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Abstract
The paper presents some results regarding constructive theory of synthesis of ir-
reducible polynomials of degree pt over F, from the given primitive elements in Fo
where p is an odd prime and ¢ is an integer whose prime factors al! divide p-1

1 Introduction

Let F, be the Galois field of order g = p*, where p is & prime. s is & natural number. and F;
be its multipGeative group. Recall that the set F5 of nonzero elements of F, forms a cvelic
group under multiplication. Any generator of this group is called a primitive element of F,.
and a polynomial f(z) € Fy[z] of degree n > 1 is then called & primitive polynomial over 7,
‘if it is the minimal polynomial over F, of a primitive element of Fea.

The problem of explicitly constructing irreducible polynomials over finite fields is of
particular importance in the theory of irreducible polynomials. The main result of the
paper consists in giving a general concept of explicitly construeting sequences of ineducible
polynomials of degree pt over F, from given primitive elements in Fp. where p is an odd
prime and ¢ is an integer whose prime factors all divide p — 1.

2 Preliminaries

Varhamov’s operator L?, whose domain of definition is F,jz), is defined as follows: Denote
by L?f(z) the expression

/(@) = 3" a(0(z)"™" = F(z) ()
u=0
ar i =g
L’f(z) = at—z-)-ug ;ﬂn,ﬂ,:r"". (2)

where f(z) = “5;; a,z* and 0(z) = ';'::‘:ﬂ 0,2°, a,,0, € F,, 8(x) # const.

We shall now introduce some properties of L?f(z) derived by Varshamov in [3] with no
prools however., In this paper these known results will be given along with their proofs which
will naturally provide more validity to the overall assessment.
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FlzlandaSEF, the equality
[*(af(x) + Balz)) = ol*f(2) + SL%(z).

is frue.
Proof. Indeed, since
1 max,nt) o "
Mafi(z) +39(2) = ] § (aay + B4,)(0(x))" =

L ko Ry S -
= a5 Eh(ﬂ(r}} +o50 gl\.lﬂ{z}}"

= al’f(z) + BL%(x).

» Multiplicativity. For any function f (x) over the field F, the equality
L f(@) = L@ Dhiz), @

where f(z) = r(z)h(z) holds. Substituting f(x) = r{z)h(z) where r(z) = Xi,ns'
and h(z) = Tho hs’ into (2), we obtain

o L Re LS~ (L) =
L'!{:) 5 5'(;] Eggslriblﬂ - a(:] Eh.la{:r) {L I"(J,n F1%
= Lr(2)Thohy (O(=) L (x))¥,
whence by (1) we will have
L*f(z) = Lr () LOL T (Dn(a).
Definition 1 A polynomial f(x) is called separuble if it has no multipie roots.
o Separability. The multiplicity of any root of the polynomiol x1.* f(x) exactly equals to
q", where o is the largest integer salisfying the condition [(x) = 2" fi(x), te. a, 7 0
(a, =0, w < ). Under the assumption and due to the property of multiplicativity
(i.e. by (3)) we obtain that 3

2L fi(z) = L2 LV fi(2) = =¥ fj!..(r" ) il
u=g
ny q
- (Z.f.r") = LA (@)
umsl

that is i
zL* f(2) = (zL* fi ()7, )
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where fi(z) = T3k fuz* = T4 aus.z" and 0 4+ 1y = n, wherefrom, since
(zI* fi(z)) = L* [y(z) + z(L* f;(z)) = a,

and as # 0, we find that (zL*f,(z), (zL*f,(z))) = const, which implies thet zL* hi(x)
has no multiple roots, i.e. zL*f;(z) is separable. Hence, by (4). the multiplicity of
any root of the polynomial zL*f(z) is exactly equal to ¢°. Thus we have proved the
property of separability.

The above-mentioned properties of the operator L’ imply the following corollery.
Corollary 1

L ged(L’f(z),L°g(z)) = L°g.c.d.(f(z),9(z)) (5)
e 8L\ (z) ¢
1LLO00E) 1(g) = £ o IE) oLa @I N E g,y o

LOL X (z) M(z)
where g(z) = Ai(z)X3(z) and g.c.d.(Ma(z), f(z)) = 1.

Proof. L. Let d(z) = g.c.d.(f(z),g(z)) in the ring Flz]. The greatest common divisor
d(z) of two polynomials f(z) and g(z) can be always represented in the form

d(z) = a(z)f(z) + b(z)g(z), (7)

where a(z) and b(z) are polynomials in the ring F,[z]. By the property of multiplicativity
(formula (3)) and the property of linearity it is evident that

Ld(z) = L*f(z) - L' (@) a(a) 4 L9 (z) . LOL"0(2)p(z), 8)
wherefrom, because L%d(z)|L’ f(z)' and L%d(z)|L°(z), it is clearly seen that
L'd(z)|g.c.d.(L’ f(z), L(z)).
From (8) lollows directly the expression
g.c.d.(L'f(z), L'g(z)) | L'd(z).
Thus identity (5) is proved, that is
9.cd.(L°f(z), L'g(z)) = L°g.c.d.(f(z), 9(z)).
I1. Since g(z) = Ay(z)Aa(z), then it follows from (3) that
L22°0(2) ) = LOL"M (@)a(2) p(z) = [OL M (2) LN (a) f(z)

d .
T ) - L0 (&) 3y LN @S Oo(z)

"Hereinafter the notation g(z)|f(z) denotes that f(z) is divisible by g(z) and g(x) { f(z) that it is not.
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which yields
LMD @)
8L\ (= ‘Mg)
10N i EN@EEN P )y )
- LPEN () 0y (2) ‘

198 p(z) =

Thus identity (6) is proved, i.e.

OL*\y(2) r(x) ¢ #L Ay (z)
8185() pre) = L J=) ()L 1) v,
L) = D) L As(x)
- s - LAY {r} ~og(2),
Lemma 1 The polgnomial LOL°9(Z) 1 £(z) is divisible by the polynomial LOL"2 (2
where r(@)f(@). 9(z) = M(@M(2), &1 = aki(1), a € F. ged(A(z).r(x) = 1 and

r(0) #0, ie 5
LGL‘M(:) - °r(:)lL’L glz) + ay fl2).

Proof. From (3), due to the [acl thal J(z) = r{z)h(z), we find that

[OL%9(2) + e pig) = [8L°0(0) + av(yn(z) =

_ [PL*9(x) + ar ) [ OL%(2) + o) LOL () + N p(a). Q)
By definition of L*
LGL'S'(’) Tp(r) = zr: ru(PL8(x) + )", (10)
u=0
where r(z) = i ruz* and

u=l

BL%g(2) + ar = 0L M (@)ha(a) +on = L M@ LOL NN (2) + ) = g
= 3" AL N(2) + ),
=0

where a\](l) = i ;\,.—z‘. i.e
i)

0L%(z) + oy =§ Mil0LNo(2) + )" (11)
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Substituting relation (11) into formule (10), we obtain

LGLegfz) + a’!"f.t‘) - ir“ (ilu (gLaAZ{-'rJ +a)“)' -1 =
w0 =)

i3 E‘ﬂ(:)—'i'm ¢ i Tu (g A (9:58); (z) + a)")'- =

u=l

- m SThg (i e (01%u() +n)")°' .

f=0  \w=0

8, il ol Oy (et o ) C
- T e o (set% )

or by (1)

LGL 9(3) + alf(z) (aLaA,(z) A5 GJLGL 4\3(3] + ar{:]
8L%g(z) + o

< LO0(a) + Q)L D) or gy (12
Next, since

8L%(z) + oy = BL°M (2)Ma(z) + 0y = OL () LOL"22(@) ) (2) 4 oy =
= i.\u(ﬂL'Ju(z))" + ai)«u = i Mi(BLOXy(z) + 0)7,
=0 i=0 =0

or
0L%(z) + ay = (BL°Ma(z) + o)LL Ma(2) + 0y (). (13)

then setting relation (13) into formula (12), we reach

LOL‘g[z) T O1p(z) =

LGL Aﬂ(ﬂ'ﬂk(:) (0!-9.\.( HGILGL 4\3(:) +ar( 2
LHII Xn(r}+ﬂr’\1(‘) )AI(IL (14) .I

as
y.c.d.(LaL"\ztzj"'a-\; {:GJ,LGL'A’("‘) +8r(2)) = 1 for g.ed.(\ (z),7(z) = 1.

It follows directly from (14) that -
L9L%a(2) + oy ()| [0L%9(z) + @1 1), - (15)
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Thus, relying on (9) and (15), we have stated that the polymomial LOL Nalz) O (z) s

fvisce of the polysomial LOE'913) + @ 4(z), Le.
Pl () + "r{:llLu"(’) o f(z).

The Lemms is proved.
Lemma 2 For any two poiynomials A(z) and f(z) (S(0) # 0, f(1) # 0) the equabty
(L= = DA g = I [PLPA=) + a gz (16)
atF,

holds.

Proof. Assume that g(z) = (z— DA(D), Milx) = 2 =1, Mal3) = Az). rl2) = fix)
a=a-M1)=0J1#0 and f(0) = 0. Observe that all conditions of Lemma 1

are satisfied then. This implies that for all a € F; the polynomial 1OL%(z = DA g(7) s
divisible by the polynomi L“‘"“‘-‘ +@ f(2) by Lemma 1. Moreover, due to the fact that
the left-hand and right-hand sides of expression (16) are monic polynomials of equal degree
weuonclndethauhﬁnpob'mmiallmequll. Thus the Lemma is proved.

Corollary 2 3
g.cd. (BL’(: — )A(a), LOEMR) + () =1 (a7

is true for any a € Fy if J(0) # 0.
Proof. By definition of L*
LQL'(I - l)-“:)f(x) = f:a. (ﬂL'(: oF l)’.\(:))!"'-l X (18)
=0

where f(z) = 3 ayz* and /(0) = a0 £ 0.
Thercfore, by (18), it is evident that
ged (L=~ D), PP E=DME(0)) = 1.
Thus, it follows directly from (16) that
ged (M.'(.t ~ D)A(z), LOL'A@) + o ;(:)) ¥, .

The corollary is proved. !

‘Lheorem 1 (3], Varshamov's Theorem) . Let #(x) = p(x)LFA(x) + a, where plr) ©
F,lz] and p(x) # const is an arbitrary polynomial, A(z) and [(z) be polynomials with
nonzero free terms !m:n the ring Folz], f(1) # U, a be an arbitrary element in the field
Fo KO ) = LPEPEONE) 1 (), where A (@)|\(), ful2)\f(2), €(a) = a''z - 1.
Auz) fu(z) # Jt(:t)f(:) and N is the polynomial period, S(z) = e(a)A(z)[f(x). Then the
degree ¢ of any irreducible divisor g(x) of the polynomial L’f(x), satisfymg the condition
glx) t K(A, f), 15 divisible by N.
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Proof. Assume the contrary, that is g.cd.(c,N) # N, where ¢ is the degree of
the irreducible (over the field F,) polynomial g(z). Then, from the expression hiz) -
g.c.d.(z® — 1,5(z)) we shall have that h(z) # S(z), and due to the properties of linearity
and multiplicativity

DPhz) = [2(z° = 1) - PP ° = Dy () + D2S(2)LPLS (@) py ). (19)
since h(z) = hy(z)(z* — 1) + ha(z)S(z).
k k

DBy definition of aperator L%, p(z)[P(z°— 1) = 3~ pu(z"4 — z*), where p(z) = PR

w=0 w=0

which implies that ¥~ — 1 | p(z)L?(z° — 1), while g(z) | p(z)L?(2* — 1). We shall now
show that g.c.d(p(z), g(z)) = const. Indeed, in view of (3), we achieve

178(z) = DPe(0)M\(z)f (z) = LPe(a)M(z) LPEI7E@NE) 5 (20)
However, by (20), if A(0) # 0 and f(0) # 0, then p(z) | p(z)LP(a)A(z) and
ged. (pa) Pe(a)r(a), PO ) — 1 (21)
Hence
1. fa=0
e(0) = [ 1 for fields of even characterictio
~1 for fields of odd characteristic,
we shall obtain

1P PEO)A) £(7) = z“: 8 (p(z) LPA(2))7" " =
u=={
= Y aulp(@)PN@))" = 1PEPNE) f(z),
u=0

whence, because g(z) | LP@ELPMZ) f(z), we find that (g(z), plz)) = 1.
2. If a # 0, since £(a) = a* 'z — 1 = z— 1 in the ring F,[z], we shall have
LP@)LPe(@)A(2) f(5) = pp(@) L7~ VA=) 1(5).

By Lemma 2 (since all the conditions of the lemma are satisfied), we obtain

LP@ e =1DN) p(z) = T PEPANE)+B g(y). (22)
BeF,

For = o, under hypothesis of the theorem, g(z) | LPL” Az) + @ f(z), which implies that
9(z) | LPELPE(@XN) £(z) due to (22). Thus, by (21), we establish that the polynomials
g(z) and p(z) are relatively prime. Hence

9(@)|LP(=° - 1). (2
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\We shall now show that g(z) [ L7A(z). Indeed, by (20), (22), it is clear that
olz) | £7S(x). (24!
From (23). (24) and (19) it follows dizectly that
i) ' LPhiz), 2
wherefrom, MWdMMtM ged(e, N) # N, we find:
1. Fora # 0 it s evident (4171
h(z) = ged (= DADS (2.5 = 1) = (= = DAL
By (3
Lhiz) = L'z - DA(2)A(a) =
= DPlr- DAEPEE - DN g (), (26)
On the other hand, by the property of multiplicativity
LP(z = DA(@) Lz — DA(z).
Hence, from: (21) we shall have that

g.cd.(LP(x — )M(@), LPEE = DN f(2)) = 1.
Similarly, from (22) we obtain that
ged(LP(z = 1)\ (x),0(x)) = 1. (27)

2. For a = 0 it is clear that
h(z) = g.cd.(~Mz)f(2), 2 — 1) = M) ful2).
By (3)
DPh(z) = P22 PEEME) £ (), (28)
Since L7A4(x)|”A(z), then it follows from (21) that

ged (LPA(x), PUNE) f(2)) = 1.

Evidently,
(L7Au(z), (7)) = 1. (29)

Thus, formulas (25-29) yield

g(z) | LPLE@OM@) £ 2y = K(A, 1),

which contradicts the hypothesis of our theorem that g(z) 1 K(Aw. fu). Thus our
assumption was not true, consequently (e, N) = N. The theorem is proved.
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The result below will be very helpful in our further research.

Theorem 2 ([1]) Let fi(z), fa(z)," ", fotz) be the 6 = m™p(e) (where ¢(z) is Euler’s
function) distinct irreducible monic polynomials of degres m over F, belonging to the er-
pment € = (g™ — 1)d™' and t be an integer whose prime factors all divide € but not
d. Assume also that t # 0 (mod4) if g = —1 (mod 4). Then the polynomials
fi(z%), fa(z'). -, folz*) are a complete set of monic irreducible polynomials of degres mt
over F,, belonging to the ezponent et.

Proposition 1 ([2]) If § 1s an element of an extention of the field F,, then the order & of
f divides ¢" — 1 bul nol any smaller number of the form ¢* — 1, k < n, wheren is the degree
of the mintmal function of §.

3 An application of Varshamov’s theorem to the construction of irreducible
polynomials over Galois fields and finding the periods of these polynomials

Our goal in this section is to describe a general technique of constructing sequences ol
irreducible polynomials of degree pt over ,, from given primitive elements in 7, where p is
a an odd prime, t is an integer whose prime factors all divide p — 1, relying on the results of
Theorem 1 and 2.

Theorem 3 Let p be an odd prime, o be a primitive element of F, and t be an integer whose
prime foctors all divide p— 1. Assume also that t # (mod 4) if p? = —1 (mod 4). Then

1
filz) = :j_:‘.a o*z"“"* — o is an irreducible polynomial of degree pl over F, belonging to the
exponent et, where e is the ezponent of fi(z).
Proof. First, we consider the case where £ = p — 1. Then we shall have

fp(z) = E a*g P61 _ g = [FLH (2= 0)(z _ o)
nu=M

Next we shall show that the polynomial f,,(z) is relatively prime to
17O () = 17172 1),

wherec(0)={ ] {0 Gl of oad et *2¢ M (8| (5-0), 1(0) 5-0).

Au(2) fulz) # (z = ).
Indeed, by the property of multiplicativity of operator L* we have that L*(z—1)(z—n)? =

L#(z— 1)L (2 = 1) (7 — ) 1#L*(2 = 1)(2 = @)z _ 1), and by the property of separability
the polynominl L7 (z — 1)(w — )” is separable, which implies that

g.c.d. (L"‘Lz("" ~1(z —q), 1L E-1(z-0a)(; _ a]) =14 (30)
Moreover, by Lemma 2

L (z—-1)(z - a)(z —a)= ]I el (z =) + ﬂ{z ~a)
PeF,



ia

B L:L‘(" — l)k’- — a} = n Lr * 3{.‘ - ﬂ}
s,

which produces

QALJ-(L:L.(:- ll(’-ﬂ}. L:L.(‘— o){:_ (ﬂ] =]

Next. since LTL™(T = 11 = 1 we shall cbtain
ged (L NE i), @) = L

\Ve now observe that the degree of the polynomial Sp-1(x) equal to p(p— 1) is congruent to the
of the palynomial £(0)(z — a)?, therefore according to Theorem 1, the polynomial

Jr(z) is irreducible over % . S

Suppose that §; and 3 are the roots of the polynomials f,.(x) and fi(x), respectiven
mmummdmpolymidf,..{r)hqudloe,. Since fp-1(x) = fi(z*'), then the
polynomial fi(z) is irreducible over F,, and 3 = ", From the relation 3 = 3" = !
we have that & | & and from the relation S = §* = 1 that &, | (p — 1), hence ¢, = 7€,

where o | p— 1. Next by the identity
7 —1= -1 ) 1) (PO 1) 4oee k(PP = 14 0))

we shall achieve: e, = oelp™ — 1, however by Propasition 1 ertpt - 1ilk < p(p—1), whence
it follows that o = p — 1, hence &; = (p—1)e. By Viett theorem

85 = (-1)(-a)=a, (31)

therefore ef £=F. Since g.cd.(p—1, E=l) = |, then p~1 = ety M, where g.c.d.(M,p-1) = 1,

tjp—1andt # p= 1. On the other hand, if 1 <t; < p—1, then by (31) a'" = 3% ' -
M — 1, which is impossible, since Z= < p—1 and a is primitive in %, Thus p" — 1 = eM,
p—1]eand ged(p- 1. M) = 1, wherefrom, by Theorem 2, if ¢ satisfies the hypothesis
of the theorem, it follows that the polynomial fi(z) of degree pt is irreducible over ¥, and
belongs to the exponent te. The theorem is proved.

Theorem 4 Letpkmaddpﬁme,abemarbmwypﬂmuiwelcmmrin}‘,. and 3 be an
arbitrary element of F,. Then the polynomial .

1
Flz)= Y. 2oz ~B)*-a

of degree p(p — 1) is irreducible over Ty

Proof. It is casily seen that

Pl
go’”‘l-"j(ﬂz‘ A-a=(-ax+B)' ~a= lfa—a)+ 8¢, _q),

FE——
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We now show thet the polynomial F(z) is relativdly prime to LZL5(8)Ma(Z) £, (7). where
Mlz) | (z = a), fulz) | (z— a), Mu(Z) fulz) # (z—a)? and £(8) = Pz — 1.
Indeed, by formula 30 and Lemma 2 we have that

PRI ] 7 e h -T2 A\ LA, =%
g.cd. (L “ \* 11{:—:(]. LAz @) Plz—a)) =1

for eny 2 € Fp. Moreover,
LzL’fr = 1}{1’ = Cljl =1

Hence \
9.cd.(LFLEBIA(Z) 1, (2), P(z)) =1.

Since the exponent p(p — 1) of the polynomial £(3)(z — a)? is congruent to the degree of
the polynomial F(z), then, by Theorem 1, the polynomial F(z) is irreducible over ,. The
theorcm is proved.
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F, nuiznh Ypw wlybpdwlth puquwinuiGhph O puuh dwohG
U Wmpbnyw6, U Bynjw(, . dwpmpmbyw6

Udthnthnud

Znmpwémy Ghplwugiwe b6 Sh zwpp wpymlplbp, npnlp welno G0 widbpudbh
puqiwinuilbph uhGplgh inGunpminm| wbunipyulp, Swulwinpubu 7, quzunh ypo
pt wumhGwlh wilbpwdtih puqiwnpuiGtph juemgiwlp oquuqopdtiny 7, nuzuwh
uphdhwhy EytisbGunGpp, npuntn p-6 wwnq Yhbn phy &, huy -6 wipnng ph t, nph poinp
wwpq puqiwuyunihyibpp pudwlmd b6 p— 1 phdp :



