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Abstract |
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A subset R of the
eximnpmpe:dpeolmofo‘ inw
of G form an interval of integers iff x €
vuﬁeucfhmwywhmfunﬂ.

1. Preliminaries _
WcmidumdnuedpaﬂuuMWlndmnmpbdsﬂll],Lct\’(G)miE(G)dumu. ;
mufuuﬁnumdalpofapaﬁlﬁrupcﬁwly. If x € ¥(G) then let d(x) denote the degree of a
vertex X inagnth.Fou;rlthIn_\(G) be the greatest degree of a vertex of G, 2'(G) be the
chromatic index of G [2]. Let S(G) denote the cardinality of the greatest matching of 2 graph G.

The set of positive integers is denoted by N. If D is a finite non-cmpty subset of N then let D)
and L(D) denote the least and the greatest element of D, respectively. A non-empty finite subset D of N
is referred as interval if /(D) St S L(D), t€ N implies that t & D. An interval D is called h - interval
if |Dl=h. An interval D is called (g, k) —interval and is denoted by Int(g, k) if I(D)=q,ID|=h. A
function @: E(G) — Inr(1,1) is referred as a proper edge 1 —coloring of graph G if

1) foreach i€ Jni(l,1), there is ¢ € E(G) such that g(e) =1,
2) for any adjacent edges e'e E(G),e"€ £(G) ole)#e(e'").

If @ is a proper edge 1 — coloring of a graph G, where 2(G) st S|E(G)| and x & V'(G) then let
S(x,@)={ie N/3e, € E(G) such that x is adjacent 10 & and @(e,)=i}. A proper edge
1 - coloring @ of a graph G is called interval edge t —coloring of G [3]. if for Vx e V(G) S(x,9) isa
d_. (x) - interval. Let 9, denote the set of graphs for which there is an interval 7 - coloring and assume

‘!‘I:IU N,
=]
For Ge @ let w(G) and W(G) be the least and the greatest possible value of 7, respectively,

for which G € .
Propasition 1. [4] If G is a regular graph, then G € & ifand only if 2'(G) = A(G).

Corollary 1. K, € 2 ifand only i p is even.
g :eom L [4] If G is a regular graph with 7'(G)=A(G), then for VI(A(G) St SH(G)
€ qn,.
Theorem 2. [5.6] For Yne N W(K,,)23n-2.
A proper edge I ~ coloring @ of a graph G is called interval on R V(G)ed i
; ge 1 = coloring of n
groph G [4],if for ¥xe R S(x,@) isa d;(x)—interval. For Gand R ¢ F(G) let w,(G) and W, (G)
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wdbe the least and the greatest possible value of 1, respectively, for which there is an interval on R edge
'L_f—colurin; of a graph G.

2. Definitions and Terms

5 7' (G)St 5 |E(G) and RCV(G), if for each x € ¥(G) S(x,p) isen interval if and only if xe R .

Definition 2. A subset R < ¥(G) is called interval-separable subset of the set of vertices of G (or,
ifhorter, “interval separable subset of G”), if there is ¢,. 2'(G) 1, <|E(G)|, for which there is a proper
s edge 1, — coloring of a graph G, which has the (R, R) - feature.

Definition 3. For a graph G and an interval-separable subset R < V(G) of its vertices let w,:(G)
wand W.j(G) be the least and the greatest possible value of !, respectively, for which there is a proper
sedge 1 - coloring of a graph G with (R, R) - feature.

Note 1. For each graph G and the interval-separable subset R V(G) of G the following
iinequality holds: 7'(G) < w,(G) < w,;(G)SW,;(G)SW,(G) <|E(G)

For each graph G € 9 and the interval-separable subset R < ¥(G) of G the following inequality
dholds: 7'(G) < W(G) < w,(G) S w,5(G) <, ;(G) <W,(G) < W(G) <|E(G)|

Note 2. If G € 9. we can’t state that its arbitrary subset of vertices is interval-separable. It can be
ashown by the following

Example : Let G is a tree with [V'(G)|23 and Ris the subset of all vertices x & ¥(G) which

esatisfies the condition dg;(x)22. It is clear that even G 9 [7], but R is not an interval-separable
ssubset of G.
The goal of this work is finding all interval-separable subsets of the complete graphs X p» Where

. p22. All non-defined terms can be found in [1,4]. Everywhere in this work we assume that
V(K,)= (% %pnz,). It Is clear that [V(K,)=p, jf-:(x,)iu!i-(%'_”, & ) mp-1,

R s
3. Some intermediate results
Proposition 2. If R=V(K,,) where n21 then for each f, which satisfies the inequality
12n-151%3n~2, there is an interval on R I —coloring of a graph K, .
- Prool. Follows from the corollary 1 , theorems 1 and 2.
Corollary 2. For cach R V(K,,) where n21 w,(K,,)=2n-1.
Corollary 3. For each R V(K,,) where n21 W,(K,,)23n-2.
Proposition 3. It K=V(K,,,) where n21 then for each f, which satisfies the inequality
2n+1<1<n(2n+1), there is no interval on R £~ coloring of a graph X,,,, . The proof is trivial,
Proposition 4. For each n22 and for each RcV(K,) there is an interval on R
(2n-3) = coloring of a graph K, .
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let us suppose that rn23.As RcF(X)) then
Xy, ). Let define the funciion
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Prool. As the proof is trivial for the case n=2,
without loss of gemerality, we may assume that RS iX:s
o:E(K,)— Int(1.2n-3) . For vee E(K)) lct

(2j-3 .fe=(x,x)for
PR j-3uif 0= (53 for

It is easy to see that @ isspwadp_

-"—!)S(I‘.Q)PMU—LH—I}. Thus ¢ is2n

which j € Int(2.n=1)
which | € Int(2.n=2),j € mQun=2)i < J
(@n-3)-coloring of the graph K., and for
2 interval on R (2m—3)~ coloning of 2 graph
viglne(2,
K. . Proposition 4 is proved. : g
Corollary 4. Foreach n22 snd each R V(X)) wy(K,)€2n-3.
orollary (K.) Wo(K,)22n=3.
&, Foreach n22 and exch RcV(K,) Fy : ‘
fsul For each n21 and each proper edge (2n+1)—coloring & of a graph K., the
following mmt holds: for each !,ehrulnvl) there is only j(i.) € n(1,2n+1) such tha

€ s(xilh .-ﬂ) : ! g
y rméaxmmmusmmemmur«mh p21 there is no perfect matching for K .
Let's  prove i Let us  assume  the  opposite: there  are

7y e m2n+1), J"Gg) € Imt(L2n+ 1), /') # 7"(i,) which satisfy l.he-follm\'ing conditions.
by €S( @y €Sk 1e@)- A3 |[E(Kyy)=n(@n+])  and A(Kya)=n  then for
vien(l2n+1) He € E(K,...) a(e)=i}=n. But iw's clear that
,f-{eeE{Kw)fa(e}-alslhz-lj-n-l. This contradiction shows incorrectness of the assumption.
mul.i’mam n21 and each proper edge (2n+1)—coloring @ of a graph K,.., there are
i and "', which satisfy the following conditions:

1) 1$7s2n+1,1SM"S2n+], =",

2) S(x.a)=Ini{22n), S(x..a)= Int(1,2n),

3) for Vie (1 2n+D\{i",i"} S(x,,@) is not interval.

Proof. From lemma 1 it follows that there are the only J( e (1, 2n+1) such that
1eS(x,,.a) and the only j(@n+1)ent(12n+1) such that (2n+1) € 8(x,3,1,@) - As @ isa
proper edge (2n+1)-coloring of a gph K, and de, (x)=dy, (X0,0) =20, then
S(x,.@) = Int(2,2n) and S(x ,(30upys@) = Int(1,2n) . For completing of reasoning it's enough to
assume that i'= j(1), i"= j(2n+1). Lemma 2 is proved. :

Proposition 5. For each n21 and RcV(K,,,) which satisfies the inequality |R|<2
w,(K,,,.)=2n+1. The proof follows from the lemma 2.

Lemma 3. For each 2 4 there is a proper edge |E(K, )|~ coloring @ of a graph K, , where for
Yie Int(l,n) S(x,,&) is not interval.

Proof. Case . n=4, It is clear that in this case edge coloring & of a graph K, which is defined

the following equalities 4
allx,x,)) =1, a((x,.x,) =2, a((x.x,) =4, a((x;,x,)) =35, a((x,,x,))=3, a((x,.x,)) =6
implies the statement.

R



! H. Arakelyan and R. Kamalian 111
' Case 2. nz5. Let us assume
E] -'"xuxp.l}:(xznxs}}l EQIE(K.J‘I(.E] UE, UE!).II'!CMM [E‘?zi‘%_z"_l_

Let us number all edges in E, by the random order: emef21....n!-'-'-("2—-n—-2n+ lli 4
L J

Then let us number all edges in E(K,) by the following order :
Jor i€ Int(1,n 1) assume e, =(x,,x,.,)
for i € Ini{n,n—2) assume e, = (x,_._,.x,
&y =(x,x, )

':..-1 =(x;,x,)

-a-!J

for i & Int(2n, ""'2' i

~2n+1) assume e, = efi —2n + 1]

Now let define the function a:E(K,J—r.{u!ﬂ,*E(K_)D. For Yie fmﬂ,ib’fx,}‘) assume
va(e,)=i. It is easy to see that in the examined case & is a proper edge [E(K, )|-coloring of a graph
\ K, , which implies the siatement. Lemma 3 is proved.

Proposition 6. For a graph K, , where 2<n <3, asubset R c V(K,) is interval-separable if and
sonly if |R|=2. The proof is trivial.

Lemma 4, In the case n24 and Rc V(K,), which uusﬁcslhecandmon 0s|R|<1, there is a
Jproper edge |E(K,, )|~ coloring of a graph K, with (R, R) - feature.

Prool. Case |. R =@, The proof follows from the lemma 3.

Case 2. [R|=1. Without loss of generality, we may assume that R ={x, } .

Case 2.1. n=4. It is clear that the proper edge 6-coloring @, of the graph K, , which is defined by
the following equalities:
@ (5, %)) =4, 9 ((x1,3%,)) =5, @,((%,,x.)) =, §,((x;,%,)) =6, B,((x;,%,)) =2, @,((x,,x,))=3
has the (R, R) feature.

Case2.2. n25. Let G' is a subgraph of a graph K, , which is induced by the subset
{1, %;5..,%, } of the vertices of K, . It's clear that G'= K, , . From the lemma 3 it follows that there
is a proper edge |E(K,,_,)| - coloring @, of the graph G', where for Vx € V(G") S(x,@,) is not
interval. Let us define the function @, : E(K,) — Int(L|E(K,)]) . For Ve € E(K,) assume

{ Lif e=(x,,x,), where i € Int(l,n~1)
P,(e)=
n—1+g@,(e), if e is not adjacent to x,
It is clear that @, is a proper edge [E(K,, )|~ coloring of  graph K, with (R,R) - feature.
l.emma 4 is proved.
Corollary 6. In the case #24 and R V(K,), 0<[R|<1 follows W,:(K,)=|E(K,).
Lemma 5. In the case 724 and R V/(K,), 25 |R|<n-2, there is a proper edge

(2n—3+’E(K._‘.M$—wloring of a graph K, with (R, R) - feature.
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r Xy X, ). Let us assume that

u&-{l’
Proof. Without loss of generality, we may assume
5 w{(x, ) 14 M JE-DU I, B minon /e =D, e MOARLI),

E, ={(x,.x,)/ j & (R +Ln-{R D). E = EX)VEVEVE).

it’s clear that ~RNn-IRi-1
_(_R'_.]!'.E__zl +(R=1)n=1RD. I£|T-!l' IRl-1, |E e 'k:x" i—I'—-)‘ll'l

mudeunamomldpudmnWG'oflmhA nh-chuu-m
,:H}ofbe\mufx . It is clear that

:£|£=Imv iEﬂ "

easy to sec that E,
by the subsct {5, X e
G=K, .. V(G)=n-| R, [E(G)= =E\ A(G)=n-R -1

Cﬂ]-ﬂ—}R{'* Lﬂ“wmw“ E(A )-n'mﬂ,-n-‘) For V‘!E{A )
assume
2i-3 ,if ecE, and e=(x,,X,)
i+j=3,if ecE, and e=(x,.x,)

nle)= ' Jif e=(x,x2)

l_n- Jfe=(x,.%,)

It is easy to see that @ is o proper edge (2m—2)=coloring of a graph K,. where for
vielnt(2n-3)uin S(x.@)=Mr(i-Ln-1) but the sets S(x,.0) and S(x_,.@) are not
intervals.

Case 2. n-[Ri-S.lntheminedmil‘sc!wmﬂ n2 5. Let us define the function
@, 1 E(K,)—> Ini(1,2n) . For Ve e E(X,) assume
-3 ,if eeE and e=(x,,x))
i+j-3,if ee E, and e=(x,x,)
-5 ,if e=(x,3%,)
@.(e)={2n-4 ,if e=(x,,.%,)
2n-2 if e=(x,3:%,4)
-1 ,if e=(x.x,.;)
.2" r!f‘=(xl'xn-l)

It is casy to sec that @, is a proper edge 2m—coloring of a graph K, where for
Vie Int(2,n-4)u{n} S(x,,@,)=Mi(i-1,n=1) but the sets S(x,.@), S(x_,.¢) and
S(x,.;.9,) are not intervals. -

Case 3. n~|R|2 4. In the examined case it's clear that A(G') 23 and 112 6. From the lemma 3 it
follows that there is a proper |E, |~ coloring @, of a graph G', where for Vx € F'(G") the set S(x,q,)

is not interval. Let us define the function g, : E(x,)-um[l.za—uwﬂ]. For

Vee E(K,) assume
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(2i-3 Jif e E, and e=(x,,x,)
i+j-3 if eeE, and e=(x,,x,)
n+j-3 JfecE, and e=(x,,x,)

Ve T om ol if ar &
[= gy T Ay

w;(eJ-J.

—coloring of a graph K,

It’s easy to see that @, is a proper edge (2&—3+wﬂj
= where for Vie Int(2|R|-1)Uin} S(x,0,)=Int(i—1,n—1) but for
¥ie Int(|R|+1,n—|R|~1) S(x,,,)is not interval and the set S(x,,@;) is not interval. Lemma 5 is
proved. ;
Corollary 7. When n24 and RcV(K,), |R|=2 then W, :(K,)=|E(K,).
Corollary 8. When n24 and RCV(K,), |[R|=n—2 then W, (K,)>2n-2.
Corollary 9. When n24 and R V(K,), |R|=n—3 then W, ;(K,)22n.
{ Lemma 6. When 724 and RcV(K,) satisfies the condition [R|=n~—1 then there is a proper
edge (2n—3)~ coloring of a graph K, with (R, R) - feature.
Proof. Without loss of generality, we may assume that R = {x,,x;,...,x, } . I's easy to see that the
coloring @ which was constructed in the proof of proposition 4 is a proper edge (2n-3) - coloring of a
graph K, , which has (R, R)— feature. Lemma 6 is proved.

4. Main results
Theorem 3. In the case n22 each subset R c ¥'(K,,.,) is an interval-separable subset of X, .

The proof follows from the lemmas 4-6.
Theorem 4. In the case n22 each subset R V(K,,) is an interval-separable subset of K, .

Proof. Case 1. R=V(K,,) . The proof follows from the proposition 2.
Case 2. R c V(K,,). The proof follows from the lemmas 4-6. Theorem 4 is proved.
Corollary 10. There are graphs G & 9 for which each subset R c ¥ (G) of its vertices is an

interval-separable.
Proposition 7. When n22 and RcV(K,), |R|=n~1 then W, (K,)=2n-3.

Proof. In the case 2<n <3 the proof is trivial. Let n 24 . From the corollary 5 it follows that for
proving of statement it’s enough to show that for n=4 and R c V(K, ), which satisfies the condition

|R|=n~1, the inequality 7, (K,)<2n~3 is right. Let us assume the opposite: there is n, 24 and a
subset R, c¥(K, ) satisfies the condition [Ro|=n,~1, such that there is an interval on R, edge
1y —caloring @, of the graph K, , where f, 22n, 2. Let ¢, € E(K, ) and e, € E(K, ) such that
Po(e) =1 and gy(e;) =21, 2.
Case |. e and e, are not adjacent. Without loss of genecrality, we may assume that

e, =(x,,x;), & =(x;,%,). As [R,|=n, ~1 so at least one of the following statements is correct :

a) the sets S(x,,¢,) and S(x,,@,) are intervals,

b) the sets S(x,,p,) and S(x;,@,) are intervals.
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Without loss of generality, we may
(n, ~1)- intenval and @y (6,)=1. %0 CXEEA L

l".-“-mﬂﬂe.(f‘-"zl-_—:.lﬂ ™ o o
ollx,.x.Nz2n, -2-(n =N=n, >u.-lzv.((:..:,}).nh=huupw

Case 2. ¢ and € mﬁm“ﬁb&amawmlm.ucm%m
l l.-hﬂnunnild:uﬁl‘sclﬂtlm S(xy.0) is not interval. It implics thay
are imervals. As @(e)=1 and S(x,.@) is (n=1=-intenal, s
o ((x,.x;)) S 7, —1. From the other side, a3 @yle)=2n,-2 and S(x;.@,) is (7, = )= nterval, 50
m(x..x,)rzzn.-z-m,—zl-n, >n,—laoo((x,.x,]).whkhtfw.
mmwm;wofﬂumw. Proposition 7 is proved.
leenmlémdpepuﬁon‘rilrolhs gy, 2 ;
Cerollary 11. When n2 3 and ReV(K,). |[Rl=n=1 then W (K )=2n-3.
Corollary 12. When 7123 and R V(K,). Rl =n~1 then w, 5(K,)S2n-3.

From lemma 2 it follows A T
Corollary 13. When n21 and R F(K,,,). [Rj=2 then wo i (K ) =24l

Proposition 8. When #22 and ReV(K,,.). 0S|R|S] then w, 3 Ky )=2n+2.

Proof. From the equality 2'(K;..;)=2n=1 and Jemma 2 it follows that for proving of the
statement it's enough to show that for n>2 and Rc¥(K,,,). which satisfies the condition
0</|R <1, there is a proper edge (2-+2)— coloring of the graph K,,., with (R, R) - feature.

Case 1. [R|=1.Let R ={x}. From the lemma 2 it follows that there is a proper (2n1+ 1) ~coloring

6 =(x.%;), & =1 %
S(x..@.) and S(xy.e;)

a, of the graph K., such that there is a vertex TeV(K,,..) for which the following statements are
correct

) SG.a)=In2n), Sx.a,)=In2.2n),

2) for VxeV(Ks)\ (%X} S(x.a;) is not interval.
It clear that 3¢’ €¥(K,,.,) such that &, ((5,x) =2n+1. As S(%,@,) = Inf(1.2n) s0 x'# ¥ Letus
defin the function @, : E(Ky,.,) = Int(1,2n+2). For Ve € E(K,,,) assume

w,(e)-{"'m .tfﬂ(:.x') :
2n+2,if e=(x,x)

As &, is a proper edge (2n+1)—coloring of the graph K, and the equalities
Z2(Ky)=2n41, B(Ky,, ) =0, |E(Ky,,, )| =n(2n+1) hold, so
j{;eE(x,_,.)\:(;.xq}rp,(e)-zn+1!=n-lzl.mmdwaﬁmﬁmorg imply that @, is the

proper edge (2n+ 2) - coloring of the graph K,,,, which has (R, R) - feature.
Case2. R=0@ . Let @, be a proper edge (2n+1)~coloring of the graph X, . From the lemma

2 it follows that there are i* and i” which satisfy the following conditions :
1) 1s7s2n+L,1<"S2n+], i'=i",

2) S(x..a,)=Int(2,2n), S(x,.,a,) = In(1,2n),
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3) for Yie In(1,2n+ 1)\ {I',i"} S(x,,a,) is not interval.
it is clear that &, ((x,,x.))#2n+1, a,((x,,x.))#1.
Casc 2.1. a,((x,,x,)) # 2. Let us define the function @, : E(X,,.,) — Int(1,2n+2) . For

lor t2) [f._-g.{y r.\

f Yee E(K.,.,) assume ”’“"12;:’2'}"(; "':')' :
L] /b o

As @, is a proper edge (2n + 1) —coloring of the graph K, and the equalities
S (K )=2n+1, BK, ) =n, [E(K,,.,)|=n(2n+1) hold, so
! |{¢ € E(K,, )\M(x,,x: )} p,(e)=a, ((x,,x,)}ﬂ =n~-121. This and the definition of ¢, imply that
@, is the proper edge (2n+2)— coloring of the graph K,,,, which has (R, ) - feature.

Case 2.2. @, ((x,,%,))=2. Let us define the function @, : E(K,,,,) — Int(12n+2) . For

- 1+aj(e) ,if e#(x;,%,)
Vee E(K,,, ) assume p,(e)-{l oA

. As «, is a proper edge (2n+1)~coloring of the graph X, , and the equalities 7'(X,,, )=2n+1,
P(K )=, |E(K,,,)|=n(2n+]) hold, so [fe € E(K,,..)\{(x/, %)}/ @, (e)=3f=n-12]. This
\and the definition of @, imply that @, is the proper edge (2n+2)— coloring of the graph K,,_, which
has (R, K)— feature, Proposition 8 is proved.
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£, Unwpbjul 0. Lwidwgjul
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G gpudh ququplbph puqimppui R bpwpwqinpmbp Ynpfmd £ dhgwlwjpw)Gnpbi
wnwidbwgynq wyl b Shuyl wyl dwdwbwly, bpp gnmpymb mbGh G gpubh wilyhup Ghpn
nnuyhl Ghplood, np Yudwjulpul x ququphG Yhg Ynnbph gniyGbpp Gugqdmd b6 plwlwb pibiph
puqimpyul dhy dhewluyp wyl L Whuj6 w)l nhupmd, tpp x€ R: Qubjwd b6 phy gpuiph
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