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Abstract

AnInmvnltotalt—wloﬂngofap&thlsatotulwlorlngowaithmlm
1,2,...,t such that at least one vertex or edge of G is colored by i,i =1,2,...,t, and
the edges Incident to each vertex v together with v are colored by dg(v)+1 consecutive
colors, where dg(v) is the degree of a vertex v in G. In this paper we prove that if T
(T # K1) is & tree and A(T) +2 <t < M(T) then T has an interval total ¢—coloring,
where A(T) is the maximum degree of vertices in T' and M(T') is a parameter which
can be effectively found for any T

1. Introduction

All graphs considered in this paper are finite, undirected and have no loops or multiple
edges. Let V(G) and E(G) denote the sets of vertices and edges of G, respectively. The
degree of a vertex v € V(G) is denoted by dg(v), the maximum degree of vertices in G -
by A(G). A total coloring of a graph G is a coloring of its vertices and edges such that no
adjacent vertices, edges, and no incident vertices and edges obtain the same color. If a is &
total coloring of a graph G then a(v) and a(e) denote the color of a vertex v € V(G) and
the color of an edge e € E(G) in the coloring e For a total coloring « of a graph G and for
any v € V(G) define the set S [v, o] as follows: :

8 [v,a] = {a(v)} U {a(e) | e is incident to v}

An interval total {—coloring [1, 2] of a graph G is a total coloring of G. with colors
1,2,...,t such that at least one vertex or edge of G is colored by i, i = 1,2,...,¢, and the
edges incident to each vertex v together with v are colored by dg(v) + 1 consecutive colors.

Terms and concepts that we do not define can be found in [3, 4].

2. The main result

Let T be a tree and V/(T) = {v1,9s,...,0n}, n > 2. Let P(w;,v;) be the simple path joining
vy with v;, VP(v;,v;) and EP(v;,v;) denote the sets of vertices and edges of this path,
respectively.

For a simple path P(v;, v;) define L(v;,v;) as follows:
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L{vi, ;) = |EP(vi,v5)| + [{(w, w)|(u, w) € E(T),u € VP(v;,v5),w ¢ VP(v,,v,)}|.
Define:
L(T) = max; cieni<ienl(v;, v;).
If L{v, vg) = L(T) then define M(T) as follows:
M(T) = L(T) + |V P(vg, vz)|-

Theorem 1 IfT (T # Ki) is a tree and A(T) +2 < t < M(T) then T has an interval total
t—coloring.

Proof. We use induction on |E(T)|. Clearly, the theorem is true for the case |E(T)] = 1.
Suppose that |E(T)| =k > 1 and the theorem is true for all trees 7", where |E(T")| < k.
Case 1: L(T) < |E(T)|.
Clearly, there is an edge e = (u,v) € E(T), dr(u) = 1 such that M(T") = M(T), where
T" =T — u. Since |E(T)| > 1 then dr(v) 2 2. Clearly, dr(v) = dr(v) — 1, A(T") < A(T)
and |E(T")| = |[E(T)| -1 < k,A(T") +2 < t < M(T"). Let a be an interval total t—coloring
of the tree 7" (by induction hypothesis). Consider the vertex v. Let

Slv, a] = {5(1), 5(2),....., s(dr (v) + 1)},

where 1 < 5(1) <8(2) <...< s(dp(v) +1) < t.

Subcase 1.1: 5(1) = 1.

Clearly, 8(dzv(v) + 1) = dgv(v) + 1 = dr(v). In this case we color the edge e with color
dr(v) + 1 and the vertex u with color dp(v) + 2. It is easy to see that obtained coloring is
an interval total {—coloring of the tree T

Subcase 1.2: 5(1) = 2.

Subcase 1.2.1: a(v) = 2.

Clearly, s(dzv(v) + 1) = dr(v) + 1. In this case we color the edge e with color dr(v) + 2
and the vertex u with color dp(v) + 1. It is easy to see that obtained coloring is an interval
total {—coloring of the tree T

Subcase 1.2.2: a(v) # 2 and A(T") = A(T).

We color the edge e with color 1 and the vertex u with color 2. It is easy to see that
obtained coloring is an interval total {—coloring of the tree 7.

Subcase 1.2.3: a(v) # 2 and A(T) < A(T).

If t > A(T') + 3 then we color the edge e with color 1 and the vertex u with color 2.
Clearly, obtained coloring is an interval total t—coloring of the tree T'. :

Assume that t = A(T') +2.

Define a total coloring f of the tree T in the following way:

1. Yw € V(T") B(w) = a(w) + 1;

2. Ve € E(T") A(¢') = a(e) + 1.

Now we color the edge e with color 2 and the vertex u with color 1. It is not difficult to
see that obtained coloring is an interval total (A(T") + 2)—coloring of the tree T.

Subcase 1.3: s(1) > 3.

We color the edge e with color s(1) — 1 and the vertex u with color s(1) — 2. It is easy
to see that obtained coloring is an interval total {—coloring of the tree T.

Case 2: L(T) = |E(T)|.
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it M(T) -2
f:tb?:(i,lu)tesﬂﬂ('}nmd dr(u) = 1. Since | E(T’)| > 1 then dr(v) = 2. Consider the tree
T"=T-u cleﬂrl)ﬂ dﬂ"’("') = d’I‘(u)_LA(T} < A(T}:M{T) —-2< M(T} < M{T} This
implies that A(T") +2 S A(T) +2<t< M(T)—2 < M(T') and |E(T")| = |E(T)| -1 < k.
Let  be an intervel totel #—coloring of the tree 7' (by induction hypothesis), Coneider the
vertex v. Let
Sfv, 7] = {8(1), 5(2), -, 8(dr (v) + 1},

where 1< 8(1) <8(2) < ... < 8(dr(v) +1) < t.

. Subcase 2.1.1: 8(1) = 1.
dpv(v) + 1 = dr(v). In this case we color the edge e with color

Clearly, s(dr(v) +1) = : ;
dr(v) + 1 and the vertex u with color dr(v) + 2. It is easy to see that obtained coloring is

an interval total t—coloring of the tree T,
Subcase 2.1.2: s(1) = 2.

Subcase 2.1.2.1: y(v) = 2.
Clearly, 8(dr(v) + 1) = dr(v) + 1. In this case we color the edge e with color dr(v) +2

and the vertex u with color dr(v) + 1. It is easy to see that obtained coloring is an interval
total t—coloring of the tree T'.

Subcase 2.1.2.2: 7(v) # 2 and A(T") = A(T).
Weeolortheedgeewit.hoolarlmdthemuwithwlorz It is easy to see that

obtainedmloringisanintermltotalt—oolorin.gofﬁhetreei‘.

Subcase 2.1.2.3: ~(v) # 2 and A(T") < A(T).
If t > A(T') + 3 then we color the edge’e with color 1 and the vertex u with color 2.

Clearly, obtained coloring is an interval total {—coloring of the tree T'.

Assume that £ = A(T") + 2.
Define a total coloring ¢ of the tree T" in the following way:

1. Yw € V(T) ¢(w) = v(w) + 1;

2. Ve € E(T') ¢(¢)) =v(¢) + 1.
Now we color the edge e with color 2 and the vertex u with color 1. It is not difficult to

see that obtained coloring is an interval total (A(T’) + 2)—coloring of the tree T'.

Subcase 2.1.3: (1) = 3.
We color the edge e with color (1) — 1 and the vertex u with color s(1) — 2. It is easy

to see that obtained coloring is an interval total i—coloring of the tree 7.
Subcase 2.2: t = M(T) — 1, M(T). -
First we show that T' has an interval total M (T")—col ;
Let L(w, ) = L(T) and

P(ﬂ;,ﬂg) — (wﬂlchwll-"|w(—hehwil--':u?l—lseilwk)!

where wy = uy, wg = g, k 2 1. Clearly, dr(u;) = dp(us) = 1. Now we construct an interval
total M(T)—coloring of the tree T', First. wa eolor the vertex 1, with enlor 1 and the vertex 1,

with color M(T), further we color the vertex w; withoolor3+:)_:1dr(w,),i=1,2,...,k-—-1.
=]
Next we color the edge (u, wi1) With calor 2+j);:}ldm{wj),i L L ke

uncolored dp(w;) — 2 edges incident to wy,i = 1,21:..,14: — 1, and uncolored dr(w;) ~ 2
- . 3 l
vertices incident to these edges we color with 4+j}_jldq~(wj),...,1+§d;(w,} and 5 +
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i=1 i
E: drlw;),...,2 +j}_:idrr(w,j colors, respectively. It is easy to see that obtained coloring is
an interval total M(T)—coloring of the tree T.

Next we construct an interval total (M(T) — 1)~—coloring of the tree T.

If drlw_y) = 2 then an interval tatal (M(T)— 1)—rcoloring of the tree T con he ohtainad
from aforementioned coloring by recoloring the veriex Wiy with color M(T) — 1, the edge
{wg..y,wy) with color M(T) — 2 and the vertex w; with color M(T)-3.

If dy(wy_;) = 3 then an interval total (M(T) — 1)—coloring of the tree T" can be obtained
from aforementioned coluring by reculuring the veriex w, with color M( T) -2

It is not difficult to see that obtained coloring is an interval total (M(T) - 1)—coloring
of thetree 7. W
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Ownbph dhwluwjpwhG thwlunnwn GhpynuiGhph UwuhG
M. Mbnpouywd, U. Cwphljjwi

Udthmhnd

G anubh (hwlunwp Gipyoudp 1,2,...,¢ qoylbpn] YwGjwibGp dhowlwjpuh
thwlwwnwn 1,2, ..., t —Gbplnu, bpb wh6 oh i qouylng, i = 1,2, ... ,1, (bphjwd £ wnbjwql
bl quiqup fud ynn L jmpwpwlymp v ququphl Yhg Ynnbnp L wyn ququpn Ghplwd b6
dg(v) +1 hwgnpruiljwG gnuyGbpny, npunbn dg(v) -0 GzwGwiywd t v ququph wuwnhfwlp
G gpudnul: U wylunnubpmd wywgmgiwd t, np bph T (T # K;) -G dun E L
A(T)+2 <t < M(T), wyw T -G mGh Showlwypuyh jhwlunnwp ¢ ~Gbpynus, npubn
A(T)6 T -h twpuhtiw) ququph wunhwd t, huly M(7)-6 wpymbubn hupjuplbh
wwpuitinp £ 7-h hwdwp;



