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Abstract

In this paper the clique covering number for the strong product of generalized cycles
is investigated. A method is given to construct a minimal clique cover in case some
conditions hold.

1. Preliminaries

A set of vertices of & graph is & clique if every two distinct vertices in it are adjacent and if
it's maximal with respect to this property. A collection C of cliques is a clique-cover of graph
G‘iquEJ Q = V(G), where V(G) is the set of vertices of G. The clique-covering mumber of G,

7(G), is the number of cliques in a minimum clique-cover of G. A graph is called k-regular
if the degree of each vertex is k.

For real number ¢ € R we shall use the following notations:
[¢] - greatest integer less than or equal to ¢,
le| - least integer greater than or equal to c.

Generalized cycles are defined as follows:
Let’s denote by C* the 2k-regular graph with n vertices which can be ordered on a circle
snthatemhvermmad_lacenttothekthamwma&arnndbefom:tonthemmle
(n>21<k<[2).

The strong product of G) and Gj is a graph G with vertices V/(G) and edges E(G), where
V(G) = V(Gy) x V(Ga) and [(u3,uz), (v1,v9)] € E(G) if and only if:

1. u; = v and (uy,v3) € E(Gh), or

2. up = v and (uy, 1) € E(Gy), or

3. (uy,v;) € E(G,) and (u,v2) € E(Gy).

A non-negative real-valued function f on V() is called admissible if for each clique C,
L IE)<1

The Rosenfeld number p(G) of a graph G is defined as [1, 2]:

p(G) = mpx 3 E J(v), running over all f admissible functions.

One can deduce that 1
P(Conp) =n+3,
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o(Cans1) =Jo(Cannr)[=n+ 1,

p(Cy) = k—:_l

d(c:) =lp(0:nn b G
where C, is a cycle of length n. The following inequalities are known for each of grep

and H [1, 2]
o(G x H) < o(G) x o(H),
a(G x H) > p(G) x o(H).
Hales [2] obtained the following result for the clique-covering numbe of strong product
of two odd cycles (2<k <n):

0(Cans1 X Cors1) =]p(Cans1) X o(Cara)|-

2. The Strong Product of Generalized Cycles

The above result due to Hales is generalized here. We'll use the following notations
Tmp = mmad{P + 1):
Thk = nmod(k + 1}
Theorem 1: Let C?, and C be generalized cycles. If the following conditions hold:
- 1)p+ 12 gy Tmp # 0,
2)(a(CR) — 1)(k + 1 —rm) < [0(CE)/2](k + 1), then
k+1-— f“g}’ (l]

o(Ch x Cp) =Jo(CR) % p(CR)[= o(CR) x o(CR) - [0(CR)—

Proof: Since the right hand is a lower bound for ¢ it’s enough to construct a clique cover
to attain that bound. Let's denote the vertices of C?, and C* by numbers 0, 1, ...,m — 1 and
0,1,...,n— 1 correspondingly. Then for the vertex (z,y) € V(C?, x C¥) let

Qzy)={z+4y+75):i=0,..,55=0,...k}

be a clique in the product graph CP, x C¥ (z+4 and y + j are taken by modulo m and n
respectively). We will also use the notations below

t=[o(Cp)/2],

GHIP = 6(@)!

onk = 0(CE).
Consider the following families of cliques

Q) ={Q(0, (k+1)i) :i=0,...,t -1},
@5 = {Q(rmp, (k+ 1)) : i =1,..., 00 — 1},
AR ={Qp+1Lk+1—rm+(k+1)i):i=0,..,t -1},
QA ={Q+ 1+ Tmp k41—t + (k+1)i) ri=t,...0m — 1},

Qnp—2 = {Q( + 1)(Omp — 2), (k + 1 = k) (Grmp — 2) + (k +1)i) 1 = 0,...,2 — 1},
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Qi..,‘—z = {Q((p+ 1)(Omp — 2) + T, (k + 1 = Tpi)(Tmp — 2) + (k + 1)i) :i =8, ..., 0o — 1},
Qony1 = {QUP+1) (Omp=1), (F+1~Tns) (Omp=1) 4 (k+1)i) : i = 0.....6,,,,—{0,..,%—5{—”"]—1}

We will show that the union of the families above is a clique cover for the product
graph. Obviously its cardinal number is equal to the right hand of the equality (1). Let
(x,y) € V(CE, » C¥), then the following 3 cases are possible

Vimp S% S mi—rmp—1 = (Omp— 1){p+1) — L.
Thenz=8(p+1)+¢,0<85<0m—=2,0<c<p. If =0, then rpy; < c < p and clearly
(zny) 5 QgUQa' otherwise (’ny.] eQ.i—l UQ‘EUQ}'

2m—Tmp <z <M.

Thenz=38(p+1)+6,8=0mp—1,0Sc <1y — 1. If
0 <y < (k+1—7u)(Omp—1) — 1, then (z,y) € QL __,. otherwise we have

(k4 1= 708) 0y = 1)+ 1) 0~ [y > @
Z(k+1)onk+ (k+1 = o) (Omp — 1) — Ompl(k +1 — 10i) =
> fk'!'l)ﬂﬂg—(ki-l—rng) 2 n,

therefore (z,y) € Qgpp-1-

3)0<Z < ynp— 1.
In this case if 0 < y < t(k+1) — 1, then (z,y) € @}, otherwise we have the conditions of the
theorem and inequality (2). According to the 1st condition of the theorem, Q,,..-1 covers
a part of vertices with first coordinate up to rmpy — 1{and more if p + 1 is strictly greater
than 2ry,,). According to the 2nd condition of the theorem and inequality (2), there are no
uncovered vertices with second coordinate t(k+ 1) < y < n—1(0 € z < rymp — 1), hence
(3! y} € Ql"m—]-

‘Therefore the union of the mentioned families is a clique cover of the product graph with
required cardinality.

Corollary 1: Let CF, and C* be generalized cycles. If p+ 1 = 2r,,,, and k + 1 = 2r,,
then

o(C2, x CE) = maz(jo(C2) x p(CH)],10(C%) x p(CE)).

Proof: The right hand of the suggested equality is a lower bound for ¢(C?, x C¥). If the
2nd condition of theorem holds then the proof is immediate, otherwise we have

(a(CP) — 1)(k + 1 — rne) > [o(C¥)/2](k + 1) and since k + 1 = 2r,; we get

a(Ch)/2 > [0(C3)/2] +1/2 2 o(C3)/2,

lo(C)/2] > 251,

The latter is the second condition of theorem and with k + 1 = 2rp; equality it implies
that

a(Ch, x CF) =]o(Cr) x p(CR)[< maz(ja(CR) x p(Cy)l, Jo(CR) x p(CE)]), hence

o(CB, x Cy) = maz(jo(Ch) x p(Cp)l;|o(CR) x p(CR)D).

References

[1] M. Rosenfeld,” On a problem of C. E. Shannon in graph theory”, Proc. Amer. Math,
Soc. 18, 315-319, 1967.



'I‘haCquunOav-in.[NumhfnrﬂnSkm;Pmductomeaand Cycles
p Combin- Theory

38

[2] R. S. Hales, “Numerical invariants and the strong product of grap!
(B) 15, 146-155, 1973.

Swdlynyph phin pinhwlpwgwd ghlihph mdtm wpmwnpWIR hwiwn

U. Punujywui
Udihnhnud

Uny@l wpfuwnwGpned owniGuuhmiwd t pighwpugiwd ghinbph nrdtn wpnwipwih
dwdynyph phip: Npnz wwdwGGbph wolpunipywd ghupnd mhplllllufb t truGwy ShARIL
dwdlynypp iuomgbynt hudwp:



