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On an Image Scrambling Method via
Fibonacci and Lucas Numbers
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The integer sequence 1, 1, 2,3, 5,8, 13, 21, 34, 55, .... is called the Fibonacci sequence.
1t has fascinated both amateurs and professional mathematicians for centuries, and they continue
mdwmmmmmy.mmwpﬁwimmd lheirubiquitomhubiloroccmﬁng
intonﬂynrpifmsmdmhmdphus[l].ﬁbmmdmhmmbepmwd recursively as
follows:

'F:-F-I+Fr3| E-F,'l. 5‘3.4.... (l}
Lucas numbers is given by
LI " LH + L.-Jc F: = !oLl "3. n= 3,4,... (2)

The first ten Lucas numbers are: 1,3,4,7, 11, 18, 29, 47, 76, 123. An important property of
Fibonacci sequence is that the ratio of any number to its previous number will eventually lead us
10 a limit known as the Golden Mean a (1.61804...). Other number, on the other side of I,
known to exhibit similar kind of properties is called the conjugate Golden Mean @'
(0.61804...). Further we define golden mean and outlist some properties of these paramelers.

a=4E a’ =-k8, () &L
We can check that

a' =a, al=a’, a'=-l+a;

a’=l+a, at=l-a’, al=2-a;

a’ =1+2a, a’=-1+2a", a’'=-3+la;

a'=2+3a, a™=2-3a", a™ =5-3a; @
a’ =3+5a, a?=-3+5a", a’=-8+5a;

a® =5+8a, a’=5-8a", a*=13-8a.

54
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Or more general
a’ =Fn-l+aF;s
a"-:(—l)'[F__,-u"F_l nz2 ®
Using the goiden mean Lucas numbers can be presented as tollows
L =a"+(-1)'a™, nz2. (6)
Now using equations (5) the Lucas numbers represent as
L,=2F_+F,=F,_ +F,,. (@)

Fibonacci and Lucas numbers also satisfy the following equalities:
FoFu-F =1, :
LL,, -1 =5-0)" n22 ®
BeforemgivelhedeﬁniﬁomofFibmwﬁmdLumwambﬁnngomaﬁon,we
need the following theorem. - ‘
Theorem 1: [ll.lmederehﬁvelypﬁmeim%thmthenqumofimegm
5 =kP(mod 0), k=0,2,...,0~1 is the permutation of {0,1,2,...,0-1}.
From (8) it follows that for m >1 the following relations take place:
(a) Fp, 1= Fp Pt
F:a-q “1=F,Fppss
()] L;-_s':‘"h-lemu
‘L:-ol+s=!'1lz‘?-d'
From relations (9) we can deduce the following corollary
Corollary 1. (a) F;,,, -1 can be divided by F,_,, and by Fp; (b) FL +1 can be divided
by F.. endby F,,; (c) L3, -5 canbedividedby L,,, endby L, ; (d) Loy +5
can be divided by L,, andby L,,,,.

®

2. Fibonacci and Lucas Transformations

It is evident that the adjacent pairs of Fibonacci and Lucas numbers are relatively prime
numbers. Now we define the Fibonaeci and Lucas transformation.
Definition 1. Let (F,,F,,) and (L,,L,,) be the adjacent peirs of Fibonacci and Lucas
numbers, respectively. Then we call the Fibonacci and Lucas scrambling transformations the
following transformations, respectively
Ju:k= f,(k)=kF,(mod F,,,), k=0,2,....F,, -1, a0
l:k=>1,(k)=kL (mod L), k=012,..,L, 1. .

Above given transforms the input sequences {0,1,2,...,F,,, -1} and {0,1,2,...,L,,, -1} are
transformed to other sequences {£,(0), £, (..., £,(F,,, 1)} and O, Menku (L. D)
respectively, which are called the pseudo-random permutation of input sequences, These
sequences pass one imporiant and relevant property to our applications: they are uniform
sequences. They have also some other tests for our applications: they are inexpensive to
compute, they are easy to remember, to program, and to analyze,



follows. Let (x;, ) and (x,.y,}bemwinu.amthedi.memfmmu
“'ﬂ{(’l-h) [’:-J‘:n‘ m"l =Xk 0y =2l

Let f.(k)=&F,{mod F,.,) then it can be snown that for &a¥ £ = U0 2eens Fay = 1y takie
phuummmmm:
If.(k+D-f(®)f=F or F.
If(k+2)- L () =F,; or 2F..
(an

FA +3)-fi=F,; or F.- Fo3
u;(t-.-dj-;;(k)]u F . +F,, or F.-F 5
]f,(k - F,_,]-f,(kﬂ =],
The last relation of (11) shows that F_, ismemﬂlmwmnuummumﬂunﬂn
sequences mapped as neighbors. a1
Example 1. For n=7 Fibonacci transform fi(®)=13k(mod 21) for k=120 gives the
following sequence {13, 5.18,10, 2.15.7.2&12.4.17.9.1.14.6.19.11.3.16. 8}. We can se¢ that for

lhiunqumel.huelnim(ln.i.c.
F. =8 for k=134,6891112141617.1920,

lf.-(hll—ﬁtﬂ‘-{,_., =13 for k=25710,131518
F =5 for k=124567.9101213141517,18
A k+2- £,k {zr, =16 for k=381LI61%:
Fo=3 for k=123467.89101L1214151617.18
V‘l{k+3)—f‘!(*x {F.—F.-ls f" k=513
F+F =11 for k=1368911141617,
o H-fik={"*" 1! t
rk+4)- £, (&) {F,—F.=w for k=2.4,57.10,12,1315;
U:(**al*ffli)l-l-
are really satisfied.
The Fibonacci transform of input sequences of lengths 4, 7, 12, and 20 are given in the

following table
0

"Fib. Transform

1. (k) = 3k(modS) [3.1.4.2
£,(k) = 5k(mod8) |327.4.1.63

7.(0) =8k(mod13) | 8.3 11.61.9.4,12.7,2,10,5
7-(6) = 13k{mod21) | 13 5. 18,10,2,15,7,20, 12,4,17,9,1, 14,6,19, 11,3, 16. 8

Nf:w consider the Lucas transform. Let [, (k) = kL, (mod Z,, ), then, as in the case of
Fil::::;]m transform, we can show that for any k =0,2,...,L,,, =1, the following relations take
p :
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b+~ (k) =L, or L,
lGk+2)-1,(k)|=L,, or 2L,
Lk+D-L=L, or L,-L, g
Pk +)-L (Y=L 1L, o L I,
Example 2. For n=5 Lucas transform /,(k) =11k{(mod18) for k=117 gives the following
sequence {11, 4,15,8,1,12,5,16,9,2,13,6,17,10,3,14,7}. We can see that for this sequence the

relations (12), i.e.
X _JL=7 for k=134,6,89,1113,14,16,
Vst =15 ) {L, =11, for k=2,57,10,12,15;
a _lh=4 for k=12,34,5,7,9,10,111214,15,
lls(k+2) ’s(k)i {ZL‘ =l4, for k=3.8,13:
L, =3 for k=1,23,4,6,7,89,1112,14,
btk +3)-1 k) {1.,_1,, =15, for k=510;
y 3 Li+L; =10 for k=1,2,6,81113,
HE=D ) {L,-;., =8, for k=2,457,91012
are really satisfied. .
Thom;mmfamofinpquumoflmsthsé. 10, 17, and 28 are given in the
following table .

(1,0 =4K(mod7) [41.5,2.6.3

1,(k) = Tk(mod11) [7.3,10,6,2,9,51,8,4

I,(k) =11k(mod18) | 11.4,15,8,1,12,5,16,9,2,13,6, 17, 10, 3, 14,7

1,(k) = 18k(mod 29) | 18,7,25,14,321,10.28,17,6,24,13.2.20,9,27,16,5,23,12,1,19,8.26,15.4.22.11

3. The Periodicity of Fibonacci and Lucas Transforms

Definition 2. The number T is called the period of the Fibonacci (Lucas) transform £, (1,) (sce
equation (10)), i for each k e {L7,,, -1} (ke {7, -1},
fT®=k ([(Tk)=k) (13)
where T is the smallest positive integer that satisfies this condition,
From (10) we have SBRRYE R
S &) = 7, (8) = £ (kF, (mod F,,,)) = kF] (mod F,,, ),
Iy () =170, (k) = 17 (KL, (mod L,,,)) = kLT (mod L, ),
Now we can formulate the following theorem. i ' :
Theorem 2. The period of the Fibonacci and Lucas transform is the smallest positive integer 7,
satisfying the condition that F,,, divides F)" -1 and that L, divides L* -1, respectively,
ie. (£ ~1)mod F,,, =0 and (L% ~1)modZ,,, =0. =

(14)
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from FL,-!-F,.F,-, we obtain (F,LI-I)MF’": =0, which m? Fibonacei
mﬂ'omof.eqnmuwimm Fy,.; —1 forany mt=12.... has the period 2. ai
From the relations (9) we also find 8. = R P (il = 2). THR RS
Fimdumhmdmwithwh F,,, forany “Lz.-"h”-m@d"ﬂ‘%
mpuwofmmmwmwwmmm
ublemp:riodlofLuﬂlwnd’«mmpm
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14 113 16

! iR ErE SE] Ts (o (10 Q11 12 |13
le,,l: 3|47 |10 |19]29 a7 |76 |1 | 199 |32 S21 | 843 | 1384 207
36 |13 |4 |33 |66 20 | 280 |30 1103 | 3570

l_'?]l]ilﬂﬁ!‘

4. 2D Fibonacci and Lucas Transforms

deimuﬁiondfibamoﬁndmcumblinsummﬁmmbedeﬁmdu
J'-.-UJ)'l‘ﬂ(MF...)-IF.lmdF..l)l i=0,F,-h j=0 F.-L s

10, )= (iL, @@od L), JLu(mod L)) §=0, Loy =1, =0 Ly, -L

[naﬂ:awwd‘ZDFibm:ci(Lum}mmfomcmbemlindbymnm:ﬂﬁlﬂ“
mmapp!ylhelDum:Immwallmmofagimimmthmwnpplydxmmfmm
all columns of image obtained in the first :

; Wmmmmqmisuwmmonqmlm
of matrix A, FibCol(A) is the Fibonacci transformation of all columns of matrix A, and
FibRowCol(A) means the 2D Fibonacei transformation of A. : -

Now let A=(a,) be the input image of size 8x8. For this image 2D Fibonacci

transformation has the form £ 5(f, /) = (Si(mod8), 5 j(mod8)). i,j=0,7. Using above given
potations we obtain

00 05 02 07 04 01 06 03] 00 05 02 07 O4 01 06 03
10 15 12 17 14 11 16 13 S0 5% 52 57 M 51 % 9
202 227421 2620 20 25 2227 14 21 % N
30 35 32 37 M 31 36 B NN HUNND
B FbRw(A)=| 00 45 43 47 44 41 46 B “"“’"‘"'n:uuuu«u
50 55 52 57 S4 51 56 53 1018 12 17 14 11 16 13
60 65 62 67 64 61 66 63 60 65 62 67 64 61 66 6
{m'rsnnun?sn_ 30 35 32 37 3 31 36 )

5. Experimental Results

In the presented sbove paragraphs we have seen that Fibonacei's and Lucas transforms have 8
periodicity. Also we have seen that those transforms can be used in scrambling algorithms. We
can use those properties for mixing the indexes of image pixels, otherwise stated we can
randomly choose the set of mixed indexes and change the places of pixel values. This algorithm
gimwlhehilmlpmmpmperﬁaofpmeclionuwehwemtrynllunT(whmlthislhe
periodicity of Lucas and Fibonacci's functions) set of indexes for recovering the original image.
Hence, we can see that the amount of protection directly depends on periodicity of Lucas and
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Fibonacci's functions. The bitmaps presented bellow show the experimental results of
implementation of Lucas and Fibonacci's transforms in image Lena.bmp of size 198x198.

Scrambling image by Lucas after 13
itcration  (original image can be
obtained after 53 iteration)
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