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Abstract

In this paper we study the irreducibility of some composite polynomials, constructed
with & polynomial composition method over finite fields. Furthermore, & recurrent
method for constructing families of irreducible polynomials of higher degree from given
irreducible polynomials over finite fields is given.
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In this century many mathematicians have been trying to study finite fields and to construct
irreducible polynomials over finite felds. The problem of irreducibility of polynomials over ga-
lois elds is a case of special interest and plays an important role in modern engineering.One
of the methods to construct irreducible polynomials is the polynomial composition method
that allows constructions of irreducible polynomials of higher degree from given irreducible :
polynomials over finite felds.
Let Fg be the Galois field of order ¢ = p" . where p is a prime and s is a natural number.
Also suppose that P(z) = 7o ¢z’ be an irreducible polynomial over F of degree n. Somne
authors;have been studying the irreducibility of the polynomial

i} = )
o —bate) 1)
dz* —rz+ h

"' F(z) ='(dz* —rz + h)"P (
For some particular cases. Varshamov studied one case from (1) and gave the following
proposition: =
Proposition 1: (|11}, Theorem 3.13). Let P(z) = Th oz be an irreducible polynomial
over Fy and p be the characteristic of F,. Then the polynomial P(z? — x — &) is irreducible
over F,, if arid only if
Trap(ndy — eu) #0.

Also, for this case. Kyuregyan gave a recurrent method for constructing irreducible poly-
nomials in the following proposition:

Proposition 2: (Kyuregyan [10]. Theorem 2). Let F(z) = £ o cuz* be an irreducible
polynownial over F, and suppose that there ecisis an element & € F,, such that F(&) = a,
unth a € F; and ,

Trop(nby — cuey )Ty, (F'(do)) # 0.
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Let go(z) = 3% — z + by and gu(z) =z —z+6 . where & € F} . k 2 1. Define
Folz) = Flgo(z)) , and Fi(z) = Fi_,(ge(z)) for k 2 1 , where Fi_,(z) is the reciprocal
pdwmﬁdof;i;l;(:). Then for each k > 0. The Polynomial Fi(z) is irreducible over F, of
degres ng = n.p**!.

We note that the above Proposition is the Generalization of Varshamov's theorem. that
the resder can find in ([11), theorem 3.19). He also gave another recurrent method for
constructing irreducible polynomials in the following proposition:

Proposition 3: (Kuyregyan (9], corollary 2). Let s be odd integer, § be any element of
F3,, and the sequence of functions pm(z) be defined by

@m(Z) = am(z) + 6bm(z)

wolz) =z +4.

Then the polynomial ¢m(z) of degree 2m defined by the recurrent relation
o(e) = sl + £

is Irreducible over F3. , where
a(z) =22 4+8 , b(z)==z,

Om(2) = a3,y (2) + b,..1(2)

and also
bin(z) = am—1()b—1 ().

But Cohen studied another case from (1), when g is odd. He also gave a recurrent method
for constructing irreducible polynomials in the following Proposition:

Proposition 4: ( Cohen [6]). Let g be odd, and fo(z) € Fy|x| be a monic irreducible
polynomial of degree n , where n is even when ¢ = 3(mod4) such that fo(1)fo(=1) is a
non-square in Fy. Then forr =1

22+1
1@) = @a)" fon ()
is irreducible of degree 2™n.
The aim of this paper is to determine under what conditions

= T =%+
F(@)= (2 - 2+ 6" PGt )

is irreducible over F;,where P(z) is an irreducible polynomial of degree n over F;, and also
to give a recurrent method for constructing families of irreducible polynomials Fi(z). for
k = 0 over the finite fields. when Fy(z) = P(x).Such polynomials are used to implement
arithmetic in extension fields and are found in many applications. including coding theory
|1. 8] eryptography|(2. 4. 7], computer algebra system [3].



28 Constructing Methods for [rreducible Polynomials

9. Irreducibility of Composition Polynomials

Definition 1: Let Fyn be a finite extension field of the finite field F,, .For o € Fy »
Trymjolcx) over Fy is defined by

the trace

n=1

Trymplc) = Ed"

Proposition 5: ([11].theorem 3.5) The trinomial z° —z — b , b € F, where q 5 @ PTiMe
power g™ , is irreducible over F, if and only if

Tropl(b) # 0.

Let f(z). g(z) € Fylz] and let P(z) = Thgciz’ € Fya] of degree n. Then the following
composition
Fa) = @PL) (” qu(zly"“(zl

is again a polynomial in Fjz]. The problem i8 to determine under what conditions F(z) is
irreducible over F,. Obviously. for F(z) to be irreducible, P(z) must be irreducible and 9(2)
and f(z) to be relatively prime.

Proposition 6: (Cohen [5]). Let f(z),g(z) € Fylz] with ged(f(z).g(z)) = 1 , end let
P(z) € F,|z] be an irreducible polynomial of degree n. Then

Fz) = 9"@)P(LD) ﬂ

is irreducible over Fy if and only if f(z)—ag(z) is irreducible over Fy, for some root a € Fyn
of P(z).

Theorem 1: Let P(z) = iy ciz' be irreducible over F, of degree n and let b, &1 € Fy
-84 '#0y. then
?—z+4
P —z+ 6

hﬁrduﬁbkm&wmnidajdwmowﬁﬁfmmlf

Fz) = (2" -2+ &)"P(————2)

Trop((bo - 61}%[11-)1 —nby) £ 0,

Proof: Proposition 6 implies that F(z) is an irreducible polynomial over F, if and only
if
3 s 50 = 610
= a—1 )

is irreducible over Fy . where a is a root of P(z). Then by proposition 5. P(z) is irreducible
over Fy if and only if
6o — ba

Trem—g—1) #0.
But st £
Tre(=5—1) = TrauTrea(==—1")). (2)



Also

Iig }-T"r'.q(‘s]a Jj+5|

’ = Tr'-l.(

J pe T"r"qr{

Tr.,-;.f }—T"rlqﬁ:-!-;f_{-—l-)

= 6T rnl ) = (BiTren() +6|Trrn(;':'l')l = (b = 6)Trpp(—) ~ néi. (3)

Now since « is a root of P(z) . a—1 is & root of P(z + 1) and ZL; is a root of P*(z +1)

and also = n

Piz+1)=Y elz+1) =3 da'. (4)
=0 =0

whmd,eF,mwdﬁcimuofP{z+l).forsmyﬂgisn_ So
Trew(z—3 )’%
Now, substituting zero for z in (4) implies that
"
ds =3 ci = P(1).
=0

and substituting zero for z in

Plz+1) =3 iz +1)
=0

implies that s
=3 e = P().
=0
Therefore
Treu(z=1) = - (5)
Then by(2).(3).(5)

%12) = Trp((fo - a,)f:g)’ ).

T!"n h.{

At the end of proof. we note that P(1) is not zero, because P*(z + 1) is irreducible over F,
and P(1) is its constant term.

The theorem is proved.

Example: Consider the Galois field Fp = {0.1,2.0.a+1.a+2. 2a. 2a+1. 20 +2} where
a is a root of the irreducible polynomial 22 + z + 2 over Fy . P(z) = 22 + (a+ 1)z + 2a is
an irreducible polynomial over Fg .Let f(z) = z* —z + (a + 2) and g(z) = z* — z + 20. So
by Theorem 1
B—r+(a+2)

P —~z42a )
=(®—z+ (e +2))? +(a+ 1)(z* = 2 + (@ +2))(z® — 2+ 2a)

+2a(z® = z + 2a)?

F(z) = (z* —z + 2a)?P(
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=+ '+ 2a+ )P + 22+ (@4 2)7+ 2
+at+1)z*+(a+1)z' +(204+2)2* +(a+1)7* — (20 2)r+(a+l)
+202° ~ az* + (a +2)2° + 202 + (20 + Nz + (20 + 1)
- =2 +208 4+ 200+ )2 +228 + (a+ 1)z + 1
is an irreducible polynomial over Fy.
&c::;ou:-ymn Let P(z) = Xociz* be irveducible over F of degree n and let &o-51 € Fl

F&) =@ -2+ 6 PSR

is irreducible polynomial of degree pn over F,, if and only if
(6o~ 8)P'(1) — nP(1) #0

)

3. Recurrent Method

Theorem 2: Let Fy(z) be an irreducible polynomial of degree p over F, .Also for ¢ € B
A+ 1#0andd#1 ,F(6).F5(1) #0 . Then for each k > 1

A(@) =@ -2+ 1P R (G2t

is a sequence of irreducible polynomials over F, of degree p*+!.
Proof: By corollary | and hypotheses theorem, F(z) is irreducible over F), , of degree

2.
Let for k2 1, Fioy(z) = Tfeg uiz’. Then

»
Ale) =@ -a+ " SuC Iy

f
= Etﬁ(::" -z +8)(@ -z +1)"

-l
=up(@® -2+ 1) + 3 w(e® —z+ 8" -z + 1)
=]

+ugp(” -z + 6

|
Fi(z) = 3 wl-i(z® =z + 6))(2° - z + 1)~ (2P —z+1)" " (¥ 2 +6) (7" —i))

i=1

T |
=- ET w[(2* =z + 6) 2P — z + 1)~ V[i(z* — 2 + 1) + (pF — i) (z” - = + 6)]
=
== wf(@ -z 48 ¥ —z+ 1)L - 6)).
=]



Then
|
Filx) =(é6~1) Z iuf(z" -z +8) (P -z + l)”""] for all k > 1. (6)
=]
So
Fi(1)=(@-1)F,(8). fork21 )

Also by (6) we have
Fi(8) = Fi(1), for k2> 1. (8)

So by (7
o F(1) = (6 - 1)F5(8) # 0.

Also by (8) Fi(8) # 0, so F}(6).Fj(1) # 0. Now let Fi_;(z) be an irreducible polynomial of
degree ¢ and
Fy_1(8).Fi_,(1) #0.
Then by (7) and (8) it is clear that
Fi(§)F(1) #0

so proof is completed by induction on k .
Corollary 2: Let Fy(z) = z” + foz + B, be an irreducible polynomial over F,, and let
6€F,b#1 andfo #0. Then for each k 2> 1

P —z+4§
P —z+1

is a sequence of irreducible polynomials over F, of degree p**'.

Fi(z) = (2% =z + 1)” Fu( )
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Qpbpynn puqiwlnuiltph Junnigliwi bqulwl
U. Uihqumbh

Withnihous

Wu wyfuwnwbpmyd dhAp mumdfwuhpoud kip npnz Yndwnghghnl p.,uq.jmﬁqusdﬁhnb
spbpubihmpymp, npGp Ywnmgqwd b6 pwqiwplnuiughl yniwnghghnd PR,
Jbpewinp nuzwbph ypw: WjbihG wpdby & nbimpbbn Sipnn, Yhpguilnp nwzunbph dpw
.."‘“7}‘“" spbninn puiqiwGnuithg pupdp wunhwGh spbpnn - puqiulnus Yunngtint

unfup:



