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Abstract

ﬁhmupmnmmnrmﬂuﬁththemmﬂmthmryofmﬂzuhdm
dueible polynomials over a Galols field with even characteristic. We prove a theorem
that plays en important role for constructing irreducible polynomials. By this theo-
rean & recurrent method for constructing families of irreducible polynomials of degree
n2* (k = 1,2,...) over F3« is proposed.

1. Introduction

Let Fy be the Galois field with g = p* elements and of characteristic p . The problem of irre-
ducibility of polynomials over finite fields is a case of special interest and plays an important
role in modern engineering. such polynomials are used to implement arithmetic in extension
fields and are found in many applications, including coding theory [1, 16, 18] cryptography
[2. 3, 15| computer algebra systems [4] multivariate polynomial factorization [22] and par-
allel polynomial arithmetic [8].In perticular, since the binary system of notation is mainly
used in computing systems, the problem of the construction of irreducible polynomials over
Fye(s > 1) remains one of the most important ones from practical point of view(with excep-
tion to coding theory and elliptic curves cryptosystems). some results on the construction
of irreducible polynomials over F3. the interested reader can find in [10, 17]. One of the
methods for constructing irreducible polynomials is the composition method which allows
constructions of irreducible polynomials of higher degree from the given irreducible polyno-
misls with the use of a substitution operator (see [7. 11. 17]). Probably the most powerful
result in this aren is the following theorem by S. Cohen. Let f(z).g(z) € Flz] and let
P(z) = % seir' € Fylz| be of degree n . Then the following composition

F(z) = g(z)" P (’3'%) - gc,)" (z) g (=)'

is again a polynomial in F, .The problem is to determine under what conditions F(z) is
irreducible over F,. Obviously. for F(z) to be irreducible. P(z) must be irreducible and f(z)
and g(x) be relatively prime
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z) € Fyjx] be an irreducible
1: (Cohen [6]). Let f(x).g(z) € Fylz] .and let P(x) € F, : _
po;::::} dqiu::? Ifgxm F(z) = g(s}"PEﬂf}} is irreducible over Fy if and only if
() — aglz) is irreducible over Fyn for some root a € Fyn of P(x). :
As a special case of Cohen’s theorem we Suppose quadratic transformation as Jollows
ax?+br +c
P(z) — (da® +rz+h)"P (m) ;

termine under what conditions this transformation construct new ir-

The problem is to de .

rerluclbl: polynomials over Fy[z] . This quadratic transformation when a = 1.d=0.r,c,h €
i uregyan in [14].

ek e ki Cohen [7], McNay {19]. Chapman

this case several authors including
studied this problem and gave iterative constructions

al. Indeed most of these results are derived in

Suppose g is odd. in
[5]. Meyn [20] and Kyuregyan [12, 13}, i
of irreducible polynomials and N-polynomi

(12, 13]. . _
We suppose q is even. If F(z) € Fa[z] is 2 polynomial of degree n then Q-transformation

is defined by
F(z)isd 3 ) = Pl ),

where & € Fj.. This transformation is associated with several names, including Varshamoy
[23]. Meyn [20], Gao [9], Menezes et al [17] and Kyuregyan (10, 11]. Varshamov in [23]
proved that this transformation can be used to produce an infinite sequence of irreducible
polynomials over F; . Kyuregyan [10] suggested a more general construction over Fy..

The aim of this paper is to describe possible quadratic transformations

into the ring Fy+[z] , allowing to construct explicity irreducible polynomials of higher degree
from the given polynomial P(z), so that @ and d can be Non-zero together. We begin with
definitions and preliminary results in section 2. finally in section 3 we prove irreducibility
(dz? +rz + h)"P(ﬁﬁf) over Fa» in general case and we present a method of recurrent
constructions of sequences of irreducible polynomials over F3..

2. Definitions and Preliminary Results
Let F, be a Galois field of order g = 2* , where s is a natural number. with multiplicative
group F; . The trace function of Fy over Fyis :
Tfrfq(ﬂ) = ZQ“. aE Fr.
i=0

The trace function is a linear functional from Fy to Fj.
Proposition 1: (Lidl et al. [16]). Let K be a finite field. Let F be a finite extension of
K and E a finite extension of F.Then

Trgix (o) = Trpg (Tfmr (ﬂ)) e oF

Proposition 2: (Menezes et al. [17]). For a,b € F; , the irinomial x" — az — b is
irreducible over Fy if a = A*™' for some a € F, and Trop(s) # 0.
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4. Ilrreducibility of Composition of Polynomisls

Let P(z) be an irreducible polynomial of degree n over Fy- ,and az® +bz+c and dz?+ rz+h
be relatively prime polynomials from F3-[z] with a or d being non-zero. Further. it is always
assumed that P(z) is monic. Let

a” for d=0,

”‘“"”“{ d"P(3) for d#0.

Our goal is to find conditions under which the quadratic mapping

a.':’+b=+c)

P(z) — H{a.d’)"{dx’ +r1z + h)"P (m b

produces an irreducible polynomial over Fz.. Set

F(z) = H(a,d)"(dz* + rz + h]“P(":’+h+c)

dz2 +rz+h)’

By Theorem 1 we know F(z) is an irreducible polynomial overF;. if and only if h(z) =
(az? + bz + ¢) — aldz? + Z + h) is an irreducible over Fy=. where a is some root of P(z) in
Fam. We have

h(z) = (a - ed)z® + (b — ar)z + (c — ah).

But, by proposition 2. h(z) is an irreducible polynomial over Fj.. if and only if

e (52250 .

Theorem 2: Let P(z) = Ligcix' be an irreducible polynomial of degree n > 1 over
Fue(P(z) # z) and az® 4 kz+cmddx’+rz+hb¢rﬂmdypnmepalmommhﬁvmﬁ-[z}
. with a or d being non-zero, and r # 0. Then the polynomial

az’+bz-l-c)

F(z) = H(d.d)_l(ﬂ‘:’ +rz+ ’I)“P (m i

is irreducible over Fas if and only if
b b
Trppr? (ac{-};—'{(-g%)‘ + (ah + d}{-}-,-?fi)(l - b—ﬂ‘{l) +dh(n + .[i..‘l.;{if.’!)'-‘}) =1

Proof: By using the irreducibility of P(z) over F,. we have the following relation over
J

n=}

Plz) = H(z a” (1)
Substituting 5 ;—,—HH,' for z in (1) and multiplying both sides by A (a.d)~(dz? + rz + h) we
obtain
- 3 az? +br+e
- =1 "
F(r) = Hla.d)™'(dt” 4 rz + h) P(dz__3+r;r+h)
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:E((a+dﬂ'-)f+(b+ fa"")x:;_ (c I ;‘uﬂ"))_

Or since (a + da?") # 0 we obtain

n=1 n=1 " hac'
F(z) =] (a+da*") I] (:‘4- ::;,x+ zidaﬁ)

u=0 el
=(a+da}’~‘ﬁ"_i_"11(z=+ (:I’:’)rﬁ (:‘;{“Z)")

= b+ra\” c+ha\"
=H(a.d)‘]l(=’+(a+da) z+ (Hda) )
By theorem 1 F(z) is irreducible over /3. if and only if the polynomial 22+ (}452)z + (5t42)

is irreducible over Fae. this polynomial by proposition 2 is irreducible over Fa if and only

if
(a + da)(c + ha)
Trymp (-—--—(b +ra) ) #0.

8= ()

For convenience, now let

which is the same as
ac a(ah + cd) a?dh

P=Gtrar T GrraP ' Grrap
Suppose f(z) = P(%) =T, diz', s0 b+ ra is the root of f(z). which yields

PN di W P(E)
T""_""‘ (b_+ra) T rP{;E}'

By this relation we have

Traenps (F—!%F) = ac{:—;}’ = ac (%%)2,
and

. alah +
7 rgnpn—({sm-:)—- = Tr}..p.

(ah + cd) (rn+b—b
T {b+ra}?)

=m"ﬂ.(ah+od)( B )

T b+ra  (b+ra)?
_ (ah+ed) (Pf(%) _H‘(P'(%})‘)'

r \mP(®) " \7P()
also we have

s i dh (ra+b-b\*
Trim g rap = Temwdh (55) =T 5 (S0 )
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e (0 (5)) -2 e (53 )

[Jsing these preliminary computations we obtain the relation
Trampaf = Trap(Tramp.2)

(2 st (22) 1+ 28 e ()

This completes proof.
Corollary 1: Lel Plz) = L qcz’ be an irreducible polynomial of degree n 2> 1 over

Fy (P(z) # z), then the polynomial

Flz) = (z’+z+1}"p( ol )

B4+z+1)’
is irreducible over Fy. if and only if

2
Traea ((%) +n) =],
Theorem 3: Let P(z) = Lihgciz' be an irreducible polynomial of degree n 2 1 over
F3(P(z) # z) . Define
Fo(z) = Plz). Fasi(z) = (P + 2+ 1)"F, (;,%) k>0 @)

where ng = n2* denotes the degree of Fi(z) over Fps. Then Fiyy(z) is an irreducible poly-
namial over Fy. of degree n = n2**! if and only if
P\ g hesh)
T'rasp ((—ﬁﬁ—)) +ﬂ) T‘!‘:‘p(a +n)=1 (3)
Proof: The proof of the theorem is by induction. By (2)it is clear that Fy(0) = P(0) = oo
and F}(0) = nP(0) + P'(0) = ney + ¢y . Also it is easily proved by induction that
Fur(0) = Fi(0) = co and Fly,(0) = F(0) = nco+er. k0.

Now we can use these relations in our proof. Based on corollary 1 and (3) it is clear that
Fy(z) is irreducible over Fy. . we suppose that Fi(z). k = 2 is an irreducible polynomial
over Fy. . For irreducibility of Fi,;(z) by corollary 1 we need to show that

; THUNS 1f K1)
Tryp (("F'.Em) +m.) T"z-n(ﬁu))

From above relations we obtain
Fi(1) = Fiy(0) = e and Fi(1) = F{_,(0) = nco + ¢
Fi(1) s
Trasp (F {l]) ngan[m +n)=1.
Thus the theorem is proved.
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2niyq pimpwgphyny ;pbpdnn puqdwlnudGiph punumpripmGGhp
Ytpgwynp nuizntph gpw

U. Ukhpwph L U, Yympbnywi
Withmpmd

Uje wppuunwlipp Gbplwjwglmd b dbpgwdnp nupubph dpw qnyg pimpwgphyny
wplipynn puqiwlnuulbph uplnbqdwi YnGunpmiuwpy obumpyjul npny wpnymGplbp:
Utilip wujugmgly Llp ptnpbd, npp d60 nbp & juwnnd spbpnn  pugqiwGnudGbp
Yunmgbimg: U pliophih oglmpyuwdp wnwewplynul t n2%(k = 1.2 ..) wuwnhGwGh
spbpdnn puqdwbnud Juomghim abymnblin dbpnn:



