For convince we denote T7z,ajx = T7qniq 80d Nryuir = Novja-

The following results address to our question.

Proposition 1:[[3], Theorem 3.78) Let a € F and let p be the characteristic of . Then
the trinomial-a® - = — a is irreducible in F(z] if and only of & has no root in F.

Proposition 2: |[3], Corollary 3.79] With the notation of the proposition above, the
trinomial ° — T — a is irreducible in Flz] if and only if Trx(a) # 0.

Recall that for a polynomial F(z) of degree n its monic reciprocal is defined by

1l

F'(z) = F0)

Z"F (1/1).

3. [Irreducibility of Polynomial Compositious

In this section we shall establish the irreducibility of the composite polynomial

(dz? — dz)" p (2£5258<) over F.
Theorem 2: Let P(z) = T hpciz’ be an irreducible polynomial of degree n > 1 over F
and az® — az + ¢ and dz” — dz be relatively prime polynomials in Fo|z|, a,b € F. Then

F(z) = (dz* — dz)"P (E:_‘_“_if)

dz —dz
is an irreducible polynomial of degree pn over F if and only if
Tiw(%) #0.

where dy = 42 ic, (3)'™ = 3P (4) and do = Tigei (3)' = P (4).
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Proof: By Theorem 2 the polynomial F(z) is irreducible over F if and only if
(e -~ do)z? —~ (a = da)z + c is irreducible over F.. where a € F. is a root of P(z).
And by Proposition 2 (a — da) (2" - z — &) is irreducible over F if and only if
Trey(z55) £0.

From the properties of trace we will have

V£ E——i—;)s?‘r# c'Tr"*'dal—a)'

Compute the trace :
Trew (da = a) -
We denote P (fiﬁ) 85 follows:

P(£5) -5 (35 - Fwr =000

Since e is & root of P(z) then do — a must be a root of D(z) = P(iﬁﬂ) and therefore 11—
is & root of D*(z) (recall here that D*(z) is a reciprocal polynomial of D(z)). Then

{hNh

% = b0 =3 (3) =P(5)
4 = po=P ()] =156 (3) 7 =17 (3)
Thus
Tr'""(dal—a) %
and
Trew (da:- a) =Trpp (g;)

The proof of the theorem is completed.
A corollary below describes a particular case of Theorem 2 with g = 2°.
‘Corollarly 1: Let Plzx) = TiLgciz' be an irreducible polynomial of degree n > | over

« Then
7 z’—x+1)

72—z

: F(z) = (2 -2z)'P (
12 irreducible over Fy- if and only if
P’

Trap (-}-,-%) e n) #0.

As an application of Theorem 2 we study the following example.
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. Consider the Galois field Fo=1{0.1.2.c.atl, f:+2, 2:{.2a+1‘. 2042}, where
5 bﬁﬁﬂ:?;h:i:md“dble polynomial 2 +z +2 over F3. Given an irreducible polynomial

P(z) =2 +(a+ 1)I+2awf,mdj'{z)=ax’-—a=+2 and g(z) = (a+ 1)z — (o +1)z.
i az’ —az+2
Flz) = ((a+1]r.°—(o:+ llz)’P((a+l)=,_(a+1)z)

— (o —az+ 2P + (a+1)(ez* —az+2) (e + 1) ~ (a +1)z)
+2a ((a +1)* - (a+ l}z)2
— 9028 + 2%+ 2az* +2* +20z° + 2 + 0z’ — 0z’ —az + 1 +az’
+s°+az‘+:‘+2m’+:’+az’+z‘-2m-z+2az'
4225 + 2az + 202 +22° + 22*
=(2a+1)z°+(2a+1)=‘+z’+{2a4-1]z’+2z+1

is an irreducible polynomial over F3 by Theorem 2.

4. Recursive Construction

In this section we shall describe a recurrent method that allows constructions of families of
irreducible polynomials over F, by using above-given polynomial composition.
Theorem 3: Let P(z) = Ti.ocia’ be an irreducible polynomial of degree n 2 2 over
Fas. Define
Fy(z) = P().
2+z

Fi(z) = (z’ +z+l)h_l * Fi1 (m—l) k21

where t, = n2* denotes the degree of Fi(z). Then Fi(z) is irreducible over F if and only
if Traop (% +1n) # 0 and Traep (2 +n) #0.
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fipng punuinpjw puqiulnuibph spbpdtihmpmtn Jbpgwinp nwynbph duu
U. Uppwhwiywi L E. 2wpmpmbjwb

Udithnthnud

Uzpuunnwlpp Gyppgwd t Jupgunjop quawbph dpw spbpgon puqumGnudGbph punuw-
npnipymGGbph Gwonigdwlp: Spjwd t g hqnpmpjwdp, p pGnpwaonhyny Fo nunp L F,
nuunh Upw Plz) = cuz" + oz % ypbpinn puquwbnwdp: Snyg b wpgwa, np
(ds* ~ dr)" p (%2545 pununpmipmép spbpdon t F, nupwh dmu npnowlh wuwydwlGhph
nbupmy: UdbihG, wpdwd t 7 gugwh dpw n24k = 1,2,3.---) wunhGwlh spbpgnn
pugquwlnuiGbph Guemgdwi hwenpruljwl bnwGuwl:



