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Abstract

A necessary and sufficient condition is obtained for the problem of partitioning of
the set of vertices of a tree G into two disjoint sets V; and Vi such that it satisties the
condition |[Mr) N V| - |A(v) N V3|l £ 1 for any vertex v of G, where Av) is the set of
all vertices of G the distance of which from v does not exceed 1.

We consider finite, undirected graphs without loops or multiple edges. Let V(G) and
E(G) denote the sets of vertices and edges of @ graph G, respectively. Ifv € V(@) then exg(v)
denotes the eccentricity of a vertex v in a graph G. Fora graph G let A(G) be the greatest
degree of a vertex of G. Let p,(z,y) denote the distance between the vertices x € V(G) and
y € V(G) inugraph G. Forv € V(G) let us denote A(v) = {v}u{w € V(G)/(w.») € E(Q)}.
A funetion f : V(G) — {0, 1} is called 2-partition of & graph G. 2-partition f of a graph &'
is called locally-balanced iff for Vv € V(G)

I{w € AMw)/f(w) = 1}] = {w € A(p)/f(w) = O}]| < L.
Non-defined concepts can be found in [1, 2, 3, 4, 5].

Let = € V(G) be an arbitrary vertex of a tree G.
We define the subset N;(z) of the set V(G). where 0 < i < exg(z), as follows: 3

Ni(z) = {z € V(G)/py(x,2) = i}.

Obviously, for any u € N,(z), where 1 < i < exg(z), there exists a si =Ne

N._[,ir) satisfving the condil‘ion (wut-" e E(_G). A T e e
t us assume we have some ition of the set V(G)\{x} i

which satisfies following g M) S A o

V(G)\{x} = A(x) U B(x) U C(a),
Alz)NB(z) =0, B(z)NC(x) =0, A(z)nC(z)=0.
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| For Yu € V(G)\Ney(z)(z) define:

alu) = I{v € N&,!’:.nhl(’)ﬂ“e v) € E(G),ve Alz)H,
b(") = ]{” € Npg[:,u)-i-l f-"-}ffu.v) e E(G)-t’ (] Hf:}}}.
clu) =l e N, o silz)/luv) € Q) » e Clz)),
= ] Fal‘l AN Jr A ’ L) i’ 13
I Note 1. From the definitions of functions a, b and c it follows that if for¥i, 1 < i < exg(z)
\ Jor all u € Ni(z) it is already determined whether u € A(z), u € B(z) or u € C(z), then for
WWan wrinirary u & Ni-1(z) the values a(u}, bu) and c(u) are unambiguousiy caicuiated.

1 Note 2. a(z) + b(z) + c(z) = dglz); for Yu € VIC)\(Nexga)(z) U {z}) the equality alu) +
4 b(u) + elu) + 1 = dg(u) holds.

Let us inductively define sets A(z), B(z) and C(z) as follows:
Nero(2)(z) € B(z), Nesoa)(2) N A(z) = 0, Nezyi)(z) N Clz) = 0.
Assume that for 4, 2 < i < ezg(z), the partitioning of Ni(z) is already defined:
Ni(z) = (Ni(z) n A(z)) U (Ni(z) N B(z)) U (Ni(z) N C(z)).

It follows from the note 1 that the values of functions a, b and ¢ can be calculated for
seach u € N.‘-](I).

Define the partitioning of Nj_;(z) as follows: for Yu € N;_(z)’
Afz), i 1< b(u) - (dofu) - b(u)) < 2,
B(z), if =1 < a(u) — (dg(u) — a(uw)) <0,

C(z), if inequalities 1 < b(u) — (de(u) — b(u)) < 2,
—1 < a(u) - (dg(u) — a(u)) < 0 are false.

URS

Let us show that nnder the given definition the following conditions are true.

(Ni-1(z) N A(z)) N (Ni-a(z) N C(z)) = 0,
(Ni-1(z) N B(z)) N (N (z) N C(z)) = B,
(Nie1(z) N A(z)) N (Ni=1 (z) N B(z)) = 0.

)Obviously, it. will be enough to show the correctness of the last condition only. Assume the
‘opposite: Jug € (Ni-1(z) N A(z) N B(z)). This means that following inequalities take place
(1 < b(uo) — (dg(uo) — bluo) < 2, 1 < a(uo) — (da(uo) — aluo) < 0.
" This implies 1+ dg(uo) < 2 b(ug) < 2+ dg(up), 1+ dg(up) < 2+2-a(up) < 2+ de:(up).

Since 2 - b(uo) and 2 + 2 - a(ug) are even integers, and 1 + dg(uo) and 2 + dg(ug) are
‘consecutive integers then the following two cases only are possible.

Case L. 2-b(up) = 2+ 2 - a{uy) = 1 + dg(ug)

Obviously, a(up) = %=l p(yg) = falwltl It follows from the mote 2 that
de(ug) = 1+ a(ug) + blug) = 1 + !"-‘!,‘]"—1 + %alsolt] — | 4 dg(up), which is impossible.

Case 2. 2-b(up) =2+ 2 a(ug) = 2 + de(ug)

Obviously, a(ug) = !“-g'—'ﬂ, blug) = 1+ !9{:'51 It follows from the note 2 that
dg(uo) > 1+ a(ug) + b(ug) = 1+ alie) 4 1 4 !e%!ﬂ = 2 + dg(up), which is impossible.

The obtained contradiction shows that (Ni-;(z) N A(z)) N (Niy(z) N B(z)) = 0
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' v defined and,
: Alz), Bix) and C(z) are umbm»ubh

Lt “""{f}ff,;h: ‘:{,;?;(%!-.- Cla). A N B =8 BRnCE =4
moreover. ¥ (G5 8 : _
i Ci;.:: E have also defined the following functions g : (V(C\Nezoinlz)) — Z,,

Note we oY) = % \

' y E= 1"‘6’“ -\' SN = g : _
k- {!-’iﬁ':‘\,.\ugu::ﬂ} -2 143 4 ¢ A 2 of s e ¢ m(mu{k‘!l}- lmpiu i
choice :1:‘“ - ;'(ofi i:t ization of the pastitioning of lhe sob V(G)\{=) into
sets {{‘:-I]‘B‘(z) ('-':x] mennc;ned above and the definition of functions a. b, ¢ on the set

VIG)\ Nezgiz)(7):

Lemma : - 4 ly-balgnced 2-partation, then for ¥u € V(G)\{x)
Jollowing l;rgprsrﬁ:sw ?: {1{1;:;?:"") = f(u), u€ B{r)= Jiu=") = 1 = fu).

Proof i . reverse induction on pa (&, ¥). :
quoml;t» us prove the lemma for vertices of t'ha set Nezo(=y(7)-
Obviously, A(z) N Nezg @(x) =0, %0 there is nothing to prove 5 ] |
Let i € B(x)NNezos(z). Obviously, dg(u) = 1. Since fisaloc v-balanced 2-partition

of G, then f(u) = 1 = f(u'=*), which is the statement of the lfmmn, :

Assume that the lemma holds for all vertices of the set N;(x), where 2 < : € erg(z).

Let us prove the lemma for vertices of the set Niai(z)
Let u € Ni_1(z) be an arbitrary vertex.

. A(z).

%:ﬁ: :efinitt;i of A it follows that 1 < b(u) — (da(u) — b)) S 2, s0 0 < b(w) - 4
(dg{u) — b(u) + 1). From this inequality, the inductive assumption and the fact that | is
a locally-balanced 2-partition of G we conclude that for Y € Mu)\B(z) f(w) = f(u) and,
particularly, f{ﬂ“;’) ? Su).

Case 2. u € B(x).

From t.hgudeﬁman of B it follows that —1 < a(u) — (de(u) — a(u)) £ 0,500 <
a(u) + 1 = (dg(u) — a(u)). From this inequality, the inductive assumption and the fact
that f is & locally-balanced 2-partition of G we conclude that for Vw & Mu)\(A(z) U {u})
flw) = 1 — f(u) and, particularly, f(u™") = 1 — f(u). Lemma is proved.

Theorem 1. For a given tree G there exists a locally-balanced 2-partition iff for Vu €
V(G)\Nezo(x)(z) following inequalities simultaneously hold:

blu) - (da(u) = bu) €2, a(u) - (de(u) — a(u)) 0.

Proof. Necessity. Suppose that f is a locally-balanced 2-partition of the tree G.

Let us prove that for any vertex u € V(G)\Nezg (o) (2) following inequalities simultané-
ously hold: ~b(1) ~ (do(u) ~ b(u)) < 2, a(u) - (da(w) - a(w) < 0. |

Assume the opposite. This means that there exists a vertex uq € VICW\N,..n(x) for
which at least one of the mentioned inequalities is false.

Let us assume that the inequality b(ug)— (dg(uo)—b(us)) < 2 is false. Then the inequality
b(ug) = (de(ug) —blug) +1) > 1 is true. But this inequality, taking into account the statement
of the lemma 1, contradicts the fact that f is a locally-balanced 2-partition of the tree ¢,

Let us assume that the inequality a(up)—(dg(uo) —a(uo)) < 0is false. Then the inequality
a(ug)+1~(dg(ug) —aluo)) > 1is true. But this inequality, taking into account the statement
of the lemma 1, contradicts the fact that [ is a locally-balanced 2-partition of the tree G.
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Sufficiency. Suppose that for Yu € V(G)\Nz,=)(z) following inequalities simultane-

. ously hold: b(u) — (dg(u) — b(u)) <2, alu) - (dg(u) —a(u)) <0.

Let us inductively define a function f : V(G) — {0,1}.

Let us set f(z) = 1.

Let us assume that for all verticcs of thosat Nifz), where 0 Z 4 Z ez fz) 1. the funcrion
J is already defined. Let us define the function f for vertices of the set N;.;(z).

For each vertex u € N;(z) let us define the function f for vertices of the set Ni.;(z)NAfu).

Obviously, without loss of generality it can be supposed that all vertices of the set

Ni:1(z) N Mu) N C(z), if it is not empty, are numberad: h;(u), halu). . . ., hey)(u).

First of all let us define the function f on vertices of the set Ni.i(z) N Alu) N A(z) by
the following way: for ¥z € Nizi(z) N A(u) N A(z) set f(z) = f(u).

Now let us define the function / on vertices of the set Ni.i(z) N A(u) N B(z) by the
following way: for ¥z € Nisy(z) N Mu) N B(z) set f(z) =1 - f(u).

Note 3. On all vertices of the set Mu)\(C(z) N Ni.1(z)) the function f is already defined.

Let. us denote e(u) = [{w € Au)\(C(z) N Nyy1(z))/flw) = F(u)}| and o(u) = {w €

Mu\(C(z) 0 N (2)/f(w) = 1 = f(u)}.

It follows from the note 3 that values of e(u) and o(u) are already defined.
Now let us define the function [ on vertices of the set Niyi(z) N A(u) N C(z) by the
following way: for ¥z € Ny (z) N A(u) N C(x) set:

flu), if z = hj(u), where 1 < j < o(u) — e(u).
1— f(u), if z=hy(u), where 1 < j < ¢(u) — o(u),
fa) = 4 S0 if 2 = h;(u), where |e(u) — o(u)| < j < ¢(u) and -
(5) = — |e(u) — o(u)] is an odd number,
1- flu), o hyu), where |e(u) — o(u)| < 5 < e(u) and
j — |e(u) — o(u)| is an even number.

So we have defined the function f on all vertices of the set Ni.(z).

Therefore, the function f is defined on whole V/(C).

Let us check that the function f defined above is a locally-balanced 2-partition of the
tree (7, indeed.

Let u € V(@) be an arbitrary vertex.

Case 1, u = z.

Since b(z) — (dg(z) — b(z)) < 2 and a(z) — (dg(z) — a(z)) < 0 then, taking into account
the note 2, we obtain: b(z) — (a(z) +1) <1+c(z) and (a(z)+ 1) —b(z) < 1+ c(x).

Case 1a). c(z) < b(z) — (a(z) + 1).

Obviously |{w € A(z)/f(w) = [(z)}| = a(z)+1+c(z), {w € Mz)/f(w) = 1 - [(2)}] = b(2).

Let us show that |b(z) — (a(z) + 1 +¢(z))| < 1.

It is clear that in this case that |b(z) — (a(z) + 1 +¢(z))| = b(z) — (a(z) + 1 +e(z)) < 1.

Case 1b). ¢(z) < (a(z) + 1) — b(z).

Obviously [{w € Az)/f() = J@} = ale) + 1, [{w € Ma)/f() = 1~ J(2)}] =
b(z) + c(z).

Let us show that |(a(z) + 1) — (b(z) + e(x))| < 1.

It is clear that in this case that |(a(z)+1)— (b(z) +c(z))| = (a(z)+1)— (b(z) +c(z)) < 1.

Case 1c). ¢(z) > [6(z) — (a(z) + 1)]. _
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Hor € e ha-em- et h D F(e) = 1 = FH

i{'"" € l‘“x}‘\{hﬂﬂ—{q:h—lh‘l I
2 A/ fiw) = ) - s € AMx)

-----

implies the inequality |{« /) =1=J(BH 1.
Case 2. u# T
Case 2a). u € A(z).

Ly N <3
l;mﬁhziiz;hmﬁh:gfm':mudtum true 0 < b{u)—a(u)=c(u)=2< ),
du)()im };in L:(?iff(ul = f(w)}] =a(w) + 2+ clu), {= € Mu)/ fiw)=1=flu)}i =

N“Jllet us show that [b(u) — (a(u) + cf{u)

It is clear that in this case that [b(u) —
Case 2b). u € B(z).

In this case —1 < a(u) = (dg(u) — a(u)) 5 0.
From the note 2 it follows that following ineq

+2)| <L

(a(u) +c(u) +2)| = &u) = (a{u) +clu) +2) € )

ualities are true 0 < a(u) = b(u) —c{u) £ 1,

c{u) < alu) — blu). f(w} = alw) + 1, {w € Mu)/f@) = 1= fu)} = |

Obviously |{w € Au)/J(») =
b(“)+l+f]§:l hat |a(u) + 1 — (b( )+e{u)+1) <1
U - u u)+ S L
:ftbu:lear l.h:: in':hh case that la(u) + 1 — (b(u) + c(u) + D] = |a(u) = d(u) - e{u)] =

a(u) — b(u) —c(u) < 1.

Case 2¢). u € C(z). s a

In this case following inequalities are false 1 < b(u) = (dg(u)
(dg(u) — a(u)) < 0.

Consequently, using the condition of the theorem, we obtain b(u) = (da{u) — b(u)} < 1,

a(u) = (dg{u) — a(u)) < -1

Now, taking into account the note 2, we conclude that b(u) — a(u) = 2 < efu),
a(u) - b{u) < c(u), which imply b(x) — (a(u) +2)| < c(u) + 1 and la(u) = bu)| < c(u) + 1.

Case 2¢)1. f(u'™") = f(u).
Case 2c)l1a). [b(u) — (a(u) +2)| 2 cfu).

It is clear that in this case the inequality |b(u) — (a(u) +2)| < c(u) + 1 implies the

inequality ||{w € A(u)/f(w) = f(w}| ~ [{w € Mu)/f(w) = 1 = f(u)}]| < L.
Case 2¢)1b). [b(u) — (a(u) + 2)| < c(u).
It is clear that in this case the equality

{w € AW\ {Agg)-tosnis1 (W), - - gD/ S (W) = [} =
How € MU\ {hipgey-tagureniar (), oo s hega() D/ (@) = 1= f(u)},

implics the inequality ||{w € A(u)/f(w) = f(u)} = {w € Mu)/f(w) = 1 = f(u)}| < 1.
Case 2¢)2. f(ut™") = 1 = [(u).
Case 2c)2a). |a(u) = b(u)| > c(u).

It is clear that in this case the inequality |a(u) = b(u)| < e(u) + 1 implies the inequality

[l{w € Au)/f(w) = f(w)}] = {w € Au)/f(w) =1~ [} < 1.
Case 2¢)2b). |a(u) = b{u)| < c(u).
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' Itis clear that in this case the equality

Hw e fo\{u_):\{hm‘uj—h(uj,ﬂ (1), ..., hey(W)})/ f(w) = [(u)}| =
[{w € (AMu)\{Aatej—dpup+1{8)s - - - s hetuy (@) })/ f(w) = 1 = [(u)}.

implies the inequality |{{w € Mu)/f(w) = flu)}| - |{w € AMu)/f(w) =1—- flu)}li < 1.
Theorem is proved.
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Cwnmy (njw-hujuuupulynwd 2-mpnhiwl gnympjwl hwdwp
wlihpwdbzn b punjwpwp yuypiwb ququph 2powlw)ph plnw)Gjwo
uwhiwidwl nhupnud

U. Puyhlyjut, 0 Ruiwjui
Udithnihns

Uwnwgyud b wihpwdbzn L pujwpup wwpinl dwnh ququplbph puqinpub V;
L V5 shuumnn bGpwpwqimpyniGGbph wylwhuh wpnhiwb qnympymbp wwpgbine hwdwp,
np dwnh jmpwpwlymp v ququph hwiwp wtnh nGbGw [[A(v) N Vi| - Aw) N || < i
whhwijwuwpnipym p, npubn (v)-ny GuGwipjud kw)l ququplbph pwqinipnilp, npnig
hbmunjnpnipymbp v-hg sh gbpwqubigmy 1-pG:



