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Abstract

Comparizon of the efficiency of resolution system and cut-free sequent caleulus
remains an open problem since 1974 (Cook, Reckhow). The problem was solved by A.
Chubaryan for classical propositional logic in 2001. The paper proves that mentioned
two systems for Intuitionistic propositional logic (Minimal propasitional logic) are also
polynomielly equivalent.

Introduction

The interest in the complexity of propositional proofs has arisen, in particular, from two fields
connected with computers: automated theorem proving and computational complexity the-
ory. Information about the proofs complexity is very important for designers of automated
theorem provers. It is well-known that there is some hierarchy of the proof systems un-
der the p-simulation relation, which determines the relative efficiency of proof systems for
Classical Propositional Logic (CPL) [1). However, natural real conclusions have constructive
character in most cases, therefore the investigation of the proofs complexities is important
for systems of Intuitionistic Propositional Logic (IPL) and in some cases also for Minimal
(Johansson’s) Propositional Logic (MPL) (see [2]). In particular, logic programming is based
on intuitionistic logic.

The comparison of the efficiency for mentioned systems is not trivial because of some
essential differences between the classical and nonclassical logics:

a) while the set of classical tautologies is co-NP complete, the set of tautologies being
intuitionistically (minimally) valid, where intuitionistic validity is determined by derivability
in some intuitionistic (minimal) propositional proof calculus, is SPACE-complete;

b) the question as to whether a non-polynomial bound can be proved for propositional
proof systems prominent in many logic textbooks like Frege or Hilbert systems or (equiva-
lently) Gentzen's sequent calculus is still wide open, but in sharp contrast to the classical
case it was shown that the usual textbook systems of intuitionistic propositional logic known
as Gentzens's sequent calculus LI or (equivalently) Frege or Hilbert style systems (without
substitution) have an exponential lower bound for their proof size;

c) the technique for obtaining of the upper and lower bounds of proofs complexities in
CPL is not always applicable in IPL and MPL.
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1 Main notions and notations.

A i mlud?d}'tﬂhpwdﬁmdhﬁuﬂwmmmmadmumﬂ*
::f ;wpxpﬂ?m variables p, g, » & (with index), propositional constant L (false], the.
mrandard set of logical symbols {A,V, = -} (or some other polynomially translatable intg
e The formulae we denote by metasymbols ¢, ¥, . 5, D, K. the set of formulae - by
I, E. 1L The metasymbol & (with index) is used for denoting of proof systems.

A proof system ® consists of a finite set of schematic axioms and finite number of
schematic i rules. The P-“’ﬂ[ in the system @ (®-proof) is a finite sequence of
uch formulas (or their representalions), each being an axiom ol @, or is inferred from earlier
formulas {or their mpmenmions} by one of rules of §.

* The total number of symbols, appearing in a formula ¢, we call size of ¢ and denote by
14 We define £-complexity to be the size of a proof (= the total number of symbols) and
{-complexity to be its length (= the total number of lines). 4

The minimal {-complexity (t-complexity) of a formula ¢ (or its representation) in a proofl
system & we denote by 2 ().

We use generally accepted notion of polynomial simulation [4]. Let ®; and ®; be two
different proof systems.

Definition 1. The system ®; p-£-simulates ®;, if there exists a polynomial p() such,
that for each formula i, provable both in ®; and ®,, we have [:a <p (g:n)

Definition 2.The system &, is p-f-equivalent to system &y, if &, and &, p--simulate
each other.

The notions of p-f-simulation and p-f-equivalence are known as p-simulation or p-
equivalence.

Similarly p-t-simulation and p-t-equivalence are defined for t-complexity.

In this paper we compare under the p-simulation relation two proof systems Rl (RM,)
resolution and £1~me (£M~me) multi-succedent cut-free sequent systems for IPL (MPL).

As the systems RI, (RM,) and £1-me (£M~me) are not well-known, we recall them
according to [5] and [6].
.

The system RI,

The axioms are the sequents

p—p and 1 —p.
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The rules of inference are:
. (pOg—rZp—1

(1)
By
b:wﬁnﬁmhq

P29 EnE =g (>7)

(P:)ii::’!; Zp— 1
Eor

P=qVriIl—>p Eg— s I,r — 5~ o

‘ , o o | B )
=1 '—>p Z— —qI'—>
e e e

(2) :—i' (L), where p* for some propositional variable p can be p or L.

The corresponding system RM,, for M P, is abtained from RI; by drapping the rules (1)
nd (2) 7]

The system LI mc

A sequent ' is an ordered tuple of the form I’ - A, where [, A are finite sets of first-order
tormulae. I' is the antecedent of S, and A is the succedent of S. The sematical meaning of
?:equem Ay '.n...A., F B,..., By, is the same as the semantical meaning of the formula
LA A,) - (¥ B.-)' We write A, A(A,T) instead of {A} U A ({A} UT).

~ The axiom schemata is

T, AF A, A?
Tlt;'”r"f’,ﬂ'b?r&m\'f yLAFATBEA
TFAVB,A TAVBF A
}I'I-A,A I'+B,A 2) ILABFA
I'FAAB,A T,LAABFA
And add the ad-
; IARB ?) LA-BFAATBFA _,
TFA—B,A TLA—-BFA e
Ak W DmAFAA
Ovr—an T £) P A A
o '— A A
nissible rules ———

Structural rule;i such as contraction, weakening, and ezchange are note needed in the
nresented calculi. The generalised axiom rule avoids weakening, the use of sets of sequent
wrmulne avoids ezchange.

'Note that the main difference between £1~mc and traditional cut-free sequent system for IPL is given

vy the fact that traditionnl intuitlonistic sequents are restricted to at most one succedent formula, whereas
I~ me - sequents are not.
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for MPL is obtained from £I~mc by claiming that

correspondi LM~ me
o S Jeft negation rule must be empty (this fact can be

the succedent of the conclusion in the

2 =\ e -
:g:;;'-l" « notions, by use of which it was proved in [8] p-£ -equivalence of the
resolution and cut-free sequent & ,hﬁ.bcbpkd the propositional formula . For

Let {p,Pav---+ P} be the set of ¥ P <
(or.....0n) (0 € (01} 1S I ST < m < n) the conjunct K = {Pi'-.“]'fs’-'---ﬂ?}'t.
(@ Fm e if the assignment of values gy o each py, {15 J S m induces in real
called v-ﬁmm‘:dt ndent of values of the other variables. Disjunctive normal form

i > Vi for &, soree) ; . !
r:jm:;ilnz\,:l:e {‘;:';.ﬁ': ..... K,} is called ¢-determinative d.n.f. fevery Ki (1l Si<s)is

s-determinative and D; =¥ :
18! it was shown :
iln i;;\:-lc:: be constructed -determinative d.nf for some tautology ¢, using the
i m . S
E '3’.‘ }r:)j: mnmbe constructed cut-free sequent proof of ¢ with no mare, than polynomial
increase with reference to size of resolution refutation, using the p-determinative d.n.f.
As the intuitionistic (minimal) alidity is determined only hy l‘l("l‘i\'!lhllil.}' i_n some inty.
jtionistic (minimal) propositional calculus, and 7 is not equivalent to p in IPL (MPL} abg
notion of ¢-determinative d.n.f. is not directly applicable for the systems of IPL (MPL), -
Later we'll describe some algorithm, using of which we can construct the analogy of the

-determinative d.n.f. for IPL (MPL).

2 Main results
91 COMPARISON OF RESOLUTION AND MULTI-SUCCEDENT CUT-FREE SE-

QUENT SYSTEMS FOR IPL

It is necessary to make some comments about the system RI, (RM},). Let v be some formula
and {pi, Pz ---. P} is the set of its distinet variables (later we call this variables the main
variables). Associating a new variable with every non-elementary subformula of p, we can
construct the system of disjuncts by employing some well-known efficient method (see for:
example [5]). The disjuncts of this system can be represented as the following sequents

P=gVr (POQ) T duae T (A)

Let & be the variable, associated with ¢ itself. Mints has shown, that the sequent — & is
proved in 11, from the axioms and from above set (A) of disjuncts, constructed for g, iff th
formula ¢ is derivabled in some system for IPL. Later for every formula  each of disjuncts
of the set (A) is called the additional axiom. The axiom (additional or not) is called t
maim ariom if it contains at least one main varinble.

Recall that there is a well-known notion of positive and negative occurences of subfo J
mulas (or variables) in the formula or in the sequent (see for example [5]). If a variable p
has negative occurence in some subformula, which in its turn has negative occurence in th
formula, we say that the variable p has double negative occurence in this formula. :

It is not difficult to see, that occurence of any variable in axioms (additional or not) or
in inference rules of system, RJ, is either positive, negative or double negative, and sine
J ~ p is not derivable in IPL (MPL), then not only variable or variable with negation,
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l:JIdm variable with double negation must serve as literal for #-determinative conjunction in
PL.

" It is natural that for any variable p not only the literals p and P are contrary, but § and
2§ are also. 1t is not difficult tomthmjustlheommxypairsoﬂitemlsonypep,pand P
» § are subjected to "resolution” by application of inference rules of RI,.

It is necessary to note that any g-determinative conjunct can not include contrary literals.

Algorithm 1 for construction of the analogies of the ¢-determinative d.n.f. for IPI,
% — [-determinative d.n.f.) using the proof in RI,.

Let Wbetheproafof—-a{ml“hatvaﬂablesismiated with formula ) in RI,
fwith the minimal size £. The steps of algorithm are:

4 & We transform the proof W into tree-like proof W= of — g, Let k be the number of
the paths of this tree.

b. For every path i (1 < i < k) between two vertices, one associated with the main
#xiom and another with — s, we construct the conjunct X; as the set of all main variables
aor their negations, or double negations), which have positive (negative or double negative)
sccurrence in the sequents of this path.

The d.ni. D = {Ky, Ky, ..., Ky} (t < k), consisting of all distinct above constructed
st contradictory conjuncts, is ealled -I-determinative for RI;-proof (iz-M-determinative
tor RMj-proof).

Note, that L is no more than the lines, therefore the size of the proof W.

By analogy with the [8] we can prove that d.n.f., which contains all of the above-
sonstructed conjunctions, is p-determinative. :

Algorithm 2 for construction of the proof of sequent I  in £I=me is similar to the
Ligorithm of [8] (see proof of 2) for Theorem 3.1.), but here we must use not only the axioms

i F p for any variable p, butalsot.hemdomspi—p(incasaofomurmceoflitem]ﬁin
»-determinative conjunction).

Every subformula with positive occurence must be constructed in the succedent, with
segative occurence — cither in the antecedent or in the succedent with negation.

In our algorithm we must take into consideration not only positive or negative occurence
\ any subformula in the formula, but also double negative occurence. In latter case the
‘orresponding subformula must be constructed in the antecedent with negation.

By analogy with [8] it is proved that the size of LI~mc - proof of sequent I @ is no more
han c- & for some constant c.

Therefore the following proposition is true.

Theorem 1. The system LI~ me p-£-simulates (p-t-simulates) the system Rl

.2 COMPARISON OF RESOLUTION AND MULTI-SUCCEDENT CUT-FREE SE-
QUENT SYSTEMS FOR MPL

We compare the system RM, and L£I~me. All reasonings for the MPL are the same
s for the IPL, but p-determinative conjunct for MPL (@ — M -determinative conjunct) for
ny variable p can contain one of the "literals” p, p .1 or (p DL) 2L, and therefore in the
orresponding Algorithm 2 we must use the axioms p DL+ p > L also.

So the following proposition is true,

Theorem 2. The system £M~mec p-f-simulates (p-t-simulates) the system RM,.
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ke well-known fact of psimulation in the opposite direction,
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Taking into considerstion t

i -.\l:'::‘tbmﬂ‘m- 1) Rl and £]~-me are p-equivalent.
2) RAM, and [ M~me are p-equivalent.
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