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Abstract

The paper is devoted to hypotheses testing for a model consisting of two stochas-
tically coupled objects. It is supposed that L; possible probability distributions are
known for the first object and the second object is distributed according to one of
Ly x Ly given conditional distributions depending on the distribution index and the
current observed state of the first object. The matrix of interdependencies of all pos-
gible pairs of the error probability exponents in asymptotically optimal tests of dis-
tributions of both objects is studied. The case of two objects which cannot have the
same probability distribution from two possible variants was considered by Ahlswede
and Haroutunian. This case for three hypotheses and the model of two statistically
dependent objects for two hypotheses were examined by Haroutunian and Yessayan.

1 Problem Statement and Preliminary Results

In this paper we solve a generalisation of the problem of many hypotheses testing conserning
one object [1]. In paper [2] Ahlswede and Haroutunian and in [3] Haroutunian formulated
a number of problems on multiple hypotheses testing and indentification. Haroutunian and
Hakobyan in (4] examined the models of two independent objects with three and in [5] with
L hypotheses. Haroutunian and Yessayan in [6] studied the model of two objects which can
have only different distributions from possible three.

Let X, and X3 be random variables (RVs) taking values in a finite set X and P(X) be the
space of all possible distributions on X. There are given L, probability distrubutions (PD)
Gy, = {G,(2"), ' € X}, hh = 1, I3, from P(X). The first object characterized by RV X;
can have one of these L, distributions and the second object dependent on the first, and car-
acterized by RV X, can have one of L x L, conditional PDs G, i, = {Gip, (2%[2), z'.2% €
Ahho =TI, lp = T L. Let (x1,%a2) = ((z},]), (73, 23), --.(Zx, Tx)) be a sequence of
results of N independent observations of the vector (X, X3), which can have one of L, x L,
joint PDs G;,.g,(z’,:r’), h = T,_LT, Iy = T, L3, where G;,,.‘,(z‘.x’) = Gy (z‘}G;,ﬂ‘ (:‘2I:.l.']
The probability of vector (x;,X3) is defined by PD Gy,

N
G 1,(%1,%3) = G (x1)GlY, (xalx1) = HI G, (23)Gup, (72)2)),
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The test, which uWew&*.iandmmmd\m lnd“;f‘:““':
butions on the base of N observations of objects. The test &Y may be m_mpm““;_wdm
of tecte 2N and ¥ fox the yopacate chjecte: oF = (ool Foxthe Shest Ghare

be.thenon-undnmiadw»;i"(xﬂmbemmimdhypuu!mouhenﬂp space
X on L, disjoint subscts AY = [xi: Hx) = hh k=L, e the set ] consists
of vectors x; for which the PD N) of the erroneous

G:, is adopted. The probability aff,., (v " ;
acceptance of PD G, provided that Gu, is true, I, m; = T L5, m # Iy, is defined by the

set A¥
off () £ G5, (AD). m
We define the probability to reject Gum,, when it is true, as follows
2

“;:n-u (ﬁ\.} E I}: “i‘;'um (‘r’f) == G‘:;(H‘]
Ly
Denote by v, ¢ and @ the infiuite sequences of tests. Corresponding error probability
exponents Ey,jm, (1) for test v called reliabilities are defined as

Eujmi(o) & T~ g0, (@), mucly =TT @
It foliows from (2) and (3) that
Eyjmi (1) = ,ﬁ‘;ﬂl By (1) bomy =TIy, b # my. ()

For the second object characterized by RV X; the non-randomized test ¢ (x2, 1. /1) depend-
ing on vectors X, Xz and on the index of the hypothesis /y adopted for Xj, can be given by
division of the sample space X on L, disjoint subsets AY, (x1) = {x2: o (xa, X1, 1) =
11}1 L= m- ly= I-_L;- The set Ai:u‘(xl] consists of vectors xa for which the PD Crggriy 8
adopted. The probabilities of the erroneous acceptance of PD Gy, provided that Gryjm,

is true are the following
Ol g sy () 2 G (AR, (1)), By =TT, dgyma = Ty my # 0. ()
The corresponding reliabilities, are defined as
Evimims (92) & T = 108 0 s (8 B = T, g = T, ma (6
It is clear from (5) and (6) that
Bty yuvms (92) = 10D Etytms ma(02), bymy = 1, Lo, laymig = 1, L. M

The matrices E(z1) = {Epm(#1). hym = 1} E(p) = {E
WAy L), E(e) = {Eqtymum(®). hym =
Eﬁ. laymy = [,L;} are called the reliability matrices of the mqt:l-;l’c: o} la.-)als‘g:.l 2.
h;rl;wu ubj:g: we study the probabilities Qi dgimy g (PY) of the erroneous acceptance
e Lest of the pair of PDs Gy, Gy, 4, (or joint PD Gy, 4,) provided that the pair
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Gy, Gy (01 joint PD Gy m,) is true, where (my,mz) # (I, b), bomy = 1L bamg =
. I, I;. The probability to reject a true PD Gy m,, is defined as follows

ﬂﬁ: g M Ty (@NJ Z aHJalﬂu m(w)I l'l m = I_vIL "31 mg = .1_.-1_:. \s)

0 ta iy =

LAuAmimal

The reliabilities of the sequence of tests @ are the following

F‘l dzjmy N(m} F T m 1y daimy W{M}l L My = H}—v hem'.i = m. ':9}
From (8) and (9) we have

s ma(#) = B ey Brrsalemsim () 1y = LI, bymy =TI, (10)

We call the matrix E(®) = {Ej, jyjm;ma(®), iy = 1,L;, l,m3 = T, L3} the reliability
matrix of the sequence of tests ®. Our aim is to study the reliability matrix of optimal tests,
and the conditions of positivity of all its elements.

Definition : We call the sequence of tests ¢ (ar g3, or ©°) logarithmically asymptatically
optimal (LAO) if for given positive values of J; —1 (or Lz —1,0r (L; —1)(L;—1)) diagonal
elements of the corresponding matrix E(p}) (or E(y3), or E(®")) maximal values to all
other elements of it are provided.

The following lemma is an extention of the lemmas from [2] and [4].

Lemma: If the reliabilities By jm, and Epj, m;m, of tests o and ¢ are strictly positive.
then the following relations hold:

Ely pajmyma = Eiyimy + BEiglty my,mgy Jor my # b, mg # 1y, (11.a)
Bty aimyma = Byjmys Jor my # b, mg = 1y, (11.b)
By pajmama = Egity mymgs for my = b, mg # 1. (11.¢)
Proof: The following equalities are valid for error probabilities:
“ﬁ.hl!m.m = aylm:o{:ll: mimg for my # b, mg # g, (12.a)
afl’hhla"‘ﬂ =4, :(1 e uﬁlﬁ myma)s for my # b, mg =y, (12.6)
“;YJ:I!M- =i(T3 aﬂ'hmJ Tty my,mas for my =, my # I. (12.c)

Thus, in light of (3), (6) and (9), we can obtain (11).
We shall reformulate now the Theorem from (1] for the case of one object with L; hy-
potheses. This requires some notions and notations. We define the entropy Hg, (X)) and

the informational divergence D(Qy, ||Gy,), I = 1, L, as follows:
HQn; (Xl) —7 Z Qm{zl) IOEQS:(:‘IL
=X

D(Q*:”Gh) = z Quy (") log == gx‘((:l))

For given pos:r.ivs numbers By, ... E;,_m,..,, let us consider the following sets of PDs
- Q={Q(z"),z' € X}: -



R, 2{Q: D(QIGW)S Bunl b= TL-T (13a)

i R, 2Q: DiQIIG,) > B W= .Li=-1}h (138)
and the elements o lie elinbility smatsix B* o the LAC =%

Epu. = Epip, (Ein) 2 B h= L1

= B (Bun) = o DiQHiGa) ™ = [Goemphh=TH-1 (W

(14a)

halm;
1 1
Ep e = Etip (B1its Eags e Eta-tita-1) - 0&(11 D(QlIGwm,)s ™ = 4 -1 (e
Ei,u, = ELyt (B By Epotita-) 2 i Eyys- (14d)

iy = LL, are different in the sense thal

Theorem 11} all distributions Gy,
i ] If . .y EL-IIL—I ant .ﬂn\'ﬁ M

DIGLIGmy) > 0, Iy = my, and the positive numbers By, Exa.
the following inegualifs

(15)

................................................

! Ymy Jv i M
Eﬂu"‘;““‘inthm%p(ahuic ) l:-rl'.lt_:}-l

then there exists a LAO sequence of tests &}, the reliability matriz of which E* = {Ew e}
is defined in (14) ond all elements of it are positive.

When one of the inequalities (15) is violated, then at least one element of the matrid E'
is equal to 0.

9 LAO Testing of La Hypotheses for the Second (Dependent) Object

We need some notions and estimates from the method of types [7] = [10]. The type of a
vector X; is a PD i
Quy = {Qu () = FNExa). 2" € ),

where N(z'|x") is the number of repetitions of the symbol r! in vector x;. The subset of
P(X) consisting of the possible types of sequences Xy € & is denoted by Pu(X). The set
of all vectors x; of the type Qx, is denoted by T (X1), remark that TH (X)) = 0 for
g ¢b‘ded{X ). The following estimates for the set T&I (X,) of all vectors of the same Lype

x1

(N + 1)~ exp{NHa,, (X1)} € 1T, (X)) < exp{N Hq,, (X))}

Fora pnirlu[ sequences (X;,Xa) € XN x XY let N(x', 7%, Xa) be the number of occurences
of pair (x ,2%) € X x X in the same places of the pair of vectors (x3,Xa). The joint type of
the pair (X1,Xa) 18 PD Qe xs = {Quyxa(#', %), ', 2 € X} defined by

1
Qunli2) ] ﬁ:\’(:‘.z’ | X, X2), 2, 2EX.



E. Haroutunisn and A. Yessayan 33

" The conditional type of X for given x is the conditional distribution Vi, ., 2
{Vig x, (#%|7"), 7' ,2% € X} defined by

Voo v (22120) & Qux(z.7) _ M‘ D Rex

3 (Z°) Nz | nj
The conditional entropy of RV X; for given X; is:
Hg., Yup ua (X2 | X3) — — ‘E Qs (2')Vas 2 (27]2") l0g Vi g (2%12").

For some conditional PD V = {V(z%|z'),7',2* € X} the conditional divergences of PD
{Qu, ()V (2*|7"), 2", 2 € X} with respect to PD {Qx, (') Gup(2"|2"), 2", 2" € X} for all
Iy, 1y is defined as follows

s V(z?|z")
DIV[Gia|@m) = 32 Qua (V{21 8 7 ey

G, (222
D{Ghlh ”Gmuﬂa Q1) = xg Qx, (xl}clalh (zz |"J) log #‘.’3‘;3}

The family of vectors x3 of the conditional type V4, x, for given x; of the type Qy, is denoted
by T, vy uy (X2 | X1) and called V-shell of x;. The set of all possible V-shells for x; of
type Qy, is denoted by Vn(X, Qx,). For any conditional type Vi, x, &0d X3 € T3, (X)) it is
known that

(N + 1) exp{NHau, vy oy (Xl X1)} <1 T, 35,0 (X2 | X1) |

< W{NHQKI.V-,J; (XQIXS}}' “6}

For given positive numbers Eiji; my 1y 12 = 1, Lz — 1, for each pair I, m; = T, L; and for
(x, let us define the fo]lgwing regions and values:
‘Rhﬂi [QKIJ e {V . D(V"Gllﬂj IQI:,} S Eh[h.ﬂl[.ﬁ}l h = |E = 11 {17.0}

R'fdﬂl (Q"l) 2 {V : D{V”Gkﬂl IQ’;J > EI:H'IJMJ:: b= LE = 1}- (17.b)

Byt muta = Bt 1a Balts wse) = Evgitmetes. =T, 12 —1, (18.0)
Byt s = Bitsmssma Bt ) 2 108 DV1[Gons Q)
ma=T1a, ,ma# b, b=TT1—1, (18.)
B} oty amsma = Eaity g ma (it ma 1> Bty ms 21 -0y Bty my £-1) &
2 e (guy DV1Gmap @), ma =TT =T, (18.0

Bitymita = Eaitvomnsta Bl msts Bty m 20 o0 Blatfs mn ta—1) =
= in_ i (18.d)



] O Optimal Hypothess
The mnu.ﬂdmll!!hmw;obﬁt
: my y, with my, b = T.L, oii conditional PDs % .
ma =L

following

Theorem 2: [f for given Xq, M :
I = 1.L;. are different n the sense that .D(Gh':,l](!m:;.lqn_\ >0, 6L# m;.m ot
when the positive numbers Bty ms 15 Eatym 20 om Egq -yt mta=t O such that the follouing
smequalifies hole >

Egymia < &chmzlllﬁn.a, Q)
(19)

Eﬂtﬁsmn < m(h%D(GhﬁgliGmrlr{%)- "‘%E&h‘.,_m(f{:'hm E:n-

of tests, the weliability matriz of which E(#3) =

then there exists @ LAO sequence
defined in (18) and all elements of it are posifiee.

E.{'l-mlvxﬂ T {E.l:?l;.a-._m} i
When one of the imequalities (19) = viclated, then at least one element of the matrz

E*(ly,m.X1) 8 equal to 0 . .
Proof: For x; € X¥, X3 € T3y (Xazix)) the conditional probability G, 4, (xa | xy) can
as follows (for brevity in this proof we will write Vive Vald Qu, )} Iustead

be
of Ve s a0d Q(Q € Py (X)) imstead of Ox

N
G, 1 (xa | x1) = [T et (#21) = T1 - T et
=l 2
= G 1” NNQE V(=) o N ~0(£ Wiz M—-;
T Geur (2" exp{N 3 (-Q=)! Sl Fomrrol
+QE V() log V(1)) = exp {=NDIV 1| Gmss[Q) + Hou(Xa | X))} (20)
We will prove that the sequence of tests 3, defined for each x; € AN and L, by the
following assembly of sets of Lypes y
B}.Nﬂ]. (x1) = U ?Ef;-(xstxn). la= m. (21)
VER, ., Q)
is LAO and its matrix E*(5, my,y) is defined in (18). First we show that each N-vector Xz |
is in one and only in one of Bf:.,’l[x;). that is |

BE‘:'}’ (x;}ﬂsm,‘(x‘] =0, h= IJ; —1, my= m and ij Bl‘:l]| (x1) = AN
[FT] L

Really, (17.b) and (21) show that
N ' 3
h;'llxtxl}n l:,:nlxl) =0, Lh=1L-1
and for Iy = T,13=% my = G+ 1,13 1, for each X; € X" let us consider arbitrary

X3 € Bl‘:i (xl}- It follows from (l?.ﬂ) llud (21) that il Q < PN{X) there are Ve vN("J. Q} ]

!’E'llil that DLVL[:?M' Q) g Erytoms 0 Xa € T3y(Xaxs). From (17) - (19) we have
iy < ity myoms (Blaitm a) < D(V[[Gma/n|Q)- From definition (21) we see that |

X2 * B{:;},, {X;).
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Now for ma = 1, L; — 1, using (5), (16), (17), (18), (20) and (21) we can upper estimate

B sy 88 follOWs:

N)

a:xil: mymy = ﬁ,ﬂ, {B(mﬂ, fxl}lxz) =

=Gl ( U T (Xalxa)lx1) <
":Dﬂ'lia-,n, p]>xu’!l; My my

< (N + 1) Comat (T3 (Xal1) 1) <

sUp
V:DIV||G g iy Qg )2 B iy oy g

< (N +1)**° —-ND(V
<(N+1) V:Dt?’lﬂ..,,qﬁg?:v&,-,.,..,..., exp{ (V|G 1Q)} <
< exp{~N[ mvua.,,.,ilg‘;: Py D(V[|Gmasi;|Q) — on(1)]} <
< m{_N[ﬂﬂill.ﬂll-m == oﬂ(l}]}!
where ox(1) — 0 with N — oo, :

Then we obtain upper and lower estimates for error probabilities from where we can
conclude that the elements of reliability matrix of the test 3 are defined in (18):

ﬂ:‘."y;.m. yma = Gﬂmﬂ. (BIE;IJ; (xt)lxl) = G".:,ﬂ,( U bev(xalxﬂlxﬂ <
ViVER, /1, (Q)

< (N4 1) o Gl!,;:‘ll:ll @ G (th‘,V(Xlixlnxl) <

S (N+1)*  sup  exp{—ND(V||Gmy/|Q)} = (22)
ViVeR 1, (Q)

= exp{—N [v;vein';r,,.l @ D(V||Gmapts Q) — on(1))]},

ihmma = G B e)be) =G U Ta(Kabaa)bes) 2
ViVERy, 1, (@)
> sup  GN . (Tov(Xalxi)lx) 2
VVER, ., (Q)

> -lxp L =
>+ el NDVIGelQ) @

=exp{=Nl,, ol D(VI[Gumu|Q) + on()]}:

Taking into account (22), (23) and the continuity of the functional D(V||Gm,p,|Q) we obtain
that Jim —N~"log f, myma €Xists and in correspondence with (18b) equals to £y, 1, m,-
Thus El,lh.mi ‘m('P-E) = El.-_nll‘.rm mer T2 = _aEt !2 —, TI—E'

The proof of the first part of the theorem will be finished if we show that the sequence
of the Lests ¢} is LAO, that is for given Eyji, m; 1y -+ BLi-1jl;.my,L5-1 8nd for any sequence of
tests p3* for all mg, Iy = T, La, B, muma < Efottyimy ma

Consider sequence (5" of tests, which is defined by the sets D), DY), .., DY), such that
By myms 2 Biyity myma 10T s0me Ly, ma. For large enough N we can replace this condition
with the following inequality

Qi s < Claly s . (29
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=Tk This intersection canio! be empty,

Stochastically Coupled Qbjecs

Let us examine the seis Ft':.ﬂﬂﬁ"j
because in that case

g ' etV &

ﬂﬁ‘.'.-ua - Gﬁl‘h(ﬂ:‘}lm} 2 G&:r’hlﬂzdl‘\'s” 2

G:x;h(%?!‘i-\;lhin 2 EXP{—.\"{E:. By g * ON “\’)}.

>
b D‘n“ﬁn‘lﬁi‘l.dl.-|h
which is at varianes with (24). Let us show that ‘Dif.?.
ma. 1f there exists V such that D("l[aﬂuhio) < E-:‘l:.n;,m:
then y
0rn e = Gt DL 30) > Gy (T (Xaixa)) 2 exp{ =N [Evmgis o o

nB‘P':.:: =0, m,-.t’; = T-I-‘ = & ‘!#
and T(Xalx1) € DR

+on(1}

When 0 # D) N T%(Xalxy) # T(Xalxa), we also obtain that

IR ey ma = G/t @5 x) > Gr, OS] NRG(Naix)ix) 2

> exp{—=N(Engitymzms + Ox(1}-
Thus we conclude that Eil, my m < Emaltymimas which contradicts to (7). Hence We o‘:ltain
that Dy}, NB, = B for iy = TIa—1. The following intersection D) NBEYY, is
otherwise

empty too,
f

1

oN N
a:ﬂ!‘u":-‘h ?— ai!!l'l.ll: Jngt

which contradicts to (24), it means that DEYs, = B, for all Iy = T.Ta. So we have proved
that test 3 is the unique LAO test.

The proof of the second assertion of the theorem is simple. If one of the conditions (19)
is violated, then it follows from (17) and (18) that at Jeast one of the elements i, my my 18

equal to 0.

3 LAO Testing of Ly, L» Hypotheses for Two Dependent Objects |

Let us define the following subsets of P(X) for given strictly positive clements
Epniie Bntapap h =Lhi=T,la= LILa—1:

Ry 2 {Q: DQIIGL) € Erumash h =T L =1, b =TT=1,
Rz, (Qxs) & [V : D(V]ICut,1@x,) € Bty oz} = L= b=TL-§

Ru & {@Q: D(QIGY,) > EL, jats a3y h=TL=1lL=T1TL =1},

R"’ﬂl(q‘l) é {V - ‘D(VI!GlIﬁIIQUQ} > Eh.lnul-lzl ll - l; Il "'-T. f‘: = [j:.__]]
Assume also that

- -5
Ej, vy = Ey daitvgss Elyaaityia = Eppingy h=1LLi=1 b= 1, La—1, (25.a)
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Eiimin £ 3, DIQICw), my #1; (255)
B intma = Vvens (Guyy DV ICma/ms Q) ma # 1y (25.c)
By s < B s ma + B gy ™ # by §=1,2, (25.d)

" A . >
‘Ehll malmymg = s hﬁg mjﬁ‘:hlm.'lz' (25.¢)
Theorem 3: If all distributions Gp,, my = T, Ly, are different, that is D(G},||G,,) > 0.
L # my, L,y =m, and all conditional distributions G;’ﬂ” [ =ml are also different
Jor all ly = 1,Ly, in the sense that D(Giy, ||Gomapt,|@us) > 0, I # my, then the following
two stalements are valid,

When given elements By, 0, 0nd By poy, g5, b = TTi— 1, I = T,I; =1, meet the
Jollowing conditions

0< EL;.MI.I, 3 M%D{Gma [IG1), (26.a)
0< By Lo, < &D(Gms. lIGi1,1@x, ), (26.5)

0 < By safty s < minlm min_Eq i ME%D(G.“,IIG:,)L L=2TL;=1, (2.)

==l by =
0 < By ot g < minlm?%ﬁmu,;,a m_mrl:ﬁﬂ(cm!llllqlgltxlng]v L=217-T1,

(26.d)
then there exists o LAO  fest sequence ®°, the reliability matriz of which
E(®°) = { Bl jujm,,ma (9°)} is defined in (25) and all elements of it are positive.

When even one of the inequalities (26) is violated, then at least one element of the matriz
E(®*) is equal to 0.
Proof: It is known from [5] that By, = Ep,y,,h = T,1; — 1. Analogously we can

deduce that
Bty i da = Ef.-.u,,m,;,- L=TTIL -1 (27)

Applying theorem of Kuhn-Tucker in (18.b) we can show that the elements By omias 2=
1,L; =1 can be determined by elements Bty mymay M2 # b2y b =1, I,

D(V||Go|Qxs)-

. . A :
Baaimta Bismima) =y 155

From (19) it is clear that E; |, .~ can be equal only to one of Bty mymgy la=ma +1. L.
Assume that (27) is not correct, that is Ep, i, i ms = Bty mymar 12 = ma2 + 1, Lz — 1. From
(18.b) it follows that
A :
Ef s amy da Bty am - inf D(V||Gip, |@x,) =
Tt da Pty amy ma) =, DV Bn)SBry 1y o (V1IGra |Q:)

= H Ll — E. ;
V:D(V)IG g sty |]QE{)SE;., g mymg D{V"Ghﬂ, lel) el

ml|lﬂ=I|E_ 1,mg <1y,
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for my = L=k '
e inﬁtut'ii'--:"’ “5) and

e A e s
m 1
Our

from it Es 3
conditions (19) it follows that By oty < Emanuis
b.fumshnbmuu.thm{znbwﬂii ence We can rewtite !

s 0<En < %D(G...HG'.). (28.a) _
0< Ergtimia < _:!;l_D{G..n,HG: M 1Qu) (28.b)
5T - i: (28.0)

-

- = 1] -
0<Epy < min[mﬂqﬂ.,q,. W%D(G-.IIGM- h

A G

0 < Epgiymiy <min{_uﬂ__l£‘..,g,m,,. qﬁ!ﬂl}{cﬂ,;, 1Gaarts .
. 23, for the

According to Theorem Theorem Meﬂﬂmommmdtms,,md»«;

.ﬁm d :h?mnd wﬁmmfnm of the matrices E* and E‘{h._r'h-xﬂlm

dew.t:bﬂl in (14) and (18). The inequalities (28.a) , (28.c) are equivalent to the 1:1&::1(;!&:

(15) and (28.b), (28.d) are equivalent to the inequalitics (19). Then using Lemma We Geduce

reliability matrix E(@") can be determined in (25) . When ane of inmunlims of
::.ta;h:m (26.c) ((26.b) and (26.d)) is violated then using (11.b) and (25.b) ( (11.¢) and
(25.c)) we see that some clements of matrix must be equal to 0. _
Corollary: When the objects are dependent only statistically, that is r._he Ly -
for the first objects, and the second object depending on distribution !ude! ?f the _:'!tl can
be distributed according to one of given conditional distributions, then (i, .:,{:r'.r ) =
Gumgty(#), ma = T3, Iy = TT5. Thus the first object characterized by RV .\, can have
one of given Ly, PDs Gy, = {Gy(2"), ' € &), Iy = LIy, from P(X) and the second object
characterized by RV X3 can have one of Ly X L conditional PDs Gi, 4, = {Giui (#%), P€
AhLL = Lk = 1,L; and it follows that G;:,,,.‘(xztxd = G;ﬁ,;;l(x:}. my = 1. L3 L=
T.T,. Hence sequence of tests vj is depended on vector X3 and on the index of the hypothesis
I, adopted for X and we obtain the generalization of the case examined in [11].

@)l o = BL
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Uuinjuwuwnhynptil jufugwo opjhlmGopp qniygh Glhwwndwdp
JupluwdGbph owwmhiw) unmgiwl GwuhG

b. W dwpmpmGui L U. O. buwjwb

Udthnthnud

Lndud b unnjuwunhlnpbG Ywhiyw) bpne opjbiynGbph Gyunntudp JupludGbph
nquphpinpbkifi wuhsunmonpbl owwhiw) unmqiwG fulnhpp: Unwohl opjbljinp Yupnn
b puhujwod (hGby wpgwd L; hunjwGwlwGuwhG pwolunuiGbnhg dbiny, huly bplpnpng
Yufujud wnwehlh pwplunuihg L nhwnwplpyon wwhhG Gpu Jhewhhg, wphwd L, x
LywupiuwGwlwi hwjwGwlwGwihl pupfundGiphg ublny: OwnuiGwupmb; k opjbljmGsnph
Gljuwindwdp Juplwdlbph whumunjnpdwG vjuwGbph hunjwBwiwinipymGGbph gnighyGbph
(hnwwihnipniGGbph) phnfuljwpsfuwompimGGsph Sunnphgp:



