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Abstract
The model of multiple statistical hypotheses testing with possibility rejecting to
make choices between hypotheses concerning discrete arbitrarily varying object is in-
vestigated. The optimal procedure of decisions is shown. The matrix of optimal asymp-
toticsl interdependencies (reliability reliability functions) of all possible pairs of the
error probability exponents (reliabilities) is studied for arbitrarily varying object with
the current states sequence known to the statistician.

1. Introduction

The classical problem of hypothesis testing refers to the case of two hypotheses. Bosed
on data sample a statistician makes decision on which of the two proposed hypotheses H,
and H; is correct. The problem was studied for the case of an asymptotic test, where
the probabilities of error decrease exponentially when the number of observations tends
to the infinity. ‘The goal of research was to express the functional relation between the
error probabilities exponents of the first und the second types of the optimal test sequence.
That test was considered first by Hoffding [1]. examined later by Csiszir and Longo [2].
Tusnady [3], (he called such Lest series exponentially rate optimal (ERO)). Longo and Sgarro
[4]. Following Birgé [5] we called the sequence of such tests logarithmically asymptotically
optimal (LAO).

In the information theory literature we can also note works of Natarajan [6], Gutman
|7]). Anantharam [8]. Han [9] and of many others.

Haroutunian [10, 11] investigated the problem of many hypotheses LAO testing. The
multiple hypotheses testing problem for arbitrarily varying object with side information
was examined by Haroutunian and Hakobyan [12]. The case of two hypotheses when state
sequences are nol known to the decision maker was studied by Fu and Shen [13] and when
states sequence is known Lo statistician was examined by Ahlswede, Aloyan and Haroutunian
[14].

In this paper the problem of a many hypotheses asymptotically optimal testing has been
explored for a model with possibility to withdraw a judgement. The problem solved here is
induced by the paper of Nikulin |15] concerning two hypothesis testing with refusal Lo take
decision. Asymptotically optimal classification. in particular hypotheses testing problems
with rejection were considered by Gutman [7].
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Information theoreti ds are used. in particular. the method of types of Casiszdr
= e thods of information theory in mathematical statistics,

& licati of mef
:nd ‘K:de 1.[11% pﬁm :::?ns- are reflected also in the monographs by Blahut [17]. Cover

and Thomas [18], Csiszér and Shields [19].

2. Many Hypothesis Testing With Rejection of Decision by Informed Statis-
tician for Arbitrarily Varying Object
varying object is a generalized model of the discrete memoryless one. Let A
xauﬁ:];réaﬁd vnlumt::f.’::ndom variable X characterizing the object in consideration and
S be an alphabet of states of the object. which changing each moment of time n. M possible
probability distributions (PD) X are known:
Gum = {Gm(z]8), z€X, 8€S}. m =1, M,

but it is not known which of these alternative hypotheses Hy, :G=Gpn m=1,M, is in
reality. The source of states produces sequence § = (al.ag,...a;_\.v). 8, € 8. The statistician
must select one among M hypotheses or he can withdraw any judgement. An answer must

be defined using vector of results of V independent expemnents x2& (z1, 72, ...zx) and state
sequence s = (s1, 52, --8n). The procedure of decision making is a non-randomized test
@n(x,8), it can be defined by division of the sample space AN on M + 1 disjoint subsets
AN(s) = {x : pn(x,8) =m}, m=T-M +1. The set Ay (s). m = 1, M, consists of vectors
x for which the hypothesis Hy, is adopted, and A}.,(s) includes all vectors for which we

refuse to take certain answer.
We study for all pairs the probabilities of the erroneous acceptance of hypothesis H;

provided that Hy, is true
aijmlion) £ %Gﬁ (A,”). ml=TM, m#L @)

When we decline decision. but hypothesis H,, is true. we consider the following probability

of error:
ampm(@n) £ o G:_(Aflﬂ) :

If the hypothesis H,, is true, but it is not accepted, or equvalently while the statistician
accepted one of hypotheses Hj, | = T, M, I # m. or refused to make decision, then probability
of error is the following:

a
mim(ipn) £ 3 anm(iow) = g G (&), m=TM. ®
Corresponding error probability exponents. called “reliabilities”. are defined as follows:
1
Eijm () = Nii_%{—ﬁloganmtm)}- m=1M. I=TM+1. (4)

In this paper functions exp and log are considered at the base 2.
It follows from (3) that for every test o

E‘"I’" (QJ — l—ﬁ’%}? l'.mEmII'(pj' m= m. (5)
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The matrix

Ef'l", - SIMH'E‘MI---E.U.M- E&l\):m

Eyns---Byps - - Epeng Epganye
is called the reliability matrix of the tests sequence .
We call tests LAO for this model if for given positive values of M elements of the matrix
E ine procedure provides maximal values for other elements of it.
We exploit the method of types [16]. Fors = (s..... 55). s € 8", let N(s|s) be the
numbes of ncourrences of s € S in the vector s. The type (or empirical distribution) of s is
the distribution Py = {Fu(s).s € S} defined by

Puls) = %N(. la), ses.

For a pair of sequences x € X¥ and s € SV, let. N(z, s[x.s) be the number of oceurences
of (z,3) € X » § in the pair of vectors (x.s). The joint type of the pair (x.s) is the
distribution @, = {Q,x(z.58). z € X, 5 € S} defined by

Qenlz.5) = ;:-,N{:,a | x,8), zeX. s€ES.
The conditional type of x for given s is the conditional distribution Qs = {Qxislz|s). z €
X, a € §} defined by

ey @xalz,8) _ N(z,slx,8)
Qnin{-fl-ﬁ} = P.{J} = N(‘ |s] :

Let X and S are some random variables defined by probability distributions
P = {P(s),s € §} and Q = {Q(z|s).z € X. s € S}. The conditional entropy of X for given
S is:
HpqlX | 8) = = 3 P(s)Q(z]s) log Q(z[s).
.4

The conditional divergences (Kullbacl:-Leibler information) of the distribution Po Q =
={P(s)Q(z]s). z € X. s € S} with respect to the distribution P o G;={P(s)G/(z]s).
z€X. s€S}is

zeX. s5€8.

D(P o Q||P 2 GulP) = D(QIIGu|P) = 3 P()Qlz]s)log a‘{%. =T

We denote by P™(S) the set. of all types on S for given N, by P(S) -- Lhe set of all possible
probability distributions P on S and by Q" (X|s) the set of all possible conditional types
on A’ for given s. Let T, (X | s) is the family of vectors x of the conditional type Q for
given s of the type F,. We need the following inequalities [16]:

| @Y(X]s) |< (N + 1)1, (6)
for any Lype P € PY
(N + 1) exp{ N Hi (X |S)} | TR X | 5) |< exp{NHp, 4(X]S)}. (7)
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For construction of the necessary LAO test for preliminarily given positive numbers

Enpr. - Eati, we define the following subsets of distributions:

Rm(P)2{Q: D(QIIGnlP) < Bmpm}. m=T1.M. (8a)
Rus1(P) 2 {Q: D(QIGCmIP) > Epjm, m=T1.M}. (&)

and the following values of reliabilities:
Egp = Enpu(Enim) = B m =T, (9a)

Bjp = Ein(B) & 5t daf D@QIIGnlP), m=TM, m#L =LM. (@)

A . =1M
E;f+l|m = E;l'+.'lIm{E“l!E’p' ....Eupw) = Pel%[b'] Qeﬁlﬂfl(PTD(Q“Gmlpl' m=1,M, (9:)

The main result of the paper is formulated in =
Theorem 1: If all disiributions Gn, m = 1,M, are different in the sense that
D(G|IGw) > 0, | < m, and the positive numbers B, Eapa. ..., Emim are such that the
following inegualities hold
: i in D(Gaml|G1). I
Ey < P?iﬂms'},mf.tnﬂ (GmllG1) (10.a)

Epjny <min | min _Ejp,(Ew). i ;..i%‘r‘-yD(G'"G”‘) , m=2,M—-1, (10b)
EMIM < ‘-mi.n_ Efw{Em)p (mc]
then there erists a LAO sequence of tesis, all elements of the reliability matriz of which
B* = {Ej,,} are positive and are defined in (9).
When one of the inequalities (10.a), or (10.b) is violated, then at least one element of the
matriz B* is equal to 0. :

3. Proof of the Theorein 1

We begin by proof of prove the positive statement of the theorem. We consider sequence of
test y*, which is defined by division of the sample space XV on the following M + 1 subsets

for every s € SN
BMe)= U THeXls) m=TM+1. (11)
QerRL(P.)
Let us prove that the collection of sets in (11) determines a test. namely each x belongs to
one and only to one subset B{V)(s):

B (s)B¥(s) =0. m#r, and MLT BN (s) = XN,
m=1

Really. for m = T'M. r = 2°}]. for each m < r. let us consider arbitrary x € BM(s).
It follows that there are T,fu{.\'!s} C BiN)(s). such that D(Qx||Gm|P:) < Epm. Because
m < r. from conditions (10) it follows that Ej. < E} . (E,j,). From definition (9b) and
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inequality DG w|P) S Emim we obtain that By, < EL (Epm) < D{Qx|IG,|F,). Hence
Q, ¢ R, and from (11) it follows that x ¢ B{"(s).

We can verify that B, (s)NBU(s) = 0. m = 1. M. because if x € B}, (s) then for
type Q, the following inequslity is true D(Qx{[Gm|F) > Emim- m = I.M. According to
definition of B )(s), m = 1, M. we see that x € BLY)(s).

When H,, is true, the sample x = (z;,23,....zx) from T}¥ (X|s) has the following
probability

GM(x!|s) = ﬁ Crul(Zn|8s) = [] Go(zi8)"=*=2) = [] G, (z]s)"Fole10zie)
ne=] z.8 £
< expN (P Qi) log gt + PAs)Qlale) s Qi) (12)

= exp{~NID(Q || GnlP.) + Heoa(X | S)]}-

[ollows:
’)

a) (p°) = GY (B (s)ls) = G:( TN (X
mion7") = Mg (B (s)ls) max qmauaynps_.- o Xls)

< N + 1)1 GulTE o(X|8)Is
'E'En?"“( ’ amrmm?lg-bx.h o Xielie)

< (N 4 1)R181 sup sup exp{—ND(Q||G..|P:)}
Pz PN (5) QUINQIG | Pa) > B
< exp{-N! inf

Lt o . D@IGHIP) ~ on(D]} < exp{~NIEnim — on (D]}
where oy(1) — 0 with N — co. From here (9.a) follows.

We can obtain similar estimates for [ = T, M, m = T.M, [ # m. According to (2), (7).
(). (11) and (12) we have
)

exp{~ND(Q||G.|F)} (13)

? Nyl = N N
amlpi) = 93};;6‘.,.(8:' (s)ls) = max G, (wmwl:{msm Ty, o(X]s)

< max(N  1)*1s! su GN (T o(X[s)|s
w ) Qimmﬂn}l’ﬂl.‘!hlr ( f\.Q( ; e}

< (N 4 1)1 sup sup
PaEP(S) QINQIG m [FeY< By

= ol =N,, o i rsny, 2 QNGwIR) = on(1))}-

Now let us prove the inverse inequalities for | = T.M. m = 1.M. [ # m. From (2). (7). (11)
and (12) we obtain:

arpaloi) = max GN(BM(s)]s) = Gﬁ!( Tiia(Xls)
tm (V) = COSK A sesn qmrmtl-{!r.um b
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> su GN(Th.(X[s)ls)
= -rg-ﬁ ocn(auc.ﬁmssm

L "ND GmP.l 14
> sup (N+1) a:mmgf’mm.m{ (QlIGm|R)} (14)

PRePN(S)
=exp(~N(, inf o o . D(QIIGw|R:) +on(1))}-

According to the definition (4) the reliability Eny(ip*) of the test sequence ¢* is the limit
superieure ;Fm— {-—-},; loga;h.(pfg)}, taking into account (13). (14) and the continuity of the

functional D(QIGiIFP.) we obtain that, Jim {4 logpm(75)} exists and i correspondence

with (9b) equals to Ef,,. Thus Eijn(¢") = Ejjm: ™ =T, M, 1=T,M,l#m.

Similarly we can obtain the upper and lower bounds for o m(@?), m = T.M. Ap-
plying the analogical resonnement we get (9.c). The proof of the part of the theorem
will be accomplished if we demonstrate that the sequence of tests " is LAO. that is for
given By, ... Emim and every other sequence of tests gt foralme ;M+1.1l=1T.M,
Enu(e™) < Eqyi-

Suppose the contrary, that there exists sequence of tests ¢** defined by the sets
piN‘I" anny D(.‘:}{.’ md

Enii(™) > Empi(1p*), for some m = TM+LI=TM, m#l (15)
For N large enough this condition is equivalent to the inequality
amp(N) < ami(Pi)- (16)

Let us examine the sets DN BY), m = T, M. This intersection cannot be empty,
because in that case

cmim(50) = ma i (D1) 2 €1 (BY(0)ls)

2 B85 o Frsnge O (T X18)e) 2 expt =N (Bnpe + o (1)
Let us show that BWND" = 0. m = TM. | = TM +1. Suppose the contrary. If
there exists @ such that D(Q||Gm) < Emjm and T#G(X|S)ls)  Df'(s), then
(o) = may O (D"(0)) 2 G (B )s) > G (T4/(X)

b m{-N(Emlm et ONU})}-
When 0 # D}V (s) N T}, (X1S)|s) # T2%(X|S)|s). we also obtain that
anm(W) > G (DM N TH(X1S)]s))

> ﬂp{—'N(-Enﬂm o= ON(I)}}'

From here it follows that Ejy,, (¢®*) < Enj,. which in turn accordin i
5 " = m - g to {5} provides that
Ejjn (™) = E\jm- From (5) it also follows that E,.\m < B (¢®). I = 1. M + 1. hence we
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have Epm(c™) < Epmla*). forall ! = T. M+ 1. m = T. M whi i (15

o mn:,ludg tlJmt. 1.7“:"':{{:;5;:“ 2B tor = T I M which contradicts to (15). Hence
Let us consider intersections D‘M""{s)ﬂﬂlﬂf_’,h}. m = T.M. These intersections

are empty wo. If DINBEY (s) # 0. and because DM(s)NBY(s) = BW¥s).

DN(s) 1 Diy L, (s) = 0, B ()N B, (s) = O it. foliows that [DV)(s)| > [B)(s)!. Thus

asu(@iiy) = GiDL(8)) = Gi(BY?) = aumy(win))-

which eontradicts to (16). Thus we conclude that DY = B¥ m = T, M + 1. which means
that 2** = " and ¢¢° is LAO test,

For the proof of the second part of Theorem 1 it is enough to remark that if one of the
conditions (10) is violated, then from (8) and (9) it follows that at least one of the elements
Emp is equal to 0.

4. Multiple Hypothesis Testing with Rejection of Derision for Invariant
Ohject

For the case of invariant object. the result is the following;

R £{Q: D(Q|IGn) < Emim}. m =T, M. (17a)

Rus1 £1Q: D(QIGCn) > B, m=T, M), (175)

Eim = B Emim) & Bpw; m =T, M, (18a)

Eip = Bim(En) £ jnf D(QIGw), Lm=TM, m#1, (185)

Bisim = Bigsspm(Bin- Eaz. o Eup) £ jgf D(QIIG). m=TM.  (18)

The following theorem is the consequence of Theorem 1:

Theorem 2: If all disiributions G,,, m = T,M, are different in the sense that
D(G)||Gm) > 0, | < m, and the positive numbers Exy, Exp, .... Exqm are such that the
Jollowing wnequalities hold

E”] L ,%D(G;”Gﬂ‘ {19.&)
Enjm < min L%Eﬁmwm}. h-m.*j-%ﬂD(Gf“Gm)] . m=TM=T, (19.b)
Eum < Juin_ Ejjp (By). (19.c)

then there exisis a LAQ sequence of tests, all elements of the reliability matriz of which
E* = {Ej,,} are positive and are defined in (18) .

When one of the inequalities (19.a) or (19.) is violated, then at least one clement of the
malriz E* is equal to 0.

Corollary (Generalization of Stein’s Lemma): When aum(@n) =&,,.0 <2, <1,
m=T1.M, N=12.. then:

A |
N’,‘-_'}L ﬁ‘-‘llm ("-'lulm{b’ﬂ'} - FmJ = ’_D(GJ'”C"'-J-
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m#l ml=1M.

Ji..“:: }N’Q‘M-Hlm (amlmt‘l’h') =Em. M= m) =0. m= m‘

Remark: It can be shown by analogy with [22] that
.E;‘,'_”m ] E.,ﬂm. m=1. .:W '

That is the elements of the last column are equal to the diagonal elements of the same row
and are minimal in this row.

5. Conclusion

The problem of reliabilities investigation for testing with rejection of decision of many hy-
potheses is solved. In [20] Ahlswede and Haroutunion formulated an cnsemble of problems
on multiple hypotheses testing and on identification of hypotheses [or many D‘b_]ects, The
problem of many hypotheses testing for the model consisting of three or more independent
objects was investigated in [21], [22]also in series of other works. The problem with rejection
of decision can be examined for testing hypotheses concerning two or more varying objects.
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