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Abstract

The problem of hypotheses testing for a model consisting of two statistically depen-
dent objects is considered. It Is supposed that two probability distributions are known
for the first object and the second object dependent on the first can be distributed
according to one of two glven conditional distributions. The matrix of asymptotical
optimal interdependencies (reliability-reliability functions) of all possible pairs of the
error probability exponents (reliabilities) is studied. The case with two objects which
can't have the same probability distribution from two given was discussed by Ahlswede
and Haroutunian and for three hypotheses by Haroutunian and Yessayan.

1. Problem Statement and Preliminary Results.

In this paper we consider a generalisation of the problem of many hypotheses testing consern-
ing one object [1]. In paper [2] Ahlswede and Haroutunian and in [3] Haroutunian formulated
& number of problems on multiple hypotheses testing and indentification. Haroutunian and
Hakobyan in [4] examined the models of two independent objects with three and in [5] with
M hypotheses. Haroutunian and Yessayan in [6] studied the model of two objects having
different distributions from possible three.

Let X; and X; be random variables taking values in the finite set X. Let P(X) be
the space of all possible distributions on X. There are given two probability distrubutions
(PD) G, = {Gmy(2'), z' € X}, my = 1,2 from P(X). The object characterised by
X can have one of these two distributions and X, can have one of two conditional PDs
Gingm; = {Gmaymy (7%), 2* € X}, my,m; = 1,2 depending on the index m; of the PD of
the object X). Let (x1,Xa) = ((z],21), (z},3), ..(z}, 2%)) be a sequence of results of N
independent observations of the vector (X;, X3). The test, which we denote by ", is a
procedure of making decision on the base of these N observations of both objects. For this
model the vector (X3, X3) can have one of four probability distributions Gy ma(%1. Xa),
i,y = 1,2, where Gp,,my(X1,X3) = Gpm,(X1)Gima/m, (X2). The test & for this model
may be composed by a pair of tests ¢} and ) for the separate objects: &~ = (¥, e¥).
For object X; the non-randomized test o (x;) can be given by division of the sample space
A" on 2 disjoint subsets AY = {x; : wf"(x;} =h}, s = 1,2. The set A} consists of all
veclors x; for which the PD Gy, is adopted. The probability i, () of the erroneous
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It is clear that
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For two objects we study the probability Qi fajemn (@) Of the erroneous acceptance by
sequence of tests @ of the pair of PDs (Giy. Giapiy) provided that the pair (G s Gy
true, where (my,ma) # (b, ha), mi, b = 1,2,i=1,2. The probability to reject a true pair
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The matrix E(D) = { B, 1yim;ma (B), mi, li=1,2, i= 1,2} we call the reliability matrix of
the sequence of tests §. .
Lemma: If the elements E;, . (z) and Eiyjt; omy 3 (2) are positive, then

Eflh]’lx.ﬂg{bj o E‘:hl(ﬁ) +E&Il|.ﬂxm{§°ﬂn my # b, my # Ia, (ll.a;
Bty bajms () = Biyjoms (103), 1 # by, 1y = U, (11.5)
Eiy taims ma (P) = Eiyjty g g (122), 700 = by, 1y # 1, (11.c)
Proof: The following relations hold for error probabilities
“ghham@ﬂt) = aﬁbﬂ: (#)agﬂx.m .m('ﬂf)t m #h,mg # b, (12.a)

nﬂfbfm,m{w} = al',:lvm ('pln)(l W alml;.m,,m(pfnu my # lll m = l?- “25}

af.‘li"l: My (¢N} o {] n a{:'lml {w{")}agﬂummtﬂjt m = Il‘ mg # fz- {120}

Thus, in light of (3) and (6), we obtain (11).

Now we shall reformulate the Theorem from [1] for one object for the case of 2 hypotheses.
It is known from [7]-[9] that the type Q of & vector x is a PD Q= {Qu(z) =
= 4 N(zlx),z € X}, where N(z|x) is the number of repetitions of the symbol z in vector
%, and the following estimates for the set 73'(X) of all vectors of type Q hold

(N +1)"¥ exp{NHo(X)} < |73'(X)| < exp{NHg(X)}.
For entropy Hq(X) and the informational divergence D(QI|G1), I = 1,2 we use the following
notations:
Ho(X) & -2 Q) logQ(a),

a Q(z)
D(QllGy) = ’EZxQ(I) log G

For a given positive number Ejj;(ip,) let us define

Eyn(p}) £ Ex(p), (13.0)

B !
)2, Lol D@ulGa) (13
Ea(93) £ Evs(e}) (13.¢)
Exn(¢}) £ Eqn(p}). (13.d)

The sequence of Lests {g]) is called logarithmically usymptotically opiisl (LAO) if fur given
Eyi(}) it provides maximal values for other elements of the matrix E(3).

Theorem 1: If the distributions Gy and G, are such that 0 < D(G,|G2) < o0, 0 <
D(G3)|Gy) < oo and the following inequality holds

0 < Eyi(w1) < D(G|Gy), (14)
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sequence of tests ¥, the reliability matriz of which E(g3) =
Q}hdefnud:‘nlls)mddldanmuoftﬁidl are positive, -
there exists af least one element of the

a}ﬁlmeris&!c!..‘lﬂ
E;'|. o {-I .lﬂ=l.
: ‘bl}?;ep:}:’qum (16) is violated, then
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We can estimate by the following inequalities
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Qag: D(Qug1Gs 1y 1> Eujty oy 1 2)

Gijm (TQ':,(XD <
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S(N+D™ o
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<N+ exp{~ND(QuIGrn)} <
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< wrp{-qu_,,m_',,G_}:;f,,,m_w,mD(Q-,uc:u..u —on(1)]} <

< exp{—N{Exj, 1.m; (122) — on(1)]}. (17)
where op(1) — 0 with N — oc.
We evaluate by analogy

{; -,
ﬁif:.j.m.nf%'v) =Gl (Bl = Gl
Cng DIQnz |G 1, )S Bty g 1 (22)

Qraquqliﬂm,rsﬁum,.ﬂmG”""( QH( )

<(N+1)H sup _ND(QuIIG 2
Q-.rﬂt%licmllsx,..,,.,,,(,,,m{ (Qusl|Gaymy )}

< exp{-N| [Q'a: D(Q.’HG‘E{ S D(@x,/IGa/m,) = on(1)]}. (18)
Now let us prove the inverse inequality

Té.",(xl) <

< (N+1)¥

aﬁ':,m .3{’09;”} ow Gg'm (Bﬁ’h) = Ggfﬂll ( TQ‘:: (x )) >

Qe DAQe3 [1G 111, VS Bty 1 (22)

> Capmi (T (X)) >
QerD(QeglGoty Y&y 3} 4m (T4, (X))

2 (N +1)# su _ND(@.IC s
) Qex D Qe eBrp ) L D Brall G )}
2 exp{—N|

oD e oy P @allGaim) +on(U]}. (19

According to the definition (6) the reliability Eyy, =, 2(i3) of the test sequence (193) is
the following upper limit: E ~ L log aﬁ‘,l ,my,2(%3"). Teking into account (18), (19) and
the continuity of the functional D(Qx,||G1/,) we obtain that E - nlogafly . 2(#3")
exists and in correspondence with (16b) equals to Ejy, . o. Thus Eqy, m, a(03) = E; a7
From here, in light of (15), we get the reliabilities Egj, my 1(193) = Elj, m. 12 Eatymy2(65) =
2 l'ﬂl.ml.ﬂ'

Thus

. 1 . ,
E""h‘“h"‘l(%] = E- 'ﬁlosagmm,.m(%N) = Ef-’"ldﬂ!.‘l‘!‘ Tnl'!ti =1, 2| 1=1,2.

The proof of the optimality of g3V and of the part b) is similar to the case of one object
with two hypotheses [1].

3. LAO Testing of Two Hypotheses for Two Statistically Dependent Objects
Now the sequence of tests @* is called LAO if for given values of the elements E; ;. (®) and
E 21,1 (®) it provides maximal values for other elements of the matrix E(®°).

Theorem 8: If the distributions Gy and G are different, Gy and Gy are also different,
and for given positive elements gy (®) and Ey11,(®) the following inequalities hold
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E 2:1(®) < DiGzliGinhs Eayna(®) < D(G31IGy) then other elements of matrer are de-
l"b‘l:J as follows:

(@), Eanal(®) = Faana (@),

Eazaa(®”) = Bz
D(QulIG2n).

Ersna(®) = E212a(®) = e-.-ma-.wﬁzszm.m

7 " ") = D{Qx: 1Gs),
Eugll_'\e )= Elmto }" Qwy 'D‘Qﬁﬂ"i:nl{ﬁsll:!.!.‘.' kQ‘ i

Eyy23(®°) = Euna(®) + Evipa(®°), Braza(®7) = Erapa(®") + Eazaa(®°)
Ezna(®”) = Euipna(®”) + Eana(®), Baana(®) = Evana (%) + Exyna(®),
*) = i ®°), mi,li=12, i= 1,2
Em-uiml.m(¢ ) ® J"Ei"ﬂ‘m’ Ey, tsimamal! ), m;
The Lemma and the optimality of tests ¥{ and @3

of independent objects (2.
Corollary: When the objects can accept only
(’kn;.-'m-l.xﬂ.j - Glla(x:)! i my # my and ('.Mz.’-ﬂ|(xz, =0 Hm'.‘ = m. In this case we

obtain that Ge(A;) = 1, mz2 # mi, Is # Iy, my # la. Thus in light of (5) and 'Lemma. we
have the situation equivalent to the case of one object with two hypotheses (1], [2].
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“h6wljwgpnpbl Guhuywy bpym opbljnGph Gyunnsunip
Junplwolbph unmgiwl wuhG

b. U dwpnipmibmi L U O. buwjw
Udthnthnud

Hunwpldud t yhéulwgpnpbl yuwhuw) bpym opyblnGbph Ghuntwdp JwpywaGhph
inquiphpinptill wuhduwmmonphl owwnhiwy unnigiwl IuGnhpp: UnwghG opjblpnp Ywpnn
L puwzlujué |pbp wpjwd  bphn hujulwlwbughi  pwyhunuiGbphg ubyny, hul
bplpnpnp’ uifujwe wawghGh pu » pwd bpine wwpiwGwhw hwwGwhwGw;hG
puwgpunuifibphg dbyny:  MwniGwuhpdl E YwplwaGhph owumphiw] wbununnpiwG
Nliwpnud bplm opybljnGhbph Gyuundwip JuplwdGbph uhnGph hujwGwywbnipyn GGtph
gnighyGbph (hntuwihnipymGGbph) phnfuljuufwonipnbp:



