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Abstract

Tlu-u‘mmol'npnniumohh:mmmohhe vertices of two forests into two
subsets, when difference of their capacities in the neighbourhood of each vertex of each
zhwed.mdanmple. which shows that improvement
of the specified constant s impassible is brought.

In this paper we continue researches started in [1, 2] devoted to locally-balanced partiti
of a graph. We consider undirected graphs and multigraphs without loops. The set of
vertices of the multigraph G is denoted by V(G), and the set of edges of G-by E(G), and
the maximum degree of the vertices of G-by A(G). The eccentricity of a vertex v € V(G)
is denoted by exg(v). Non-defined concepts can be found in [3]. For v € V(G) we shall

€ B(G)} and ne(v) = {e € E(G)/v incident to e).

define sets g(v) = {w € V(G)/(w, v)
A function f: M — {0,1} is called 2-partition of a finite set M. If f is a 2-partition of
finite set M, then for YAfy € M we define the number by (Mp) as follows:

by(Mp) = ||{m € Mo/f(m) = 1}| = |{m € Mo/ f(m) = O}|I.

Let Gyand G2 are undirected graphs without loops with V(Gy) = V/(Ga) = V. The
partition J of the set V' is called simultaneous k-locally-balanced (k € Z,k > 0) 2-partition

of the graphs Gyand G il:

E
Eﬁ T&*b!hc.(“n = k. . E

Let D be a tree, and let v (D) € V(D) be an arbitrarily chosen vertex, TFor i =
U.1....exp(v(12)) we define a subset 5; € V(L) as lollows: '

+
5. = {w € V(G)/p(w,11(G)) = i}. i
i
2

For i = 1,2, ....exp(ty (D)) and u € S;-; let's define Si(u) = {w € 8/(w,u) € E(D
We define a family of subsets X (D) of the set V(D) “'H follmss: /(w,u) € E(D)}.

X(D) = {Si(w)/1 < i € exp(vr(D)), u € Si-y, Si(u) # 0} U{So}-
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. In the further we shall assume, that the consideration of any tree D automatically implies
the choice of the vertex v, (D).
Let G is a forest, and Dy, Dy, ..., D yc; are its connected components. Define 2 family of
subsets X (G} of the set V(G) as follows:

X(G) = :‘Q’xw‘).

Let Giand G; are two forests with V(G,) = V(G3) = V. Define a bipartite multigraph
H(Gy, Ga) = (Vi(H(Gh, Ga)), Va(H(G), Gr)), E(H(Gs, Gy))) as follows:

“’I{chlv G’)) - X{GI}I

Va(H(G),Gy)) = X(G)),

E(H(6,,Gy)) = 'EV{(& w)o/u € Vi(H(G), G3)),w € Vi(H(G1,Ga)),v € unw),

where E(H(G;,G3)) is understood as multiset containing different elements like
(u,w),,and (u,w),, with v; # v; in a case lunw|>1.
It is not hard to see that for Yv € V

{(w,w)/u € Vi(H(G:, Ga)),w € Vi(H(G1, Ga)),v € unw] = 1.

Taking into account that Gyand Gy are forests we can conclude from the construc-
tion of the multigraph H(G},C3) that there exists a one-to-one correspondence € : V —
E(H(Gy,G)). '

From the results of [4] it follows that there exists a 2-partition p of the set E(H(G,.G3)),
at which for Yv € Vi(H(C, C,)) U Va(H(G,, Gy))

bo(nue,64)(v)) < 1.

Theorem: If Gyand G; are forests with V(Gy) = V(G,) = V, then there exists a
simultaneous 2-locally-balanced 2-partition of Gyand Gj.

Proof: Define a 2-partition £ of the set V as follows: for Vv € V F(v) = p(e(v)).
We shall be convinced that F is a simultaneous 2-locally-balanced 2-partition of the forests
Gyand Gy. From the construction of the sets X (G)) and X(G,) it follows that for Vv € V
dA(v) € X(G1) and 3B(v) € X(Cy) such that |yg, (v)\A(v)| < 1 and |yc,(v)\B(v)| < 1.
Therefore it follows that br(yg,(v)) < be(A(v)) +1 = b,({e € E(H (G1,Gy)) /€7 (e) €
AW)}) +1= by(nm,e5)(v)) + 1 < 2. Similarly, br(1,(v)) < 2.

Theorem is proved.

In the end we bring an example, which explains that not for arbitrary two forests G,and
Gy with V(G)) = V(G3) = V there exists a 2-partition f of theset V, which is a simultaneous
k-locally-balanced 2-partition of the forests Gyand G, for k < 1.

Example: Define trees G and G as [ollows:

Gy = ({1’1."2.1'3, Uy, “&}l {("‘11 W)l {'“3:”3): (“r”i)t (""l”i}})!

Gz = ({v1,v2,v3, v4, 05}, {(v1,v5), (vs, v4g), (s, v3), (va, 11)}).
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; exists a 2 ition ,f of the set {lﬁ.l‘;,t‘_‘,t“_ps}. which is a
enmﬁ;:ﬂ n:‘ M, -~ wu rees Giand Gy for & < 1 Without
restriction of a generality we can suppose, that f(vy) = 0. From g, () = {#,vs} and
“, (va) = {v3, vs} we can conclude that f{w) = 1 and flvs) = 0. Hence, from ."(.:’(‘3} -
o u} and 2y(0n) = {va,vu]: we can conclude 7(e0) = 1 and f(ex) = 1. But it means |

that byl (v)) = 2, which contradicts the property of /.
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Ququplbph hwdpGyling puqinmpymGatpmy tipynt wimwnGbph
dhwdwdwiwlju 2-1nl11.u1-hunlmumpml;zm[mb 2-npnhdwl Swuhl

2. 9. Pwiwiywd L 0. - Lwiiwywb
Wiithmpnud

‘Ul.l{u.lgnlgllmb L, np gququplbph huniplylnng  pogmpymtbp mfihgnn  hplm
mmnwnﬁ!:ptl huwp gnympym@ mh Gpulg ququpltph puqinpul w jGughuh npnhood
tphnt  hGpwpwadmpmGGph, npp nhwypnul  jmpupwyng wlmwnp  mpupwulymp
quiquph zpowluypnud wyn Lplnt bipwpwqinipymGitph nwpptiph pwwyGtph nwppbs
poepynilp gh ghpuquibgnud 2-p, L wyn huunwnmGp finppuglty hGwpugop pk:



