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Abstract

i of uantum N-particles system (PS) with relaxation in the
nndT-:l z‘m und:? 1:¢ influence of external field is ml’ldl.l—cl_('d within the limits
of the stochastic differential equation (SDE) of Lmsm‘in-Sch_md:mr (L-Sch) type.
Using L-Sch equation the 2D second order non-stationary |m.rfml differential equation
is found, which describes the quantum distribution in the environment, depending on
energy of nonperturbed 1D quantum N-PS and on the external field's parameters
It is shown that the average value of interaction potential between 1D disordered
quantum N-PS and on the external field, has the ultraviolet divergence. This problem
is solved hy renormalization of equation for the function of quantum distribution. It
is shown that it has a sense of dimensional renormalization which is characteristic for
the quantum field theory. Critical properties of environment are investigated in detail.
The possibility of first-order phase transition in environment depending on amplitude
of an external field is shown.

1 Introduction

In this work the problem of 1D disordered quantum N-PS under the influence of external
field will be discussed. In particular the main attention will be focused on the problems
of investigation of the statistic properties of environment by nonperturbed method. Note,
that the mentioned task appears in the different complex problems of physics, chemistny,
biology and financial mathematics [1]. For investigation of large spectrum of disordered as
well as stochastic problems for the first time by author new mathematical approach was
propased [2]. The iden consists of that, that the SDE of type L-Sch is used for receiving
the integro-differential equation for joint conditional probability which describes the guan-
tum distribution in environment and occurrence of structures. As was shown the integro-
differential equation may be transformed to the partial differential equation of second order
if the stochastic processes satisfy the white noise's condition (zero mean value and d-shaped
correlation function).

In the present work using the coordinate along the N-particles chain as a natural param-
eter (timing parameter) the initial random complex Schrodinger equation to L-Sch nonlinear

142



I[

!
]

A. Gevorkyan end Ar. Gevarkysn 143

SDE is reduced. On the basis of this the all necessary investigations for constructing the
gtatistical properties of envirunment are conducted.

2 Quantum state of an environment of 1D N-PC in external field

Let's discuss the problem of relaxation of 1) disordered N-particles system in the random
environment at interaction with the external field. It is possible to show, that this problem
is equivalent to a problem 1D N-PS where the interaction between any pair of particies has
& random complex value. The quantum state of the 10 N-PS can be described within the
limits of Schradinger stochastic differential equation (see for example [3]):

AiU(clz,g) =Ae+V'dl¥, t=z/do~N. df =(d/dt)*=d*/ds?, (1)

where pt = mq/N'/™"=*) is an effective mass of D N >> 1 particles system, d-is an average
distance between two particles in the particles-chain, z-is the coordinate along the length of
1D particles-chain (PC) and plays a role of the natural parameter (timing parameter). =-is
an energy of 10 PC, in addition the designation A = 2ud2/A? is mede. In the equation (1)
the interaction potential —dU(e|z, g) the random complex lunclion is supposed.
Substituting: ¥(t) = exp( 5 Z(¢)dt’), into (1) it is casy to find the following nonlinear
complex stochastic differential equation (SDE) of type Langevin-Schridinger equation [4):
S+ +Me=V)+Af(t) =0, =, =d=/dt, (2)

where =(t) describes some complex field: =(t) = 0(t) + #d(t), where 9(t) > 0.

Recall that in (2) the symbol V designates mean value of interaction potential hetween
1D PC and external field and f(t) correspondingly its random part. For definiteness these
values in general case we can present in a following kind:

V(E) = V'(E)+iVi(E).

where £ amplitude of an external field. As to a random part of function f(1) is supposed.

that: :
f(t) = [7(e) +if*(t),
where functions f7(t) and f(t) satisfies to the following relations of correlation [5]:

(frfr) =206t -t). (1)) =0, (3)

(f'oriw) =20%e—r) (i) =0 (4)

The complex equation (2) for a field is useful, to represent as a system of two real
equations: .
O+ =P+ Ae-V' + () =0, (5)
9+ 200 + A(=V' + fi(t)) = 0. (6)
For the further investigation it is important to receive the evolution equation for the
conditional probability ( field’s distribution) {8(t), 9(t)}:

Q6. 9, oo, 9o t0) = (6000 ~ GO ~Iw))| |
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'mpad:‘m (& 3':1. at an u‘gu::n point ¢ c;[umu into the pﬁﬂ.ﬁ;: (‘F‘}dl Using system of

;hI;E (5)-(6) th‘: Fokker-Plank equation is casily to find [5] (see [4):
aQ=Legh9Q &= a/at, @

_ i+ DB+ 0P P+ A e— V)] +8[200-AV")], Q = Qe gl6, 8:1),
?“':;,‘m‘é:;,‘;,"i’a,a‘f 2:1 agf?a,fép:)t farther D" = AD" and D' = AD". Note, that the
:Iulim of aquation (7} satisfies the initial condition:

Q=g 9:1)],_, = 6(8 — Ba)S(9 - o), 8
and v, are equal to zero. Nevertheless, from the physical point

of the equation (7) is more interesting. In this case equation (7) |
l

where the initial phases &
of view the stationary limit < .
is transformed to the following stationary form:

L(5g6.9)Q, =0, (@)

where @, = Q.(¢.gl0, d) = lime—ey QUE gl6,9,¢) dmcribu_thc distribution function of con- \
ditional probability on the plane of equilibrium field coordinates (6, 9). . 1
For solution of equation (9) it is useful to go over to the system of polar coordinates:

@ = gcos P, ? = psing, 0<p<+0, pE[D_.‘.‘]. (10) -
Using the expressions (10) it is possible to make coordinates transformation (€. 9) = (a.9)
in equation (9): ‘

Legio9)@ =0, Qiegley)=Qul gl v) (11)
where L(s. glo, ¢) = Ale, gle, ¥)82 + B(&, gle, ¥)3, + C(e. gle. ), in addition:

Ale.glo.w) = (D" cos? + D'sin’),  Ble.gle.y) = ‘[9"(0' sin? 9+ D' cos® )

+07(D" - D")sin 208, + (¢ cos 29 + A€ — V")) cos p + (¢ sin 2p — M"')sing],
Cle.glo.p) = 072 (D" sin o + D' cos® )0} + ¢ [(29}"{0' — D")sin2p — (g cos 2p

+A( - V7)) sin g + (¢*sin 2 - AV')m¢]8,+4emp. .

The solution of equation (11) is useful to present in the form of decompasition by the
polynomials: Gk
Q.(e.gle.v) = EG.(E. glo) Pu(cos ), (12)

where P,(cos ) is a usual Legendre polynomial.
Substituting (12) into the (11) and using the orthogonal behavior of Legendre polynomial
is possible to receive the following svstem of coupled ordinary differential equations:

{Awrd + B (0)dy + Cur(0) }Gor(e, Bl0) = 0, (13)
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. where matrixes A, By(g) and C,,(g) is being defined by formula: X,,.(p) =
" L2 Poleos p) X (e, glo, #) P (cos p) dcos . Now we will pass to definition of conditions nec.
 essary for the solution of system of the ordinary differential equations (13). Thereupon. it
' is natural to assume, that all solutions G, (¢, gle) and their derivatives 6G, (e.g|g)/60 at

the Mmit ¢ - oo should aspires to zore. Lets now make the following trensformation of
eoordinate p — £ = g~ in the equation (13):
- {K..-n‘% + B,,(§)de + C'w*({i}cvii-ﬁlﬁ) =0, (14)

where G,(e.gl6) = G.(sglo), in addition: A, = A, B,,(&) = 24,,.(0)0 -
B(0)d*, Cui(€) = Cir(0)e". Now we can be convinced, that the equations’ aystem
(14) must. satisfy of the initial conditions:
CuleBElea=0, deCule,gIE)|ep=0, (15)
which are very convenient at computation of problem.
| 3 Average potential between 1D PC and the external field (problem of
renormalization) :

Now it is possible to start celculation of mean value of interaction potential between 11
PC with the energy £ and the external field with consideration of its relaxation in the
environment. Because the function dU(g|z, g) subject to z, has & behavior which can be
interpreted as a deterministic chaos, it is possible to use Birgoff ergodic hypothesis and
change integration over z on the integration over the distribution function of conditional

probability @, (<, gle, v):
(U cla,g))e = AR)™ [~ [ 07(elo, ). =, el o) odod, (16)
where R = [J' [ Q.(¢, glo, p) ededyp is a normalization. constant, in addition:
6U(elz,g)|,__— 8U(ela, @) = Me + ¢*(cos 2p + isin 2p), (17)
describes the interaction potential between the external field and the 1D PC in the limit of
stationary processes.
Substituting (12) and (17) in the expression (16), it is possible to find:
(8U(elz, 8))= = € + (AR)™" [Ii(e, 8) + iha(e, )], (18)
where the following designations are made:
I8 =3 A [“Gulesldcle. A= [ Ploosy)cos2pdp.
fg(&‘, g) = 'goviGy(sl 8|9)g’dﬂs By = j: P.(cos rp)sin 2pdyp,

R(s.s)=§6‘., f:c.',,(s.glp}pdg, C, = j: P, (cos ) dep. - (19)
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(o +Ne- V)i, + 40} Gle.gle) =0, o

(ote. gia) = =0 Gsle. @), symbol ™ +* characterize the equation rear the augic
::'E‘mi..x:‘):‘_ mld‘ind!" the equation near the angle @ = 7. Recall that at an equation
;;ceim (20) it was assumed that D™ > D', what in truth nonessential for future discussion,

The solution of equation (20) on the big distances has the following behavior:

Gle,glo)~ e~ (21)

simple to show that the expression of type Is(e.g) = 8.
jg'(.'(g,g;g)g’dg, where 4y is a finite increment of angle near the angles (0 and =), is
diverging logarithmic. The nature of this type of divergence from field theory is well-known
and is being named wultraviolet divergence (see for example [6]). Recall that the divergence
is connected with the problem of infinite energy of vacuum, which includes the considered
model of stochasticity. As will be shown below, this problem can be solved by the way of

dimensional renormalization.
Let's consider the extended equation:

Taking into account (21) it is

{D'ai [+ Me=V)jG = (4 + nJo}G(s. g nle) =0, (22)

where 7 > 0 auxiliary small parameter. As shows a simple analysis, at the big distances
the solution of equation (25) has a behavior of type o=+, The last fact meun that the

integral:
I(z,81) = f: G(e, g nle)e’de < ¢, (23

now will be converged. However it is obviously what lim,.o /(s.&,7) — 0. Our task to
make dimensional renormalization of integral (23).
Let’s make differentiation of equation (22) on the variable 7:
(D& £le +Me - VIO £ 10} Gy (e, & nle) £ 0 Gle, & mle) = 0, (24)

where G, (<, g nle) = 8G/dn. In the equation (24) the form of [unction G(e, g nle) isi't
fixed, Representing the function in the kind:

Cle, g nlo) =»"Y(s g lo),
from (24) in the limit of » — 0 the following equation can be found:
{Drd} £ [0* + Me — V")ld, % 50} Y (€. 8. lo) = 0. (25)

T_l'n: solution of this equntion_un a big distances has the following behavior Y (s, glo) ~
075 what mean that the integral limy,o/(e,gn) = limy— f5° Gle.gonlo)o*de =
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Ji*Y(,8.le)¢’de < oc is strongly converged. With the similar manner may be received
« renormalized form of 2D solution:

x
Qi(e,gle, ) = 3 Y.(= glo) Polcos ),
wali

where Q}(¢,g|o, ) is a renormalized quantum distribution function. Recall that the func-
tion of Y,(z,gle) is & solution of equation (14), where the following replacement only is
made C}, () = Cuur(0) + 0 ', P.i(2)Pu(z)z, dz, which after & simple computation may be
represented by the form: C7,.(0) = C./(g) + ZP{aﬁ—:hi Sprarye + o= 5{.-_np}- Thus.
for the right calculation of mean value of (6(z|z, g)) in the integrals of expressions (19) is
necessary in to make replacement G, (g, glo) — Y. (=, glo).

Now it is important. Lo investigate the critical properties of 1D PC environment’s in the
cxternal field. For it, let’s introduce Helmhaltz's free energy which in the present case can
be represented by the following form:

F(e,g) = eln R(e,g),- {26)

where it is supposed that £ is the most probable energy of 10 PC when ensemble of 1D PC in
equilibrium state, in addition Rz, g) describes its partition function (number of states with
the energy in the range from —co to (e—V*®), per unit interval). Note that all thermodynamic
properties of the statistical system (environment) in this case may be obtained by meens of
derivative of frec energy by an external field’s parameters g. Lét’s consider the derivation of
[ree energy (26):

Q(E, Vig)= aV"F(E: g)= (EIR}SV'-H: (27)
where value V" from parameters of the external field's (Eg, Q) is constructed (see expression
(19)) and has a sense of an average energy of external field which falls on 1D PC. Analysis
of expression (27) in the general case is difficult problem, however in more interesting case
when D" >> D' quantum probability of processes are concentrated near the directions 2 = 0
and @ = m. In other words, for analysis may be used the 1) model. Recall that 10 model
is well investigated in (see [3]). In particular it was shown that:

Ri'(e,V".8) = f exp{—% ~Xoxe}e "Pde, x=1- E;— (28)

where R, is a partition function of 10 model, the parameter Ag = Ae/(D")¥® >> 1, Using
(28) it is possible to calculate the derivative of the free energy:

ai(&, V7, 8) = —AoRy f: exp{-% — hoxe}e'do, (29)

wherc g,(c, V", g) derivative of free energy for the 1D model.

Let’s calculate the derivative of free energy in two closely located points V© = £ — 41"
and Vi = e+ V", of scale of energy of external field V", If to assume, what takes place the
relations Ay >> Agx ~ 1, then the integrals in (29) it is possible to calculate asymptotically
by Laplace method (see for example [7]). In particular for the value V', conducting a simple
calculation it is possible to find:

g (e, VI,g) = (Dox=)"" 4+ 0()?), x_=68V/e>0.
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In a similar way the Jerivative of free energy for the value VI may be calculated:
6"?

2r S e
g (e V5B = ﬁ::ﬁp{slm-i }rom. xs

3
L close poi it is easv to be convinced, that at

the values qu(e, V", g) in tw0 pray & 7 ¢
f'?;:_p;hls sz 'ujump(ﬂtﬂmh"x,‘ In other words in the system occurs

Pm transition of first-order.

4 Conclusion
; ; ematical method is developed for studying the statistical properties
:I:II g;mw;:ﬁ:hd 1D N-PS in external field. T_he jointl p_mbabﬂit_v distribution
which describes the quantum distribution of environment in the limit ol thermodynamical
equilibrium exactly is constructed. It is shown that Lhe wean value of interaction potential
between the 1D N-PS and the external field has a ultraviolet divergence which is being
dimensional method. The critical properties of quantum

renormalized by some type of :
environment is investigated in detail. In particular it is shown, that for energy of an external
field V" = ¢ in the environment the first-order phase transition occurs,
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:
1D pyulmwihlG N-dwubhyGbph hwdwlupgh wumwhwlwh szlul]u.l Jph
¥ - Jhéwlwgpuwlwi huwympmGGapp wpnwphl quwumys
nwnudfwuppbim Gnp dwpbdwmhuljwl wwnybpugnod

L. 9lopgyui L Up. Alnpgjul

Withmpmd

* ID pywlwnwihG N-wubhyGbph huwdwlwpgh (UZ) wwnwhwhwl zpewlwiph
fabjuluwghwt wpnwphl qunmd Gjwpwepdwd b LwGdLbG-CpbnhGgbph (L-Cp) whugh
ppuuwhwiwi nhpbpkGghw) hujuumpdwl  pewlwllbpmd: Ogquugnpabiny L-Cp
swywuwpnip* unwgywd t bpypnpn jupgh 2D ny unwghnGwp SwuGwlh wdwlghwiGbany
ghptipblghw) hwjwuwpnmd 1D plwGwwihl N-UZ powluwiph pwyjudwG® Yuwhiws
mudwlwpgh jlunnnpwd tGipghwhg L wpnwphl guyuh wwpwitnptphg: Snyg b
apjwo, op N-UZ L wpuowphl quznh dhel thnfuwgnbgnipjwl wnubGghwih Sheht
Ghompymbp nuih mpopudiwlowiugnyG nwppwihonad: Wu wypopbdp magb b
guwlmughl pwpfuiwl hujuuwpiul phinpiuhqughw)h Sepannd: Snyg L wpdwd, np
ahfinpiwihqughwi mGh nwpwdwswhwihl piwum, npp hwnmy E pjwlnwhG nuznh
inbunipyniGGbphG: UwGpuwdwulopbl munuifwohpjws £ ppgwlwiph ypGwhwgpnipjwi
gphwplwywl hunnlmpyml6’np L gnyg E updwd, np w)l juhwd wpnwphl quanh
wiyihnnughg nuh wnwghl Ywpgh thnywihl wlgnud:



