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Abstract

We compare the proof complexities in Frege systems with multiple substitution
rule and with constant bounded substitution rule. We prove that any two constant
bounded substitution Frege systems are polynomially equivalent both by size and by
steps. Frege system with multiple substitution rule and Frege system with constant
bounded substitution rule are also polynomially equivalent by size, but the first system
h-expounliﬂlped-upmlhemdmbyllep.

1 Introduction

It is well known that the investigations of the propositional proof complexity are very impor-
tant due to their tight relation to the main problem of the complexity theory: P=NP.In
particular, Cook and Reckhow proved, that NP = coN P iff there is a polynomially bounded
proof system for classical tautologies [1], therefore it is intercsting to obtain "good" lower
and upper bounds of proof complexities in different modifications of Frege systems, which
are the most natural calculi for propositional logic.

In particular it is interesting how efficient can be the substitution Froge system, It is
known that a Frege system with substitution rule has exponential speed-up by steps over
the Frege system without substitution rule [2]. It is known also that Frege system with
multiple substitution rule has exponential speed-up by steps over the Frege system with
single substitution rule (3. In this paper a constant bounded substitution rule is introduved
and any two constant bounded substitution Frege systems as well as the Frege systems with
multiple substitution rule and with constant bounded substitution rule are compared.

We prove that

2 Preliminary
We shall use generally accepted concepts of Frege system and Frege system with substitution.
A Frege system F uses a denumerable set of propositional variables, a finite, complete

set of propositional connectives; F has a finite set of inference rules defined by a figure of the
form d-‘-‘i-ﬁ (the rules of inference with zero hypotheses are the axioms schemes); J must
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be sound and complete, i.e. for each rule of inference B34 every truth-value assignment
satisfying Ay, A3, ..., A; also satisfies B, and F must prove every tautology.
A substitution Frege system SF consists of a Frege system F augmented with the substi-

mmrulawithinfmoesohhefmmf;formysubsﬁtuﬁma=(‘fh ’fﬂ: g’h‘
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substitution of multiple formulas for multiple variables of A without any restrictions,

If for any constant integer k > Iwaallowmbsﬁtuﬁanforon]ynommthankmﬁsblea
at a time, then we have k-bounded substitution rule. The k-bounded substitution Frege
system SpF consists of a Frege system F augmented with the k-bounded substitution rule.

We use also the well-known notions of proof, proof complexities and p-simulation given
in [1]. The prool in any system & (®-proof) is a finite sequence of such formulas, each being
an axiom of P, or is inferred from earlier formulas by one of the rules of ®.

The total number of symbols, appearing in a formula ¢, we call size of » and denote by

We define £-complezity to be the size of a proof (= the total number of symbols) and

The minimal £-complexity (t-complexity) of a formula ¢ in a proof system & we denote

by & () _
Let ®; and @3 be two different. proof systems.

Definition 1. The system @, p-simulates , (1, %), if there ecisth a polynomial ()
such, that for each formula p, provable both in ®; and ®,, we have 132 Sp(")-

Definition 2. The system @, is p--equivalent to system ®, (1~ ®,), if ®; and &, p-i-
simulate each other.

Similarly p-t-simulation and p-t-equivalence are defined for t-complexity.

Definition 3. The system @, has ezponential l-speed-up (t-speed-up) over the system ®,, if
there exists a sequence of such formulae p,, provable both in ®, andlbg,thatl::>2'f¢)

(t:; > 2'[‘:'-)).

In this paper we compare under the p-simulation relation the proof systems SF and Sp.F
for some fixed integer k > 1.

For proving the main results we also use the notion of essential subformulas, introduced
in [3]. Let F be some formula and Sf (F) is the set of all non-elementary subformulas of
formula F.

For every tautology F, for every p € Sf(F) and for every variable p (F)? denotes
the result of the replacement of the subformulas everywhere in F with the variable p. If
¢ /(F), then (F); is F.

We denote by Var(F) the set of variables in F.

Definition 4. Let p be some variable that p ¢ Var(F) and p € Sf(F) for some tautology
F. We say that ¢ is essential subformula in F iff (F); is non-tautology.
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following statement is proved.
wsl‘tnmwmdweﬁﬂﬂ. then in every SF-proof of F, in which the
employed substitution rules are
A A A
Aoy Agon’ A
either  must be important for this proof or it must be the result of the successive employment
of the substitutions oy, 04, ... 0, for 1< i1,32,+ -+, 0, < [ in any important formula.

3 The main result

Here the following statement will be proved.

Theorem 1. 1. For every fired integers ky and ky SuF ~1 8 F and S F ~u Si T
2. For every fired integer k SiF ~1 SF.
3. For every fired integer k SF has exponential t-speed-up over the system SpF.

Proof. At first we will show that §,F p-l-simulates S¥. Let for any tautology ¢, 57 =n
and £ be one of the substitution rule, which is used in SF-proof of . Let o be the following
mapping e o Sk ‘P") Itisoh‘bmthat‘lgg'lp,qun. Let also gy, @3+« -+ Gs b

Pi Pz -+ Pu
the propositional neither of which occurs in the SF-proof of .

The applying of the rule 4 can be replaced by the sequence of the single (1-bounded)
substitution rules for the following substitutions:

(2)(2)(x)-(3)(%) (%)

The size of this part on new proof is no more than s n + s(n — 1 +n) < 3n*. The number
of the employment on the substitution rules also can not be more than n, hence 57 < 3n',
so we have S, F ~; SF.

Let k; and k; be two integers (k; > k;) and ]E[ = m. Basing on the above mentioned
method of modeling the new proof, we can transform every Si, F-proof into Si, F-proof, using
for every ky-bounded substitution rule the sequence of 2m numbers k;-bounded substitution
rules, hence Sy, F ~¢ Sy F.

If for any integer k; (k; > 1) and for any tautology @, -‘.,‘;"F = n, then for every inleger
ks (ks > k) o7 < n-2]E , hence S, F ~ S F.

To prove the statement of the point 3, we use the sequence of the formulas

@n= (o1 = 1) A(P2 = P2) A (. A((Paet = Pr1) A (Bn = Pn)). ).



A.Chnhrynn,a\.(_}nhqm,s.uehnm 39

In [3] it wes proved that ¢57 = O (log, n).
Umthesbommmﬁonedmmﬁm[ﬂabout}hsmﬁa]nbhrmumw?:(n-

i) A (A A ((Pa-t = Pu-i) A (Pn = Pn))....) it is easy to show that for every fixed integer

k the number of steps in the S,F-proof of ¢, must be at least |, therefore t5%% = (n),

As the problem of proving "good” lower bounds on the number of steps in substitution
Fregepmfnisahoinming.in[3]itmpwvedthatfor!u.ﬁiciunﬂyhmentheremthe
tautologies Fy, of size 6(n), which require proofs containing f(n) steps and 0(n?) symbols
both in the systems F and SF. Itisnotdiﬂ‘iculttoseethatf.hismultishuealsnforthe
Sy F-proofs of Fy, for every fixed integer k.
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UpunwonmidGbph pupnmpimGGbph hudbduwnnip wnwppbn
wbnunniwi YulnGGhpny Sphighh hwdwlwpgnud

U, Qnipwpyw; U. OmpupymG, U, UWbpuwGymG
UWithnthmd

Wopnunnwlpned hunftfwinymd b6 pun wpimwdnalGbph bpln: Pupnmpnul plnipuwgnfisGhph
(bplpupnipymd L pujbph puwlul) bpbobh hudwlwpeh puquulh wbqunppiet L
vwhiduupay wbpugpdul qulnlbng tpim plguyGndGp: Uupugmigijwe £ op puin
wmnwodwl bplupmpyul puqialh b vwhiubupol wbpungpiol lpuGnGGbpny Dpbqbh
hunfwlpupgbpp puquulnudnpbl hudwpdtp b6, uwiub pumn puijibph puwGwlf puquwlh
wbnuppiwG ulnbny Dpbqbf hundwlwpgl mnh gogyuhl wpwguigmy uwhidwGunfiul
ubupludp Sphqbh hwdwlupgbph Gjunadundp:



