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Abstract

The fast generalized Haar transform elgorithms of orders 4". 3", and 5™ are pre-
sented.

1 Introduction

The evolution of imaging and audio/video applications over the past two decades has pushed
the data storage and transmission technologies to their limits and beyond. One of the main
and most important steps in data compression, as well as in various pattern recognition
and communication tasks, is the application of discrete orthogonal (spectral) transforms to
the inpul signal-image classes, This step allows trensforming the original signals into the
much less redundant spectral domain and performing the actual compression/recognition on
spectral coefficients rather than the original signals [1]-[8]. Developed in the 60-s and 70-s
fast trigonometric transforms such as FFT and DCT (discrete cosine transform) facilitated
the use of such techniques for a variety of efficient data representation problems. Particu-
larly, the DCT-based algorithms have become industry standard (JPEG/MPEG ) in digital
image/video compression systems [9].

In this paper we consider the generalized Haar transform, develop corresponding fast
algorithms and evaluate its complexities.

2 The Generalized Haar Functions

The generalized Haar functions for any integer p,n are defined as follows [3]:

Hed(k) =1, 0<k<1,
HE (k) = (vP) ' exp(iZ(t - 1)r}, HUsle <k < B, (1)
H{{ (k) =0, at all other points,

where j=v=1, i=Tm, r=Tp-1,¢=0p"T-1, t=Tp.
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mp-zmtl)ummmdmdnmmﬂ matrix of order
¥ Hslk) = 1. 0<k<t,
L) =D, W sk<@® /2, -
Hi:Ak) = -2, g+ 1)/ k< {2g+2)/2,
H3 () =0, at all other points.
where i — L7, q-?:r:i-ﬁrrls.n-2n!hnwln=cxp{ji}})
Rowl: HY(R)=1, 0Sk<1/3, Row2 H3K =1  0Sk<lfd
Mk)y=a, YISk<23 HEE) =a®, 1Sk
ik =a®,  23<k<k ANE =a,  23Sk<)
Rowd HE(M=v3 0<k<1/9 Rowd u;.'m V3 13<Sk<d/9
oK) = v3a, 1/9<k<2/9, HiMk) = via, 1/98k<5
H‘”tﬂ Vad®, 2/0<k<1/3; u._,_nu = Vi, 5/9S k<2
Rows: HEM®=v3 2/3<k<7/9, RowG: 3K = V3, 0Sk<1/9
HE(k)=V3a. 7/9<k<8/9, B3 = VA%, 1/0< k<
H33(k) = V3a®, 8/9Sk<T; Bk = V3a, 2/9<k<]/
Row? HYE(R)=v3 13Sk<4/8, Rows& HEk)=V3. 23Sk<T
HI2(k) = V3a®, 4/9 <k <5/9, H2(k) = V32, 7/9 <k <8/9,
Hi3(k) = V3a, 5/9Sk<23; 220 = ia, 8Sk<L |

Mm.mmpmwmdﬂmmmatﬁxforp=3.n =2hnst-hei

following form (here s = v/3)
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3 2"—Point Haar Transform
Introduce the following notations: iy = (1,1),
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ja= (1,=1). From relations (2) we obtain

o jfls‘].-‘
Ho = (2!‘4 xR
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Continuing this process we obtain recursive representation of Haar matrices of any order
o
t 5 Hz-—l 3'!
”’“‘((ﬁ;n—lf,..;m‘z)' B+, Bkl @

where 2 is the Kronecker product.
Now we compute the complexity of Haar transform of order 2°. Note that for n=1 we
have C*(H;) = 2, C*(H;) = 0. Celculate the complexity of I, transform. Let X7 =
(g, 71, 2, 73) he a real-valned vectar of length 4,
I'he one dimensional forward Haar transform of order 4 can be performed as follows:

) i B e 0 e zo Yo
= 1 1 -1 ‘1 n — n
BX=| A _ /A o o n| |w]| £
0 0 VI —v2)\zm v

where yo = (20 + 7)) + (Z2 + 23), = (To+21) — (Za+7), w2 = V23 - 1),
W= ﬁ(fz - Z3).

Then the complexity of Hy transform is: C*(H,) = 6, and C* = 2.

Now let X” = (2,2),...,2n-1) be a real-valued vector of length N = 2" (n > 2).
Introduce the following notations: P, is (0,1) column-vector of length N/2 whose only i—th
(i=1,...,/N/2) element equals 1, and (X*)" = (233, ©2—1). The onc dimensional forward
Haar transform of order N can be performed as follows:

(Hnp @i2)X
(\/T_lfnn @ j2)X )
Using the above given notations we have
(Hyp @)X = (Hyp@i)(P@X' | B@X2+ -+ Pya@ XV?)
= HypP, @ X + HypPo @ inX? + -+ + HypaPrpy @ 12X 12
= HypPi(zo + 71) + HypPa(a + 23) + - - + HypaPrja(on-2 + T -y)

o+ T
T3+ T3

HyX = (

=HN[2

TN-2+ IN-1
Then we can write

C*(Hypa ®i) = C*(Hyp) + %, C*(Hyjp @ iz) = C*(Huyp).

Now compute the complexity of (vZ" ' Inj2 ® j2)X transform

(VD) Inp @ j)X = ((V2)"'Inp®5a)(P @ X' +--- + Py ® XV72)
= (V2" (P, @ a1 X" + -+ + Pyp ® ay X™1?),
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52 MW“W
from which we obtain
C (VI Isn 8 1) = NI VD Ina S R) = N2
Finallv. the complexity of Hx muﬁmnmbeakuhl«lufollo“:
CH{Hy) =T -2 G (Hp) =2 -2 n=123....
we have C*(H)) = 6. C*(H) = 2. CHH:s) = 14, CMHy) = 6, |

For
C (H) =30, C{Hw) =14

4 3"—Point Generalized Haar Transform

Introduce the following actations: i = (L, L1}
juﬂ.mm(l)nm

Yo g1 is o o
H“s(] a a‘):(h), _H,:l[\/:_”:sbs , Hp= 8
i % Vil 8 b 31y ® b5

Continuing this process we obtain recursive
>

Hyp1 @13
Hy = ( (Vs 8l |, Hi=1l n= P S
(V3" s 883

by = (1,a,0%), where @ = exp{s¥ )

6) |

representation of Haar matrices of any order

(7

Now we compute the complexity of generalized Haar transform of order 3" First we
calculate the complexity of Hy transform. Let 27 = (20,21, 72) = (To+J¥o, 1 + 101, ra+gw)

be a complex-valued vector of length 3,a=exp{j¥}=ml;— +Jisir|%l'j= V-1

The one dimensional forward generalized Haar transform of order 3 can be performed as

e HE

v = 2o+ (21 +22) + jlw + (1 + vl
v|=:o—[z|+:r:)qus§—-(;q—m)sing-l-jlyuv{-y.i»yg}mg—tn+:rg)sin§].
vy = 1o — (g + 42) o8 § + (n — ) ain § + dli - (o | gdeoa (& z)sin gl
‘We can see that
CHiz®Z)=4, C'1uoZ)=8 C'Hhei)=12
Cxi382)=0, C*ne®Z)=4 CYbhieZ)=0

Then the complexity of Hy transform is:  C*(Hy) = 11, C*(Hy) = 4.

(8)

).
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Now let Z7 = (2, %, ---25-1) be & complex-valued vector of length N = 3" (n > 1).
Introduce the following notations: P, are (0,1) column-vectors of length N/3 whose only 1—th
(i=0,1,...,N/3— 1) element equals 1, and (Z°)T = (23, Z3i+1, 28:32). The onc dimensional
forward generalized Haar transform of order N can be performed as follows:

(Hy: 2i3)2
HyZ=| (V& Iy 2b3)Z
(VI I 265)Z
Using the above given notations we have
(Hyp-1 @i3)Z = (Hyn-s @is)(Po@Z° + P @2 + -+ + Pyn-i4 ®2Z" ')
= Han-1Py @132° + Hyns P, @ 032" + -+ + Hunes Pyi 3 @132
= Han-1Py(20 + 21 + 23) + + - + Hyn-s Pyn-s 1 (233 + 23n-2 + 23n-3)
n+tz+n

it z3 +3;| + 25
Zpn-3 + 53;-3 + z3n
Then we can write
C*(Hyns @) = CH(Han-3) +4-3", C*(Hzo-r @ 1) = C*(Hp 2 ia).
Now compute the complexity of ((v/3)" ' Is«-1 @ b3)X transform
(V3 Lo @b3)Z = ((VB)" " Iyns @s)(Po @ Z°+ -+ + Pon-s s ®Z777)
= (VA" Pa@bsZ° + -+ + Ppu-ig @ ZsX* 7).
From (9) and above given equation we obtain
CH((V3)" " gn-1 @ b) = 3" C*(bs) = 8- 3,
C*((VA)*Ign-s @ bs) = 3"'C*(bs) = 4-3"".
Similarly, using again (9) we obtain
CH(VB)" Tgns @ B3) = 3"71C (53) = 2- 3",
C*((V3)"Injs @ b3) = 0.
Fin;nlly, the complexity of Hss transform can be calculated as follows:

Ct(Hs) = 7(3" - 1),

C*(Hp) =2(3"—1), n=1,23,.... (10)

For example, we have C*(Hy) = 56, C*(Hs) = 16, C*(Hay) = 182, C*(Hz) = 52.
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Introduce the [ollowing notations: i=05LL1) &
where j = v—T. From relations (1) we obtain

y= (553 o= (1. =11 =1),

: i i b
1 i -
i 20,84
i e O R L) e e ¢
Bo=la 4 1 1 o |’ Hie 2].®az
LoAlst i o 2, @a;
Comhﬂuthkwmwohdﬂmuﬁ\rmmumnfﬂw matrices of any order
4u
Hp-1 @ iy
-l ;
He = ;.,;::': g:; , Hi=1 n=12... (1 |
2"-1"‘.._‘ sﬂ;

laar transform of order 4", First we

Now we compute the complexity of generalized |
23) be a complex-valued

calculate the complexity of Hy transform. Let 2T = (29,21, 2

vector of length 4. j = v=1.
Thcmdimmhndmmuﬂimdﬂwlmsfmm of order 4 can be performed as
follows:
(TR S K (59 | 2 i 20 to
20 [0 W A -i al _|a|]=a 0
BZ=|, 5 1 alla|T|a]lz] |2 12
| [RIES B EE | 2 ai/ \=n '
where

vo = (0 +22) + (x1 + ) + Fl(wo +v2) + (1 + )y
vy = (20— 22) = (1 = 1) + 3l(0 = a) + (&1 — )],
vy = (Zo +22) = (@1 +23) + dl(wo + 42) — (s + W),
va = (2o — x2) + (2 = 1) + Jl(vo — v2) — (&1 — :)].
Then the complexity of Hy transform is: C'* (Hy) = 16, and no multiplications.
hul:duw let ZT = (20,21,+.-+3n-1) be a complex-valued vector of length N = 4" {n > W),
et uce the following notations: F; are (0,1) column-vectors of length N/4 whose only
= [1 = 1{......’\’/4) element equals 1, and (Z2')7 = (24i-4; Z4i-3, J4i-22 24i-1). The one
dimensional forward generalized Haar transform of order N can be perlormed as tollows:
(If.p-l @ u}Z
2= fior B 0))Z
2 s @ )2
2'-ll'q--l @ﬂ;)z

HwZ =
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Using the above given notations we have
He 2i0)2 = (Ho: 2i)(PL@Z2' +BR22 4+ -+ P 82" )
= He-1 P @042 + Hns Pa @ 0422 + -+ 4 Hyns Ppnr @iy 24
= Hp-sPilzg+ 5+ 5+ 23) + -+ Hpr Pn1 (Zn 4 + 2v-3 T 2v-2 = 2ny)
ntn+n+tn
Ly % +’6":‘&+ﬁr
ZN-4 .,_.f. +Zn-1
Then we can write
C*H(Hpn-1 @) = CF(Hpn-1) +6- 477,
C*(Hyn=s @1g) = C**(Hynr) = 0.
Now compute the complexity of (2" J;-1 @ ;)X transform
@ s @)Z = (21 801)(P B2 + P82+ + P @ 7%
=2 P OuZ' + P20 2%+ -+ P @0, ZV7").
from which we obtain
CH2" Upn-1 @ 0y) =6-4", CMY T Bay) = qn=t
Similarly, we find
CH2 " pn-s R 0g) = 2-47), O™ o1 @ ag) = 477,
CHP M @a}) =2-4™F, CI2 ' [jos @af) =47
Finally, the complexity of Hy» transform can he calculated as follows:
CH(Hp) =282 n=1,23,... (13}
Gl (Hpw) =3-4%1, n=23,....
For exmmnple, we have
CH(Hy) =16, C*M/'(H,) =0, C*(His)=80, C™'(H)=12.

6 5"—Point Generalized Haar Transform

Introduce the following notations: i¢ = (1,1,1,1,1), @& = (l,a,6%d"a"), v =
(1,a%,a%,a,0%), a=exp(j%), where j = /—1. From relations (1) we obtain

11 Y WS ] i
15

1 aa & d a Vils &

Hi=|1 a® a* a @ |=|a|, Hs=| V6@

1 % m afyal a4 g

L S S a; V5l; ® a3

V5l 2 aj
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“' Fast Genemalined Haar Transforms
Cwm&pmwmmmﬁwwmmﬁﬂmwmdwm
y Hp-? e i& ‘
( (B O
Heo=| (VO lp-2 802 |®
(VB)" g sa;
(\r‘:';}“"fs--l & u

H:gl, n= 12 ll“) ]

; A o Pl
3 mpumutcmphﬂyofguwtdllﬁdﬂmmmamdﬂﬂ

wm‘tLMpmwdﬂl - MZ’-txq+3m,....n+m]bcam

\M\mdmhs.a=mu§}.j=ﬂ.mm

Tl Topl: g BES 0 i3 B0 v
1 a o & @ = a || = n" J
HZ=]1 ald s ad nl=lallz2]=|"| {15)
L & ad o}l o |2 o
1 a* o o & 2 aj/ \xn vy
where |
g=n+n+ntati i

t-5=m+m+y_--"m+lu: i
.;;=;-,+(:,+:.)m¢"?-(x1+z:}m5§—llv:-ya)ﬂiﬂ‘?ﬂh—mmﬂil- ]
bi=m+lyu+m}mﬁ%‘—{m+m)uﬁ+{(n—=:)sln’s'-+{r:-:a}sin§}: |
u:=:n+{z:+n}oos¥-(x=+za)w9§+i(m-mlﬁinlu’+(H:-Ua)5iﬂil- (16) |

vh = o+ (0 + p)cos § — (y2 + ya) cos § — [(=1 — x)sin ¥ + (w2 = xa)sin §f;

v5=xo—{x:+r4]ms§+{=:+:s)cH¥—!(m-m)sini—(v:—m)sin?l.

pgzy.,-(y,+m}m§+(yz+m}cm¥+!(¢‘:-J'i)s'lni"(xﬂ"-‘h}"“g#k
v5=:n-{:1+z..}ousf+[z;+rs}cm3,!+{(m-—y.)sing-—[y:_—ya)sini}].
vs=w—(m+m)cﬂ6§+(m+m1°N’E-I(=:—:ra)sini—{w:—ra)!‘in%"]-

Now introduce the following notations: 3
Xy=z+2, Xa=m+m, Xi=& -2, Xa= 23— 73,
Y=t Ya=m+wn Yi=wn-—t Yo=wm-u
G = Xicos &, Cy=Xacosf, Cy=Yicasif, Ci=Yiconf,
S =Xysin¥, S=Xasinf, Sy=Y;sind, S;=VYasinf,
Ti=Xicoss, Ta=Xacos¥, Ty=Yicos§, Ti=Ypcosd.
Ry=Yisin}, Ry=Yysin¥, Ry=Xising, Ry = Xasin 5.

(7
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Using the notations (17), the equations can be represented as
=2+ Xi + Xa+ il +Y +Y2);
v = (2o + Cy — C3) — (53 + 54) + jllwo + C3 — Cu) + (5 + 53)),
vy = (20 + Cy — C3) + (S3 + 84) + 5l(wo + C5 — C) — (51 + S3)], (18)
vz = (20— Ty + Ta) — (R1 — Ra) + 3l(o — Ts + T4) + (Rs — Ry)),
vy = (2o = T + T3) + (Ry — Ra) + jllyo — T3 + Ta) — (Rs — )},

Now it is not difficult to find that C*(is) = C¥(a1) = C*(az) = 8, C*(a3) = C*(a}) = 2.
C*(ig) = C*(a}) = C*(a3) = 0, C*(ay) = C*(az) = B. Therefore we obtain

C*(Hs) =28, C*(Hj)=16.

Now let Z7 = (z,2,...,2y-1) be a complex-valued vector of length N = 5" (n > 1).
Introduce the following notations: F; are (0,1) column-vectors of length N/3 whose only
i—th (i =1,...,N/5) element equals 1, and

Z* = (255, Zai-s, Z6i-3, Z8i~2: Z5i—1) " -
The one dimensional forward generalized Haar transform of order N can be performed
8s [ollows: =
(Hnps @is)Z
V& Ins @ )2
HyZ=| V&' Inp®a)Z
Vi G2 Ins®a3)Z

VB Inps @ 3)Z
Using the above given notations we have
(Hyp@1is)Z = (Hys@is)(P®2' + P @ Z2 4+ Py @ ZV°)
= HypsPy @i52" + HyjuPa ® 422 + - - + HuysPrys @ 1s2°
= HypPi(zo+ 2+ -+ 24) + -+ + HypsPuys(zn-s + Zn-a 4 -+ - + Xn-i1)
nt+z -tttz
= Hnys ZI+Za-|:'"'+Sg
TN-5+ - o +IN-1
Then we can write
C*(Hyys ®is) = C*(Hyys) +8N/5, C*(Hnys @ 15) = C* (Hyys).
Now compute the complexity of ((v/5)*'Iys ® a;)Z transform
(VB Uy ®a1)Z = (VB Ins®@a)(Pi@2Z" + - + Pns ® ZV°
= (V5" (Pi®@mZ +---+ Pnss @ a, ZN/5),
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C (VI Inp S @) = [ Toad CHER 2
CH (VB Ins O W) = F+iCrm) = -

Similarly, we find
CHVE s S} = §C*(a3) - ",
O (VB Ins S aa) = § + §C7(02) = W,
CH(VE)" Inp Sa3) = fCriey) = N
(/B ims ) = B+ HO D =
(VA" Ins S a) = §ot(a)) = ¥
CM (VB Ins Sa) = ¥ + ¥ex () = ¥
calculated as follows:

Finally, the complexity of Hye transform can be

C*H(Hy) =7(5" - 1), (9
C*(Hp)=6-5"-14, n= N . BN

The numerical results of the complexities of Generalized Hear transforms are given in

the table below ",
Sz T T Addition | Multiplication | _Shift
> (n| 2 -2] 2-2 0
g B 2 0 0
4 |2 6 2 0
R S 6 0
16 14| % - 0
3 [n|7@ -1 23 —~1 0
3 |1 Tl 1 0
9 |2 56 16 0
27 (3| 182 52 0
81 (4 560 160 0
¢ n| = 0 34"} X
4 |1 16 0 ]
16 |2 80 0 12
64 |3 330 0 48
128 {4 | 1370 0 192
5 (n|7("-1)| 6-6°~-14 0
5 (1] 28 16 0
2% |2| 168 136 0
125 | 3| 868 TI6 0
625 | 4 | 4368 3736 0
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