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Abstract

The model of many hypotheses testing for one objects was examined by E. Tuncel.
In the present work it is supposed that L hypothetical probability distributions are
known and two objects independently each from other follow to one of them. N-vectors
of values of discrete independent random variables represent results of N observations
for each object. Decisions concerning realized probability distributions of the objects
must be made on the base of such samples. It Is proved that defined region for vector
of error probability exponents “reliabilities for two objects completly characterizes set
of all achivable vectors.

1. Introduction

The applications of information theory in statistics were reflected in [1}-|5]. In monograph
[3] the sequential methods for Lhe multiple hypotheses identification problem was examined.
The model error probabilities exponents of many hypotheses testing for one object was
studied in [7]. Logarithmically asymptotically optimal (LAO) tests for multiple hypotheses
were investigated in [6]. In papers [8]. [0] and [10] the problems with many objects and
multiple hypotheses were proposed and solved. The model with two objects which can not
have the same probability distribution from three given was also examined in [8] and [11].
In present paper we develop the approach by Tuncel of error probabilities exponents for the
model of two objects.

2. Problem Statement and Formulation of Result

Let X; and X3 be random variables (RV) taking values in the finite set X. Let P(X)
be the space of all possible probability distributions (PD) on &. There are given L PD
G = {Gi(z).z € X}.1 = I,L from P(X). In this paper we study the model con-
sisting of 2 objects which independently follow to one of these L PD. Let (x;.x3) =
((x}.23). (2. 23). ..(x}. 7% )) be a sequence of results of N independent observations of
the vector (X;,Xz). The goal of the ststistician is to difine which pair of distributions
corresponds (o observed sample (x3.x2). The test is a procedure of making decision on
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the base of (x1.X3). which we denote by pn. For each object the non-rn{!qofn:‘:js;
@n(%), i = 1,2, can be defined by division of the sample space X' on L du‘-.lfa“"t_':’r which
A ={xi: pw(a) =4} i=1.2.1, =T L. The set A} consists of all vectors Xi itk
the hypothesis Gy, is adopted. We study the probabilities of the erroneous acceP
hypothesis G;, provided that G, is true for all pairs l;, m; = 1. L. m; # L.

U jm (V) = G, (A). i = 1,2. (O
The probability to reject Gy, when it is true, we define as follows
i 2
ena|my ('FN) = !Z Qyim, (rpf,‘.) =Gp, (m:)_ ( )
imy,

For each i = 1,2 we denote by E; = {Ey»,}. I; # m; the vector, elements of which corre-
spond to the set of error exponents —4 log G, (AN).

Definition 1[6] : The set of error ezponents indicated by vector E;, i = 1.2 15 colled
achievable if for all € > 0 and large enough N there exists a decision scheme {A}}} satisfying
formy, L =T, L, m; # ; the following conditions:

1
= 108 Quim, () > By, (") — .

The set of all achievable vectors is denoted by R,, i = 1,2.

For each object let us define a regions £;:

& = {B;:VQ;, 3, D(Qi||Gum,) > Eijm, ("), for allm; # L},
i=1,2. m.l; =T, L, where Q; = {Q(z'). ' € X}

Theorem 1(68): The following inclusion take place £ C R;. Conversely, if Bi € Ry,
then for any 6 > 0, Bys € £;, where By £ { B, (¢') - 6}.

Let ,,45pm;.ms () be the probability of the erroneous acceptance of a pair hypotheses
(G, Giy) when the pair (Gi,. G,) is true. where (I, 1) # (my, mg), mi. bl = 1, L.
We denote by E = {Ej, jyim,.m, } the vector, elements of which correspond to the set of error
exponents d

Definition 2: The set of error exponents indicated by the vector E is called achievable
if for every € > 0 there exists a decision scheme {AN,}. b, by =T, T satisfying

—J% log oy, syjmy ma(9n) > By tgjmy.amna () — €.
f;rm.-.h =T.L. i = 1.2 and large enough N. The set of all achievable veclors is denoted by
; For two cbjects let us define a. region £ :
€= {E:VQi2. 3. ba). D(@2l\Grmyons) > Eiy gty s (9). ¥ (. m2) # (h. la)-

m. ;=TT i=1,2)

where Q12 = {Qi(¢')Q2(z?). ='. 22 € X} and Gy = {Gon () Gy (22): 2,27 € X}
Theorem 2: £ECR. Conversely, f E€ R, then for any § > 0, E4 € £, where

E-I g {Eh.lz]ml.ll\lg (P) T 6}'
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4.  Proof of Theorem 2.

From the independence of the objects it follows that.
if l; #my. 1= 1.2. thea

O Lyl 5oy (on) = atyjm, [V’INJ%MI‘I’}J ) (3)
if my = b ly—i # Mg =12, then
1, Ly e PN) = i apms (PN} (1 = Comyjom, (P ))- (4)
Using (3) and (4) we can derive that, correspondingly.
Ell.l:lﬂum('ﬁ) o ﬁlhll('pl) + Ehluu(’l’z)- {5}

E‘lo‘ll-lmtp}= E‘l—lh’-—d(’f-‘)' (6)
Thus for every E; € & C’R,andemyE-;E&;Cthhecomponenuowaﬂlbe
presented as follows: for each mp = b, my # Iy, mi,l; = 1T.L. i = 1.2 we obtain E,. By
analogy for each my = b, ma # by, mi, ki =T1,L,i = 1,2, we obtain E;. In other cases, if
my # I, mi i =T, L, i = 1,2, we obtain a

E‘l.hlmlm(‘p} = Elllilli{'lol} + Eblﬂ:(ﬂ"L
where Ejim, (?') € By and Ej,jm,(#?) € E;. Thus we obtain remaining elements of E. So
£  R. That is we get that the defined region for two objects is also achievable.

For the converse part, let E € R. Then for every ¢ > 0, we have that there exists some
sequence of test py and some number No(e) such that

1
_Tvlosﬂhhhl.m(’ﬂﬂl > Epy fapm o (92) — & (7)

¥ (my.my) # (L. l2) and N > No(e). Now let us take any &> 0. If Es ¢ £. then there exists
a distribution @,z such that :

V“I . I?J 3{’”] . m']} ﬁ' “1!‘2) miﬂfyiﬂ& D(QIJIIGIll.IW‘J 5 Eh.!alma my [p} 5 6'
Whn,n m; = |, and my_; # l3—;, i = 1,2 we obtain
D(Q1|Gimy) + D(QalIGra) < Bi_ijms-. (') = 8

But it is impossible because for one object it is proven [6] that when in equality D(Qi||Cm,) <
Eyjm, (") = 0 is ussumed it gives contardiction. And when m; # L. i = 1.2 we obtain

D(Q1|Grn,) + D(@alIGrua) < Envjons () + By (55°) — &. ot

Bk froun bers we can a1y, that Jor € = 1.2 0t Ionst one of D(Q|1Gan,) < Bhie?) = S5 acd
according to [6] it gives also contradiction. So E; € € and we get E=TR. S
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Gpym wllwiu opyblnlGtiph Ybpwpbpyuy puqiwphy JuplwoGtph
wmbununnpiwl ufuwiGhph hujwwlwimpmbGhph gmghitpp

U. Guwjwi, &, dwpmpmbui b &. Lwinput
Ushpmpnug

dnnjuidnul bpwnpymd €, op L hunjwbwlimGuyh6 pwplunuibbpp hwynbh &G,
hulj opjtijnGbphg jnpwpwiympp wilw dhyp dmuhg Ywpnn 66 pwpudwd (hiby
wniwdibphg jmpwpwlyympny: OpjblwnGhph puwzfuwdmpwi Jbpwpbnywy npnpmdbnd
nlnoilnuf &6 bpym opjblmGhph N-whwl wilwiu ghnwpyousGbph wpnniGplbph hhdwb
ypw: Znmpwdnud wupwgnigyby b, np wiljwh opjinbtph hnuwihnpymGibph (upuwGkph
hunjwlwlwnpymbGbph gnghstibph) Yehmnpl wepnnenipywip pntpugpnud t hwuwbbh
Ynyynn bhnnpGbiph pwqdnipynilip:



