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Abstract
Anmnymdnuﬂicientmnditionlsobhimdfonhepmbhmafmchwﬁmning
ofﬁnsutu[vedlmduuu(:'inwLwdhjninlaets?;mdl’z.luchthuﬁ:rgim
sets Vi’ C V(G) and V} € V(G) (W nV7 =) it satisfies the conditions V C V;,
V{ € V; and ||A(v) N V3| - [A() N V3| < 1 for any vertex v of G, where A(u) is the set
of all vertices of G adjacent to v.

We consider finite, undirected graphs without loops or multiple edges. Let V(G) and
E(G) denote the sets of vertices and edges of a graph G, respectively. Ifv € V(G) then ezg(v)
denotes the eccentricity of a vertex v in a graph G. For a graph G let A(G) be the greatest
degree of a vertex of G. Ietp‘,(z,y)dmotethediutambetwmthemﬁmzewa)md
y € V(G) in a graph G. For v € V(G) let’s denote A(v}:.—'{wEV(G)f(w,v)eE{Gj}.

A function f : V(G) — {0,1} is called 2-partition of a graph G.

Afunctiong:V,-»-'{O,l},whm‘P;_C_V(G},ismllednpa:tidZ-putiﬁonofsmph
G. Note that 2-partition of a graph is also a partial 2-partition of a graph.

A partial 2-partition g, afapathkca]ledmexpusionofapmﬁdz-paﬁitiong,of
a graph G, defined on a set V;, C V(G), iff for Vo € V,, g,(v) = g, (v).

2 partition f of a graph G Is called locally-balanced iff for Vv € V/(G)

I{w € A()/f(w) = 1}| - {w € Aw)/f(w) = O}]| < 1.

Non-defined concepts can be found in [1, 2, 3, 4, 5].

For any partially defined function f : X — Y let’s denote by D(f) the set of elements of
the set X on which the function f is defined.

For an arbitrary function g : X, — {0,1} and any set X C X, denote:

(X, 9) = {v € X/g(v) — 1} - {v € X/y(v) = 0}}.
Obviously, the definition of locally-balanced 2-partition can be rewritten in the following
way: 2-partition f of a graph G is called locally-balanced iff for Vv € V(G) |P(A(v), f)| < 1.

Let z € V(G) be an arbitrary vertex of a tree G.
We define the subset N;(z) of the set V(G), where 0 < i < ez¢(z), as follows:

Ni(z) = {z € V(G)/po(z,2) = i}.
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- =1}
Obviously, for any u € Ni(z), whel!“l < i < exg(x), there exists a single vertex ut"t €
N,1(z) satisfying the condition (u. u'~") € E(G). .

Let g: V; — {0, 1}, whﬂcl’,Qi’[G}.helpﬂtidﬂ-pnﬂ:i_lhndnmph(a-

Let's inductively define a partially defined function z, : V(G) — {0.1}.

For all vertices v & V;, set 2;{v) = alv) >

VG < 1, then the definition of z; is complete.

Let's assume that [V(G)| > 1.

Let =, on all vertices of the set (Noug(a) U Nesgta-1)\Vs will not be defined. ;

Let for i, 0 < i < exg(x)—1, the function z, on each vertex ¥ € Nis2(z) either is already
deﬁnedmitisﬂmdydaamh:dlhuh'ﬂinuhdeﬁndmp. e

For cach vertex u € Ni(=)\V, if there exists such a vertex ut! € Niar(2), that (u*!) ™" =
u and [P(A(u*?) N Nia(z) N D(z), 5| = [(AM(w*) 0 Neaa(2))\D(2)] > O (if there are more
than one such a vertex, then we'll choose anyone), then set:

3 0, if PO(™) N Nisa(®) N D(2), ) > 0,
5 =1 1" i PO N Nesa(z) N D(3,), 5) <0,

atherwise the function 2, will not be defined on a vertex u. -
(Note that [P(A(u*Y) 0 Neaa(z) 0 Diz)35)| — IA*) N Nisa(@\D()| > 0 implies
P(\(*") N Nisa(z) 0 D(z5), 25) # 0).

Let’s define the set Vi, as follows: Vigz = D(z).

Let’s define a partial 2-partition b.:r: Visst — {0,1}, which is an expansion of g and
called a zone of influence of g towards .

For any u € Vi, set [g, (1) = 5(u).

It is clear that [g,z] is an expansion of g.

Further we shall assume, that consideration of any tree G automatically implies the choice
of a vertex z € V(G).

Theorem 1. For a given tree G there erists a locally-balanced 2-partition, which is an cx-
pansion of a partial 2-partition g of the tree G iff there exists a locally-balanced 2-partition
of the tree G, which is an expansion of a partial 2-partition g, x] of the tree G.

Proof.
Sufficiency. Suppose, that there exists a locally-balanced 2-partition f of a tree (7,
which is an expansion of the partial 2-partition (g, z].
Since [g, z] is an expansion of g then f also is an expansion of g.
~ Necessity. Suppose, that there exists a locally-balanced 2-partition f of a tree G, which
is an expansion of the partial 2-partition g. Let’s show that f is an expansion of the partial
2-partition [g, z}, too, i.e. for Yu € Vi4 f(u) = [g, z](u).
The proof will be fulfilled by the reverse induction on pg(z, u).
First of all let’s show that for Yu € (Nezg(=)(2) U Nezgte)-1 (2)) N Vig.sy f(u) = g, zl(u).
Let u be an arbitrary vertex from (Neeg(z)(%) U Nezg(a)-1(2)) N Vig,). 1t follows from the
definition of V{; . that u € (Nesg () () U Nezg(a)-1(x)) N D(2,). Consequently, it follows from
thesallunﬂ}hm:f[gmnrmhn of z, that u € V.
nce [ and [9,z are expansions of g and u € V;, then f(u) =  la, =
mi‘: & rowalt, 1) = [, 21(0, 9 v S(u) = g(u), |g, z|(u) = g(u)
t's suppose that for Vi, k < i < exg(x), where 0 < -
b sty (x) 0 <k < exg(z) - 1, u € Ni(x) N Vg x
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Let’s prove that for Yu € Ny(z) NV, . flu) = 9, z)(u).

Let u be an arbitrary vertex fmnNg(:jnVH.

If u € V,, then since f and (g, z] both are expansions of g, then f(u) = g(u), 9, z](u) =
g(u) and, us & result, f(u) = [g, z)(u).

Tt's supprse that w @ V.| Aesume the contrary: flu) # I3, z]{x).

It fallows from the definition of [g, z], from theslgmithmnfeomtmctionofg‘ and from
u ¢ V, that there exists such a verfex u*! € N, ;(z), that IP(Mﬂ“)nNH:(-’C)nD(hL z)| -
[(A(u*') N Ni1a(z))\D(z,)| > 0, moreover,

=1 0 M P(Aw*') N Nisa(z) N D(z,), 2,) > 0,
I, 2l(e) = { L, i PO) 0 Nora(e) n Doyt 2.0

Consequently, taking into account the inequality J(u) # [g,z](u), we obtain:

fu) = 1, if P(A(u*') N Npsa(z) N D(z,),z,) >0,
W=1 0, if PA@H) N Npsg(z) 0 D(z,),2,) <0.

The obtained equality and the definition of P imply
IP(Aw*) N Niva(2) N D(z,), f) + P(A(w*)\Nps(z), 1) =
= [PO®*) N Nesa(z) N D(zg), 1] + [POW)\Nasa(z), )]
Consequently, from the inductive assumption and from the definition of [g, z] we obtain
[PO@), )] = |PAW*) N Nysa(z), 1) + P (AW*)\Nisa(2), £)| =

= [PO\@™) N Neya(z) N D(z,), f) + P((A\u*) 0 Nisa(@))\D(z,), )+
+PA)\Nisa(2), £)) 2

2 [P(A(u*) N Nisa(z) N D(z,), f) + P(A(u*)\ Nisa(z), f)|—
=IP(A*) N Niga(z)\D(2,), f) =

= [P(\u*") N Nisa(z) 0 D(z,), £)] + [POWH)\Nisa(2), )|~
=IP((AW*) N Niya(2)\D(z,), £)| >

2 [PA(*) N Niya(z) 0 D(z5), 25)| + [PA(w*)\Nisa(2), 1)
=I(A*') N Niya(2))\D(z,).

The obtained inequality, the inequality |[P(A(u*') N Nisa(z) N D(2,), )| — |(A(w*?) N
Nisa(z)\D(2,)| > 0 and the equality A(u*')\Nisa(z) = {u} imply the following inequality
IPOu), £)] > |P(A(+') N Niya(z) 0 D(2,), 2,)] + |P A\ Nia(2), £)]-

—l(A*)n NHRI{E})\D(‘S}I -

= [PA@™) N Nisa(2) N D(2,), 2)| - [(Aw*) N Niga(@))\D(z,)| +1 > 1.

The obtained contradiction proves that f(u) = [g, 7] (u).
Theorem is proved.
The proof of the theorem implies



2 On Existence of Certain Locally-balanced 3-partition of 8 Tree

Corollary 1. UcMMW!q{amG_f:n?armmﬂfﬂl‘“’m
&m,m&udﬂnmafﬂepﬁd!—mw-a-
Theorem 2. For a given mcmm«mume-mh:_ﬂlﬂli{”“

pansian of a partial 8.partition lo,x} iFf for Y1 € VIE) the felloming =5
IP(A) N Vigap [9.2D] = M@\ Vgl S 1.

Proof. 1
Necessity. Suppose there exists a Jocally-balanced 2-partition of a tree G,

expansion of a partial 2-partition Lz}
Since f i.:locnlb'-hl;’:id. th[:n for Vv € V(G) IP(A#). f)I < L Consequently, we

obtain for Yv € V(G)

13 [POA®), Nl = [PAW) N Vi /) + PAG)\Viga, )] 2 4
> 1PO) N sty NI = IPA@NVpaps N 2 [PAW) N Vi, NI - AW \Vigail-

mqu.mmmtmnmmm.ﬂn.x!. implies that
for ¥ € V(G) the following inequality holds

IP(A(w) N Vg [9, 2] = M)\ Vgl < 1
Sufficiency. Suppose that for Vi € V(G) the following inequality holds
[PA) N Vigaps [gv 2D = () \ Vgt < 1

Let's inductively define a function f : V(G) — {0,1}.

If 2 € V), then set f(x) = [g, z](z), otherwise set f(z) = 1.

Let's assume that for all vertices of the set Ni(z), where 0 < i < exg(x) -1, the function
1 is already defined. Let's define the function f on vertices of the set Ny (x).

For each vertex u € Ni(z) let's dcfine the function f on vertices of the set A(u) N Niv1(2)-

First of all let’s define the function f on vertices of the set A(u) N N1 (x) N Vigq in the
following way: for any vertex v € A() N Niwy () N Vi 5 set f(v) = [g, z|(»).

Obviously, without loss of generality it can be supposed that all vertices of
the set S(i,u,r,g) = (Au) N Nija(z))\Vpa, if It is not empty, are numbered:
hy(u), ha(u),... , heuy(u), where c(u) = |S(i, u, z,9)|.

Note 1. For all vertices of the set M(u)\S(i,u, z,g) the function [ is defined.

which is an

1t follows from the note 1 that the value of P(A(u)\S(i, u, x, ), f) is defined.
Now, let's define the function f on vertices of the set S(i,u,x,g). For any vertex v €
Sli.u, z,0) let's set:

0, if v = hy(u), where 1 € j € P(Mu)\S(i, u,7,9), /),
1, if v=hy(u), where 1 £ j < =P(Mu)\S(i,u,z,9), f).
foy= | O i v = hy(u), where IPO@\S (i, 7,9), /)| <J < c(u) M
'md 7= |P(Mu)\S(i,u, z,g), )| is an odd number,
1, if v = hy(u), where |[P(A(u)\S(i, u,z,9), /)| < j < c(u)
and j — |P(Mu)\S(i, u, z, ), f)] is an even number.



S.V. Balikyan 29

So we have defined the function f on all vertices of the set Niza(z).

Therefore, the function f is defined on whole V(G).

lthdmthatz-puﬁﬁmlngfismmionofthapmiﬂﬁ-panmb,z].

Igt'nchu:kﬂnttheﬂmcﬂnn!dﬁnedlbomhaloeally—bdnnced 2-partition of the tree
G, Indoed.

Let u € V(C) be an arbitrary vertex.

Note 2. If the inequality | P(\(u)\S(i, v, z,9), f)| - |S(i, 4,7, g)| < 1 is true, then (1) implies
|P(A(u), f)| < 1.

Case 1. u € Ny(z).

Obviously, u = z.

Since A(z)\W,4 = 8(0,z,z, g) and f is an expansion of [g,z], then, taking into account
the eondition of the theorem, we obtai ; ]

,P(J\(Z)\S(ﬂ, I, z’y}l n' e IS(IJ. z,z, g)l —
= [P(AMz) N Viga}, [9,2])| = [A(z)\Vypq| < 1.

Consequently, taking into account the note 2, we obtain |P(\(z), f)| < 1.

Case 2. u € Ni(z), where 1 < i < ezg(z).

Case 2a). u™' € V. _

Since M(u)\Vjp2) = S(i,u,z,g), then in the same way as in the case 1, we obtain
IP((w), )] € 1.

Case 2b). u™ ¢ Vj,..

In this case it follows from the definition of [g, ] that

[P(A() N Neta (2) N Vgl 25)] = [(A(w) N Ny (2))\ V5] < 0.
On the other hand, since f is an expansion of [g, z], from the definition of [g, z] we obtain:
[PA)\S(, v, 2, 9), f)| - |S(i, u,z,9)| =

= |P((Mu)\S(i, v, 2, 9)) N Niga(z), £) + P((Mu)\S(, u, z, .9))\’N:+: (), NI
—|S(i, vz, 9)| <

< [P(A)\S (G, v, z, 9)) N Niga (), £)| + |P((MNw)\S (G, u, z, 9))\Nis (z), Nl-
~|8G,u,z,9)| =
= |P(Au) N Niga (@) N Vigal, 2)| + 1 — |8, v, z, )|
The obtained inequality, taking into account the definition of z,, implies
: IPOW\S(i, u,z,9), £)| - 1S(i, w2, 9)] < 1.

Consequently, taking into account the note 2, we obtain |P(A(u), Nl
Case 8. t € Ny (2)(z).
Since A(u) = {u™'}, then IP{A(“LI)I =l=<.
Theorem is proved.
The theorems 1 and 2 imply



30 On Existence of Certain Locally-balanced 2-pastiticn of a Tree

M&FNGMWGMMOMW:- ' which is on e
pansion of a partial £-partition ¢ of the tree G iff for Yo € V(G) the followang nequality
holds
I*P(A(v}nlvh.[g.r])] —AEN\Veali S L

Nm&ninthﬂd&uhumimdgﬁthmhﬁmﬂhhmm@ahﬂ“};
hhud%mhﬂwhthhmupndmdthmdhﬂmd:hcp\m parti
2-pnuiﬁonli.l'sud:me_:is1:}.

whﬂbmmdhﬁmwﬁd}mﬂmmmchmm}.
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Bwnh nywi-hwjwuwpupowd npnpwlh 2-npnhiw gnynpjul dwupl
UL Puhlyw

Uiithnihnus

Uinwgyud ¢ whtpudtym & punjupup wyupiul'G owsh ququpitph puqiopwl V'
L Vy phunnyon blpupwqimpyniGltph wyGuhup wpnbdwd qoapmp wwpqlynt hudwp,
ap upguo VP € V(G) 4 VP € V(G) (VP NVY = 0) puqunipymbttph hudup pusjupupytl
hlanlywy wupdwiepp. VP € Vi, V§ C Vo b ownp jmpwpwlymp v ququph hwdon
wnbnh mblu hbwlpuy wihuguuupanpmdp |\N) O V3| = [Me) 0Vl 2 1, apadin Nv)-nf
Gpwlwlplwo b v-h bhg ququipltiph puqungpmedp:



