Mathemstical Problems of Computer Science 32, 65-69, 2009,

On Optimai Identification of Markov Chain
Distribution Subject to the Reliability Criterion

Evgueni A. Haroutuniant and Leader Navaeit

tInstitute for Informatics and Automation Problem of NAS of RA
ddag Payame Noor University, Iran
evhar@ipia.sci.am, ashkan_ 11380Gyahoo.com

Abstract
In this paper the identification of distribution of simple homogeneous stationary
Markov chain with & finite number of states is studied. The problem has been formu-
lated by Ahlswede and Haroutunian on identification of hypotheses and solved for the
case of the sequence of independent observations.

1. Introduction

Ablswede and Haroutunian [1] ( see also [2]) formulated a series of problems on multiple
hypotheses testing for many objects and on identification of hypotheses under reliability
requirgment. The problem of many (L > 2) hypotheses testing on distributions of a finite
state Markov chain is studied in [3] and also in [4] via Jarge deviations techniques. In this
paper we solve the problem of identification of distributions of many hypotheses for the case
of Markov chain. In Section 2 we recall main definitions and results of [3], [4], [5], for many
hypotheses tesling and in Section 3 we present solution of the problem of identification of
the Markov chain distribution.

2.  Many Hypotheses LAO testing for Markov Chains F
We remind the main definitions and results of paper [3]. Let x = (2o, 2y, 25, .. 2 ZN), ZTn €
X = {1,2,...,]},x € AN, N = (,1,2,..., be the vector of observations of a simple

homogeneous irreducible stationary Markov chain with finite number I of states. The L
hypotheses Hj concern the matrix of the transition probabilities of the chain

The stationarity of the chain provides existence for each ! = T, of the unique stationary
distribution @, = {Qi(i), i = 1,1}, such that

Z‘:Q:(i}ﬁ(jii) = Qu(4), );Q,(-:) =1, i=T7 j=TTI.
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The joint distributions of pairs (i,7) € I? are
Qio B ={Q6)AG),i=T1,j=1T} =1L
-Lei i f & joint distribution
denote by D(Q o P||@: o Fi) the Ku]lbt'wk Lelbler &m& o-
g: P =D{Q(l:'3;.l’[jli}.i =1,1,j = 1,1}, from joint distribution Qo By

D(QoPlQio R) = %: Q()P(jli)log QG) P(ili) — log Qu(i) Ai(il4)]

= D(Q||Q:) + D(Qe Pl|Q° A),
where the divergence for stationary distributions is
D(QIQ) = 3 Q()log Q(4) — log Qu(d)], 1 =T, L.
i

The d order type of Markov vector x is (see [3]) the square matrix of /? relative
frequenda:oFN(i,j}N". i=T1,1, j = 1,1} of the simultaneous appearance in x of the
states i and j on the pairs of neighbour places. It is clear that 3°;; N(i, j) = N. Denote by
TN the set of vectors x from A+ which have the second order type such that for some

joint PD Qo P
NG,9) =NQWPGl), i=T1, j=T1I.

The set of joint PD Qo P on I? we denote by Qo . Non-randomized test ¢y (x) accepts one

of the hypotheses Hj, [ = T, L on the basis of the trajectory x = (o, Z1, . .., Zn) of the N+1

observations. We write G};](G‘N) for the probability to erroneously decide the hypothesis

H, when H,, m # I, is true. We denote by amwhj,‘(qﬁn) the probability to reject the correct

hypothesis Hy,, it means that

ol (#n) = g:m afm(¢n), m=T,L. (1)
To every trajectory x the test ¢ puts in correspondence one from L hypotheses. The
space XN+! will be divided into L parts .
glN = {xi ¢N{x) = I}l I=1-|—-E|

and
o (#n) = @mo Pu(Gl), m1=TL.

We study the matrix of “reliabilities” for infinite sequence of tests ¢
1
E £ {Eym(¢) 2 T, - 5 logaN)im(éw), m,1 =TT}. )
It can be proved from definitions (1) and (2) that
Enjm = EEE.-,.... (3)
Let P be a given matrix of transition probabilities of a Markov chain and @ be the corre-

sponding stationary PD. For given family of positive numbers By, By ..y Ep -1, let us
define the decision rule ¢* by the sets of distributions
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Ri£{QoP:D(QoPIQoP) < By, DQIQ)<oc}, I=TT=T, (1)

R 2{QoP:D(Q>PlQoR) > Ey, I=T,L=T), (4)

wsid e funciions:
Ej\(By) & By, 1=TL—T, (5.0)
Ejm(En) £ it DQoPIQoFs), m=TL, I#m I=TLT=T, (s
Ejp(Enp,..., Bpyz-y) & i, D@ePlQo Pn), m=TT=T, (5.c)
E(Byy,- .. Epyp1) %Eﬁz- (5.d)

The main result of papers [3] and [4] is:

Theorem 1: Let X be a finite set, for a family of distinct distributions P,--- P,
the following two statements hold. If the positive finite numbers Ellh' "uEL—llL-l satisfy
conditions

0<Ey < mmI-D(Qm 0 Pp||@me P), m= m:

....................... (6)
0 < By < min[Ejp(Emjm)y ™= T,T=1, D(Qm © Pal|Q@mo B), m=TFT,I), 1 =5 =T,

then:

a)there exists a LAO sequence of tests ¢, the reliability matrix of which E* = {Ej,,(¢")}
is defined in (5), and all elements of it are strictly positive,

b)even if one of conditions (6) is violated, then the reliability matrix of an arbitrary test
necessarily has an element equal to zero, the corresponding error probability does not tend
exponentially to zero.

3. Problem Statement and Formulation of Result on Reliable Identification
of Distribution :

Assume that there are L > 2 hypothetical distributions. Now the question is whether r-
th distribution occurred, or not. There are two error probabilities for each ¥ = T, I, the
probability af}),._, to accept I different from r, when r is in reality, and the probability
@ oy that 1 is accepted, when it is not correct, The probability af,,.., is known (1), it
is the probability a{{y. The reliability Eisrjmer coincides with Ey,, meeting (3). Our aim is
1o find optimal interdependence between Ei_, i and Ejprimer. The latter con have valucs
satisfying conditions (6), or now the conditions:

0< Er[,- < EJE[D(Q; -] H"QI o R), = H.

We shall use the probabilities of hypotheses. Let us assume that the hypotheses H;, | =T,IL,
have positive probabilities Pr(l), = 1, L. We shall see, that the formulated below result
does not depend on values of Pr(l), I =TI, if they all are strictly positive,( naturally
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;mmdwmmwithpmbebi]ityequsltozm).“@mnmakemefo]lowing
calculations for r =1, L

(V) Pl‘tma =T,m # 1") =

(V)
Clmrimptr = Pr(m #r) z Pr(m)arim,

1

momgr

—

mdthemforeachr=mwmw"iw -
1 A
Bimrimte = 0. (77 108 lmrimtr) =

) 1 (N s
= Jim, 'ﬁ(]mn);.‘. Pr(m) — losmg;r Pr(m)agy,) = mig Ein, G

Using (7) by analogy with Theorem 1 we conclude (with Ry as in (4) for each r including
r = L by the values of By from (0,min D(Q; o F||Qi © F;))), that

Eirpmpe(Brie) = min  _inf D(QoP|QoPn), r=TL. (®)

So we can formulate this result in
Theorem 2: For the model with distinct distributions for the given sample x we can

find the type Qo P, of it and when Qo P € R,, we accept the hypotheses . Under condition
that the probabilities of all L hypotheses are positive the reliability Ej=rims- of such test as
function of given Ejgrim=r may be calculated by (8).
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Uwpynih znpuh puphudwG hnuwhmppuG W i
owjnhiw) GmyGwhwlugiwG Swuhl

U. Qupmpymjwe, L. Lwdwih
Udthnhnmd

NFunuifwuppdud t Jepguninp pynig UbGwllnpm| hundwubn unwghnfwp UwpmjjuG
npwip yhGuiljmgnuilnl fnyGulwwgmip: QwplwdGhph GnyGwhwluglug hhiiGw-
luGnhpn AlLwbpuoy t Updbnbh L QwpmpmGpuGh Yoqdhg L ymeys wlwhu
Npunwpynuifbph nhuph hudwn:



