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Abstract

The problem of three hypotheses logarithmical asymptotically optimal testing for
& pair of simple homogeneous stationary Markov chains is examined. It is supposed
that M probability distributions are known and each of Markov chains independently of
other follows to one of them. The matrix of all error probability exponents (reliabilities)
is studied.

"1 Introduction

R. Ahlswede and E. Haroutunian 1] formulated and solved a group of problems concerning
hypotheses identification and hypotheses testing for many objects, which is based on result
of [2] for testing of many hypotheses for one object. In [3]-{8] the problem of multiple
hypotheses testing for one Markov chain was considered. In [9] three hypotheses testing
problem for two independent objects with independent observations was studied. In [10]
 hypotheses testing of two distributions for two Markov chains was considered. For solving
these problems the method of types and Kullback - Leibler divergence [11] were used. In
this paper we consider the case of two Markov chains which independently follow to one
from M given probability distributions. We consider in detail the case M = 3 to make the
presentation simpler.

Let the finite set X = {1,2,..., S} be the state space of Markov chain, and let x! =
(%3y X, %3, s XK), %2 = (x3,x3,53,...,3%), 2L, 22 € X, n = T, N, x!, 3@ € XN+ be
vectors of observed states of two simple homogeneous stationary Markov chains. These
Markov chains are characteristics of two independent objects. There are three possible
transition probabilities of both chains, P, = {P(t|s)}, P, = {Pi(t|s)}, Ps = {Pi(tls)},
t,8= 1,5. In three cases for such chains there exist corresponding stationary distributions
@ ={Qi()}, Q2= {Qa(t)} and Qs = {Qs(t)} not necessarily unique, such that

s s
‘ZIQ!U}H(HS} = Qu(s), golfi) =1, 1=13,8=1,35.

We denote @ o P(s,t) the probability Q(s)P(t|s), s,t€ X.
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~th object, whenx'e,.lﬁm.i

We have three hypotheses Hy,

‘e deno b ( ] by the test $¥
We denote by a (®™) the probability of the erroneous acceptance by
of thetpair of h)pom?m‘. H,,) provided that the pair (Hy,, Hy,) is true,

a‘i\;“hhl#‘] = Qh e P‘:‘(A{l)qh e P:(Ag:j)n tklobl) i3 UIDI‘J]- kll,l - m.i = 1.2
bhypotheses (Hx,, Hy,) is the following

ﬁepmhnhiiit)'tomjcctltmepnhof
& (@Y) = ol it (@) ) 5
Eaaiies mh%n.m o .g
We study error probability exponents of the sequence of tests ®, which we call “reliabil- ‘:
ities™:
Fyon (02 imsup—+ g (@), b 4=TR =T ()
N—2x |

It is easy to show using (1) and (2) that :
i

= @ s b
Euy ay 1o(®) = | i, sy Ein st o ) (3)

The matrix E(@) = { Eiyuji &; (@)} is called the reliability matrix of the sequence @ of l
tests. |
As in [9] we call the test sequence &* logarithmically asymptotically optimal (LAO) for
this model if for given values of the elements Ey a1, Eypas Exgag Eszaa, it provides
maximal values for all other elements of the matrix E(@°). .

Our goal is to define conditions on Evgns Bvapas Eaga 3.4 under which there |
exists LAO sequence of tests ®*, and to show how other elements of E(9*) can be found as
functions of given four ones. |

We name the second order type of the vector x [1] the square matrix of S% relative
frequencies {N(t,s)N~', t = 1,8, s = 1,5} of the simultancous appearance of the states t l
and & on the pairs of neighbor places in x. It is clear that . }Er’ N(t.s) = N. Note that

(1 |

there are other definitions of types for Markov chains, for example in [6]. |

Denote by T*z:,,, the set of vectors from AX¥*!, which have the type such that for mma]

juint PD Qo P :
N(t.s) = NQ(t)P(tls), t,8=1S.
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- We denote by D(Q o P||Q; = ) Kullback - Leibler divergence of the distribution

Qo P ={Q(t)P(tls), t,s=T3}
from the distribution

Qe B = {Ql(‘)ﬂ(tlsj! t,8= B}! l= mi

= defined as follows

D@Qo Pl@ie ) = £ Ple) log Zorld).
We shall analyze the reliability matrix E(®*) = {Ej, ss, 4, (®*)} of LAO test for two Markov
chains. The main result is formulated in Section 3.

2 LAO Hypotheses Testing for One Markov Chain

The problem for one Markov chain and two hypothetical distributions was investigated in
3} [5]. The case of M hypotheses for independent observations was studied in [2] and for
case of Markov chains in [7] and [8]. Let us recall results and definitions for the case M = 3.
The statistician must select one among 3 hypotheses H; : P, I = I.3. Let x =(xq,X1, .... X)
be vectors of observed states of a simple homogenous stationary Markov chain with finite
number § of states. The procedure of decision making is & non-randomized test .

Theorem 1 is proved in [8]. We reformulate it for the case M = 3. For given positive
elements F, I Egp let us denote

Ep(Byn)2Ey, E3p(Eza)2Egy, (5.a)

Ei= D(QoP||QoR), 1=T3, k=1,2k#l, (5)

inf
QuP-D(QoP||QoRk )< By, 3 Qu: D(QIIQs)<oo

A )
Ela= nf = 3
113 o P.D(QoPIGo ) B DIQePlIQo)> %D(Q oPlQoR), 1=12, (50

Ey,= fuin, B (5.d)

Theorem 1. If different conditional distributions and positive numbers Eyjy, £ are
given and the following inequalities hold

Ey < min['E{D(Qk o Pi||Qko P), k=2,3], (6.0)
Eapp < min(E3, ipfD(Qs 0 F4|Qs o )], (6.b)

then

a) there exists a LAO sequence of tests ®* such that all elements of the reliability
matrix E(®*) are defined in (5),

b) if one of the inequalities (6) is violated, then at least one element of the matrix E(9*)
is equal to 0.

Remark. Using the definition of Ejj; and Ej in (5.c) it can be proved as in [9), that
B\ =By,  Ejy = By (7)
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3 LAO Hypotheses Testing of Three Distributions for Pair of Markov

Chains
mlicmmkadmmluth_m‘m&mkgg_
Lemma. (9] If positive elements Ew(w)s Eaale), § = 1 satisfy the conditions (6),
thmt!utolia‘instqmﬁtbholdtmfﬂ'ihelﬂ" l'\-‘:.valionwoob;ecum,d
by Markov chains:

Eunnn(® = Eun () + Eysnlen) b#El R#Eh (8.0)

El:.i:‘h.h(‘) - Ex.mlﬁl- ki # b kyey=ly-iv 1= LA (8.5) :

Proof. TbepmofoltheLanmisbuadoﬂtheMtqunntim !
ﬂif.:;',&,.h("x} = ﬂi‘:m(»’f hi:;hlr.’f). h#h k#h ©a)

off mana(®) = afia (P 1 - of (A0 WEL b= ly-is =12 (9B) 1
Now let us consider the case of two Markov chains and 3 hypotheses concerning each of |

F‘:K knowing mlﬁ in which set of test the clements Emp_l. E;.m_,, EJJISJ- ‘BM'IH of
the tests for two objects can be positive we divide set of tests & = (¢, ) into following

classes:

0B (0= (1,92) : Emim(@) >Om =12, i=1,3},

B 2 {® = (¢1,2) : one, or two m’ from [1,2] exist such that Fome(s) = 0 for one
values of i, but Emtime(5) > 0.i # j, and for other m < 3, Bmim(#i) >0, 4,5 = 1.3},

¢ 2 (@ = (12) : oneor two m' from [1,2] exist such that Epjme(ws) = 0, and for

other m < 3, Emm(@) >0, i= T2k
In other words we divide set of tests into classes taking in consideration zero values of

elements of reliability matrix of one Markov chain, because if there are one zero element
in reliability matrix (of a Markov chain), then the corresponding clement of the reliability
matrix of two Markov chains equals to zero too.

Let us define the following family of sets for given positive clements Fyyan, Fraps,
Ezs32 Eazas to determine LAO test o

R2{Qo P: D(Qo PlIQo P) € Eips, 3 : DQI@) < o},
R2{Q e P: D(Qe PlIQo P) < Eyya, 3Qi : D(QIQ@) < oo}, p
RI2{Qo P: D(Qo PlQo P) £ Fagaa, 3Q2: D(QIIQs) < ],
RA(Qo P D(Qo PliQ o P < Bazpa, 3Qa: D(QNIQ) < <},
RE{Qo P: D(Qo PIQo P) > Fiyay, DQe PlQo Pa) > Eazaahy
K2{Qe P: DQo PYIQo P) > Eyina, D(Qo PliQo Pa) > Exzaal
The optimal values of the reliabilitics of the LAQ test sequence will be the following:

Fiaaa(Bram) v, By a(Bran )2 Er s, (10.a.1)



E. Haroutunian, N. Grigoryan 93

Ei332Bazsa)2Bazss,  Eins(Eazas)2Eamms, (10.0.2)
E;:,,,.,.,,.,(&';émggn'n(qo PlQoR), L#ky liy=ksy, =12 (104)
B oty 1 (® VB ot 1 (B°) + B s 1 (8°), k=L, i=12 (100
Eimlt..tuf*')gm i B a1 (®)- (10.d)

Theorem 2.  Assume that all distributions B, | = T.3 are different and absolutely
continuous relative to each other: 0 < D(Q; ¢ P||@y 0 Pe) < oc, L £k, k = T3, if positive
elements By yi51, Bian s, Ezzpaa, Eaaas are given and the following inequalities hold

B < mjn[lalD(Q, o Byj|@s ¢ Py), 33’19(02 o B||@z0 )], (11.a)
Eiips < minfipfD(Qs o Py||Qs 0 P1),ipfD(Qa 0 Py||Q2 0 Py)], (11.5)
Eaaa3 < min[EZ g, infD(Qs o F3]|Qs o Fy)], (11.c)
B 332 < min|Eg 5 5, infD(Qs © Ps||Qs o Fy)), (11.d)

then

a) there exists a LAO test sequence ®* € A, the reliability matrix of which E(®") is
defined in (10) and all elements of it are positive,

b) when even one of the inequalities (11) is violated, then there exists at least one element
of the matrix E(®*) equal to 0,

c) the reliability matrix E(®) of the tests ®* from the families B and C necessarily
contains elements equal to zero,

Proof. a) Inequalities presented bellow have been obtained from (6) using (7)

Eiyy < min(ipfD(Qs o Fyl|Qs o P1), ipfD(Qs 0 Byf|Qz 0 P)), (12.0)
By < minlipfD(Qs 0 Pi|Qs o P1),i3D(Qa o Fyl|Qy 0 1), (12.)
Ejys < min[ B, infD(Qs o Fyl|Qs o 7)) (12.)
Ejjs < minlEff, infD(Qs o Py||Qs o Py)), (12.)

The proofl will be fulfilled for the case (12.c), which is the consequence of the inequality
(11.c). For all other cases the proof should be executed the by same way. Let us consider

a test @ = (py,py), where Eags(®) = Eyapa, Bygay(®) = B 91+ The relevant error
probabilities ayz13(®) and g1 (®) have been obtained based on’zég.b}. According to (2)
and (9) we get that ;

Bya,(9) < B + Jim sup - - log(1 — aga(y), (130

Exana(®) < B + Jim sup — < log(1 - aa(ip)), (1)
where B3 = E,, i = Eg,.
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.is..IDiQ:OP:‘.iQ:ﬂPzii = Ejan, it is easy tosee that E2, < EZ; from
(13) and (1)) Wemust show {using (13) and WQ' ‘I-.‘-,'.,,‘,‘1 < E{D(Q,o}‘,uq',&“
that E; < 'EIDLQ,n BliQs= P2 In this case the ll.llqnlllt)' (12.c) will be pnn“l ‘

Let us assume now that min{EZ 210 E‘Dlehanaoﬁ]l = EU?Q;OP,“Q,Q By). First |
of all we shall prove that EL< lgD{Qae RiliQs o Fa) ummw E_u»_u -}wm i
condition (11.¢). Assume that the opposite statement is true: B35 > l,g,thQ;e RIQso Py,
In th'pcasemingus.b} and (11.¢) we can derive: ‘
w log(l —azp(EY) € B3y Jim sups log(1 —aza(y?) <
ig{D(Qs o Fsl|Qs e Pa)-

94 (o Refiabiiity

When M:F 1331

i‘r}a’IDtQ;aPsl‘QwP:!-'e&ligwp—

Here we have come 10 contradiction '

— Jim sup 5 log(1 — az(el) <0
!
the suppasition is not correct. 2
?::‘f:shnll ;’:tht E}; < E‘%‘, as well. From (11.¢) it follows that Ezgins < Eiga '
Using (13) we can obtain Eiy < Efj-In this case (12.¢) also holds. y
It follows from (7) and (12) that conditions (6) of Theorem 1 hold for both objects.
According to Theorem 1 there is LAO sequence of tests @, " for the each object. The
clements of the matrices E(y}) and E(y3) are determined in (5). The test &* = (p],93)
has been taken as a test for this model and it is shown that it is LAO. The elements of the
matrix £{®*) are determined in (10).
Applying Lemma we can deduce that
matrices E(}) and E(p}) as in (8).
Thus we obtain that

|
Buns = Ea Evags = Bl Baana = B Fazpa = E}s. |

When (11) takes place according to (85), (5), (7) and (14) we obtain the elements
Bty ssiia(9)s b # Ko lai = Ks-is i = 1.2, of the matrix E(®*) determined by relations
(10.5). From (8.a) and {10.b) we obtain (10.¢). The equality in (10.d) is the particular
of (3). Some elements in the matrix E($*) must be equal to 0 when one of the inequalit
(11) is violated ( this is consequence of (9) and (10.5)). .

B Now let us show that the compound test for two objects is LAO which is optimal,
Suppose that for given Eygpa, Evipas Fazaa. Ea g there exists a test &/ = (91 2) wit
matrix E(®/) such that it has at least one clement exceeding the respective element of 1
matrix £(®"). It is contradiction to the fact that LAO tests ¢}, @3 have been used for t
objects x! and x*. i

Remark 2. When the type Qo P of vector X = (0, 21 T2y ey ) Of observed states
of simple homogeneous stationary Markov chain, for some N = 0,1,2,... , is not uhmlut:-u
continuous relative to one of the probabilities, for example, Q2 © P, that is 1

the reliability matrix E(®*) can be obtained from

D(Qo Pl|Qae Py) = o0,
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. then naturally test " doesn't accept second hypothesis, and for such test
aglf’ﬂHJ = &gz(wj = ﬁgafi’”} =0,
and the reliability matrix E(®) of the sequence ® of tests will be the following:

(Em Eyp, Eua)
E=] oo o0 oo |.
By Byp By

In the same way we can consider the situation for pairs of Markov chains.

4  On LAO Testing of Many Distributions for Pair of Markov Chains

In this section we formulate generalization of the result of the previous section for the case
of many hypotheses,

Theorem 8.  Let all distributions Q; 0 A, | = T, L, be different and absolutely con-
liniious relative to each other: U < D(Q; ¢ B||Qxo Fi) < oo, I # k. If positive elements
Eu, B, L = 1,L-1 are given and the following inequalities hold

By < minlminD(Qy o PlQs 0 Py),minD(Qi o R|Q; 0 A)],
Erap < minl =2 TfminD(Qy o P1||Qz 0 Py), minD(Qi R|Q: o P,)),
Bz < mjn[xl“;‘fl%f I‘?;p.hl_?l;_lll'zing{Qk oBllQieoB)], 1=2L—7,
By < mlhmra‘l'l:r B s *51.3;:: D(Qko PillQeo R)l, 1=2T-T,

then

a) there exists a LAO test sequence ®* € A, the reliability matrix of which E(®") is
defined ss in to (10) and all elements of it are positive,

b) when even one of the inequalities (11), written for multiple hypotheses is violated,
then there exists at least one element of the matrix F(®") equal to 0,

c) for given positive numbers Ejyy, Eypr, 1=T,L =1, the reliability matrix E(®)
of the tests ® from the class B necessarily contains elements equal to zero.

The proof of this theorem is similar to the case of three hypotheses, so we will not present
it.
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