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Abstract
Ammdmmmmnowndhtbpmﬂmdmmﬁom_
dtbemofvaﬂiouofahmchhtmdhjainzmﬁmd Va, which, for a given
funetion p : V(G) — {-1,0,1} with some special restriction, satisfies the condition
A) N Vi| = [A(v) N Va| = p(v) - (I{v} N Vi| ~ |{v} N Val) for any vertex v of G, where

A(v) is the set of all vertices of G adjacent to v.

We consider finite, undirected graphs without loops or multiple edges. Let V(G) and
E(G) denote the sets of vertices and edges of a graph G, respectively. If v € V(G) then ezg(v)
denotes the eccentricity of a vertex v in a graph G. For a graph G let A(G) be the greatest
degree of a vertex of G. Let p,(z,y) denote the distance between the vertices z € V(G) and
v € V(G) in a graph G. For v € V(G) let's denote A(v) = {w € V(G)/(w,v) € E(G)}.

A function f : V(G) — {0, 1} is called 2-partition of a graph G,

A function p : V(G) — {~1,0,1} is called a priority in a graph G if the following
condition holds: for Vz € V(G) p(z) = 0 iff dg(z) is even.

We'll say that 2-partition J of a graph G obeys the priority p iff for any vertex v € V(G)

[{w € Aw)/J(w) = fO)}] - Hw € A@®)/f(w) =1 - f(v)}] = P(v).

Non-defined concepts can be found in [1, 2, 3, 4, 5).
Forwyne{ﬁ_,l}.an arbitrary function g : X, — {0,1} and any set X C X, denote:

P(X,0,n) = {v € X/g(v) = n}| — {v € X/g(v) =1 -n}|.

Obviously, the definition of 2-partition, obeying the given priority, can be rewritten in the
following way.

We'll say that 2-partition f of a graph G obeys the priority p iff for any vertex v & V(G)
 PO@)L S S) = pl).

Let z € V(G) be an arbitrary vertex of a tree G,
We define the subset N;(z) of the set V(G), where 0 < i < ezg(z), as follows:

Ni(z) = {z € V(G)/p, (=, 2) = i}.
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For Yu € V/(G)\Neag(a(*) define:
a(u) = |N, (@) N Au) N A(x)l,
bu) = IN::::}..; (z) N A(u) N B(2)l.

Note 1. From the definitions of functions a, b it follows that if for Vi, 1 S i < exg(z) for
d?:.eﬁ.(:) it is already determined whether u € A(z) or u € B(x), then for an arbitrury

u & Ni_y(z) the values a(u) and b(u) are unambiguously colculated.

Note 2.a(z) +b(z) = do(z); for ¥u € V(G)\(Nesge)(2)U{z}) the equality a(u)+b(u)+1 =
dg(u) holds.

Now assume that p is a priority in the tree G. Let's inductively define sets A(z) and B(z)
as follows:

(G)\{=} into sets A(z), B(=), which

Negia)(z) NA(z) = {v € Nezg(a(2)/p(v) = 1},
Nezg()(®) 0 B(2) = {v € Nezg(a)(2)/p(v) = ~1}-

Let’s assume that for i, 2 < i < exg(z), the partitioning of N;(x) is already defined:
Ni(z) = (Ni(z) 0 A(x)) U (Ni(z) N B(2)).

Itfonuu&omthenotelthn:furuchuEN;_;(:}lhe\-nluuofﬁmctiomn.bmnbe
calculated. Let's define the partitioning of Ni—;(x) as follows: for Yu € Ni-i(z)

A(z), if a(u) - b(u) — p(u) <0,
s { B(x), if a(u) — b(u) — p(u) > 0.

(Note that for any u € V(G) a(u) — b(u) — p(u) # 0).
Obviously, under the given definition the following condition is true

(Nica(2) N A(2)) N (Ni=a(z) N B(x)) = 0.
It is easy to see that the sets A(z) and B(z) are unambiguously defined and, morcover,
V(G)\{z} = A(z) UB(z), A(z)nB(z) =0
Note that we have also defined the following functions
02 (V(C)\Nexgte)()) = Zos b (V(G)\WNergn(®)) = Zs.

Further we shall assume, that consideration of any tree G with an arbitrary priority p
automatically implies the choice of a vertex x € V(G), the realization of the partitioning of
the set V(G)\{z} into sets A(z), B(x) mentioned above and the definition of functions a, b
on the set V(G)\Nezg)(2).
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Lemma 1. If G is a tree and [ - it’s S-partition, obeying the priority p, then for Yu €
VIG)\{z} following properties hold

u€Alz)= J(u"Y) = f(u), ueB(z)= Fu0) =1 f(u).

Proof by the reverse induction on pg(z,u). First of all let’s prove the lemma for vertices
of the 86t Nez(2)(2). Let u € Nozyiz)(z) be an arbitrary vertex. Obviously, dg(u) = 1.

Case 1. u € A(z).

It is clear that p(u)'= 1. Since f is a 2-partition of a tree G, obeying the priority p and
dg(u) = 1, then f(u"") = f(u), which is the statement of the lemma.

Case 2. u € B(z).

It is clear that p(u) = —1. Since f is a 2-partition of the tree G, obeying the priority
p, and dg(u) = 1, then f(u") = 1~ f(u), which is the statement of the lemma. Assume
that the lemma holds for all vertices of the set N;(z), where 2 < i < ezg(z). Let's prove the
lemma for vertices of the set N;_(z). 3 :

Let u € Nj_,(z) be an arbitrary vertex.

From the inductive assumption it follows that

P(AMu) N Ni(z), £, f(u)) = a(u) — b(u).
Consequently, since f is a 2-partition of the tree G, obeying the priority p, then we obtain

p(u) = P(Au), f, f(u) = P(\u) 0 Ni(z), f, f(u))}+ (1)
+P(Aw)\Ni(=), 1,/ (w)) = a(u) - b{u) + P(\(w)\Ni(z), £, /(u)).

Case 1jq. u € A(z).
In this case a(u) — b(u) — p(u) < 0. Consequently, taking into account the equality (1),

we obtain
a(u) — b(u) + P(A(u)\Ni(), f, f(u)) = p(u) > a(u) — bu).

As a result, P(A(u)\Ni(z), f, f(u)) > 0. The obtained inequality, taking into account
that A(u)\Ny(z) = {u""} and [P(Mu)\Ni(z), /, f (u))| = 1, implies f (uY) = f(u), which
is the statement of the lemma.

Case 2ip9. u € B(z).

In this case a(u) — b(u) — p(u) > 0.

Consequently, taking into account the equality (1), we obtain

a(u) = bu) + P(Au)\Ni(2), /, f(u)) = p(u) < a(u) — bu).

As a result, P(;\(u?\M(z).f, f(u)) < 0. The obtained inequality, taking into account
that A(u)\Ni(z) = {u""} and [P(A(w)\Ni(z), £, f(w))| = 1, implies f(u) = 1 — J(u),
which is the statement of the lemma.

Lemma is proved.
The proof of the lemma. implies the following

Corollary 1. If G is a tree and f — it's S-partition, obeying the priority p, then for any
vertez u € V(G)\Nexg(z)(2) the following equality holds

P(u) = a(u) - b(u) + P(\u)\Np, (zay+1(z), £, f(u)).
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¥u € V(G)\Neseia)(2)
{a(u) — Bu) — ()] = do(s) - a(v) —b(u)-

Necessity. Suppose [ is a 2-partition, obeying the priority p. _
Let u € V(G)\Nusg(n)() be an arbitrary vertex. It follows from the corollary 1 and the

note 2 that
= - P( E =
e ) (a(a) = bls) -+ PG Nigsaror 81, S S| =
= PA@) Wy e () 3 S(0)] = de(u) — au) = blu)-

Sufficiency. Suppase that for any t € V(G)\Nezs(s)(2) la(u) - b(u) — p(w)] = da(w) =

a(u) — blu). X

: iﬁ':{indmi\rdy define a function f : V(G) — {0,1}. Let's set @)=L Let's amm
that for all vertices of the set Ni(z), where 0 < i < exg(x) — 1, the function f is already
defined. Let's define the function f for vertices of the set Ni.y(z). For each vertex u €
Ni(2) let's define the function f for vertices of the set Niuy(z) N A(u). First of all lebs
define the function f on vertices of the set Niy1(2) N A(u) N A(z) by the following way: for
¥z € Nuwa(z) N A(u) NA(z) set f(2) = f(u).

Now let's define the function / on vertices of the set Ni41(2)NA(u)NB(z) by the following
way: for ¥z € Nisy () N A(u) N B(z) set f(2) = 1— f(u). So we have defined the ﬁ.mcllou:f
on all vertices of the set Nj;1(z). Therefore, the function f is defined on whole V(G). Let's
chukmuﬁplrﬁﬁmfdthetm(?.deﬁmdnbumoheylthepﬁoﬁly p, indeed.

Let u € V(G) be an arbitrary vertex.

Casel. u=z.

The condition of the theorem and the note 2 imply |a(x) — b(z) — p(z)| = 0.

Consequently, from the equality A(z) = A(z) N Ny(z) and from the definition of [ we
obtain

P(A3), £, 1(2)) = P(A\(z) N Ny(2), /. f(x)) = a(x) = b(x) = p(x)-

Case 2. u # z. The condition of the theorem and the note 2 imply [a(u) —b(u) - plu)| =
1. Consequently, from the definition of f we obtain

P(A(u), f, f(u)) = P(A(u) N Npg (zmpa (), £, () + .
+P(A(u)\Np, zuye1 (1), S, S(u) = &)
= a(u) = b(u) + P(AN(u)\Npg(zprs1(u), /1 S (w)).

Case 2a). u € A(z). In this case from the definitions of A(x) and f it follows that a(u)—
blu) — plu) < 0 and P(Mu)\N, i () S, f(2)) = 1, respectively, anwgumtly. taking
into account ja(u)~b(u)—p(u)| = 1, we obtain a(u)—b(u)~p(u) = —1. The obtained equality,
taking into account the equality (2) and the equality P(A(u)\N,, uy+1(u), [, f(w)) = 1,

implies
P(Au), £, f () = a(u) = b{u) + PN (w)\Np(zuye1(u), [, [ (u) =
= a(u) — b(u) + 1 = plu).

Case 2b). u € B(z).



S.V. Balikyan, B. R. Kamalian 35

In this case from the definitions of B(z) and J it follows that a(u) — b(u) — p(u) > 0
and P(A(u)\Np,(su41(u), /, f(u)) = —1, respectively. Consequently, taking into account
|a(u) — b{u) — p(u)| = 1, we obtain a(u) — b(u) — p(u) = 1. The oblained equality, taking
into account the equality (2) and the equality PMw)\N,, (xuys1(w), £, £(u)) = —1, implies

P(A(u), £, f(u)) = alu) — b(u) + P(Mu)\Npy taafar(w), 7, £ () =
= a(u) — b(u) — 1 = p(u).

Theorem is proved.
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Vinwgyuo t wihpudbyn b punfwpup wuphul G dunh quigupliph puqinpud V,
U Vy shunann blpupuqinpimG0bph wibupup upnbdwl gnnipimlp uupglyn hunfwp,
op wpywd hunno vwhiwlwnelndtbpny $nibhghuh huniwp pufwpwplh hbnlguy
wupwlpp: V(G) — {~1,0.1} ownh mpwpwlsmp v auquiph hudmp |\ (v)NV; | —[A()n
Val = p(v) - (I{v} N VA| = [{v} N Val), amati N(v)-0y Goustiwatpunds  v-4G ag quiquipliiph
puiqnipynilp:



