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Abstract
; ttiple hypotheses testing
Ahlswede and Haroutunian formulated new problems on multip
and on identification of hypotheses. The problems of identification u_l' distribution and 1
of distributions ranking for oue object were solved completely. In t!u? paper we study
the problem of identification of distributions for two independent objects.

1 Introduction

In [1], |2] Ahlswede and Haroutunian formulated an ensemble of new problems on multiple
hv;;o'thewu testing for many objects and on identification of hypotheses. Noted problems are
extentions of those investigated in the books (3] and [4]. In papers [5] and 6] the problem
of multiple hypotheses testing for many objects which independgnl.l_\' follow o ane of given
Mi(> 2) probability distributions (PDs) is solved. The pmb_lem is a generalization of those
investigated in [7] for testing of many hypotheses concerning one object. The problems
of identification of distribution and of distributions ranking for one object were solved in
[2] entirely. In this paper we study the problem of identification of distributions for two
independent objects. |

Let us recall main definitions from [5] and [7]. P(X) is the space of all PDs on finite set
X, There are given M PDs Gy, € P(X), m = [,M. The random variable (RV) X taking
values on X follows to one of M PDs Gys, m = T, M. The statistician must accept one of Af
hypotheses H; : G = Gy, | = T, M, on the base of a sequence of results of N observations
of the object X = (L1, 1y Tny - IN), Tn € X, 11 = T, N. The procedure of decision making is
a non-randomized test wy(x), which can be defined by partition of the sample space AN on
A disjoint subsets AY = {x: gx(x) =1}, 1= T, M. The set AY contains all vectors x l'u-]
which the hypothesis H; is adopted. The probability ajjm(x) of the erroncous acceplance
of hypothesis H, provided that Hy, is true, is equal to GN(AY), 1 # m. The probability to
reject H,y,, when it is true, is

Amim(en) £ T apm(@n): (1
i#m

The error probability exponents, called “refiabilities” of the infinite sequence of tests o,
are defined as

Eim(e) 2 i - % G PR M R 1 )
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1§t follows from (1) that
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i IThe matrix E(p) = {Eym(ip)} is the reliability matrix of the sequence y of tests. It was
tistudied in [7).

The sequence of tests " is called logarithmically asymptotically optimal ( LAQ) if for
igiven positive values of M — 1 diagonal elements of the matrix E(y*) maximal values to all
imther elements of it are provided.

Now lel us consider the model with two objects. Let X; and X; be independent RV taking
lewalues in the same finite set X with one of M PDs, they ere characteristics of corresponding
bindependent objects. The random vector (X1, X3) assumes values (zh,z2) e X x x.

*  Let (x1,%3) = “3;- z?)! veey (::}‘,:3},....(:&, I?V)Jl Z EX, i= T2, n=T1TRN. be a
rsequence of results of N independent observations of the vector (X1, X,). The statistician
tigmust define unknown PDs of the objects on the base of observed data. The selection for each
(dobject must be made from the same known set of hypotheses: Hy, : G = G, m = T},
/e call the procedure of making decision on the base of N pairs of observations the test
idor two objects and denote it by $y. Because of the ohjects independence test @ may be
toronsidered as the pair of the tests ¢}, and 74 for the respective separate objects. We shall
slienote the whole compound test sequence by ®.

Let @y, tyjm, m3 (Px) be the probability of the erroneous acceptance by the test $y of
sikhe hypotheses pair (Hy,, 11},) provided that the pair (Humy, Hppy) is true, where (tny,my) #
b la), mi, i = 1,M, i = 1,2. The probability to reject a true pair of hypotheses (H,, , Hyn,)
‘wy analogy with (1) is the following: -

Oy majmy,ma (PN) £ Z Q; Jyjmy ma (Pv). (4)
(1 J2)#(m: mz)

oZorresponding limits F, Jatmy,mq(®) of the error probability exponents of the sequence of

zeests @, are also called reliabilities:

1 :
Bty lsjmy ma (P) = ;E“Tw_ ﬁlosahhlwu.m(@ﬂ)- my, =T M, i= 1,2, (5)
@8 in (3) it follows from (5) that

Emn.mlmlm(@} = o J:ﬁ#:m} By falmy ma (). (6)

/iVe shall call the test sequence ®* LAO for the model with two objects if for given positive
iralues of certain 2(M ~ 1) elements of the reliability matrix E(®*) the procedure provides
unaximal values for all other elements of it

In the Section 2 we call to mind result of [7], then in Section 3 result from [2] on identifi-
'ation of PD for one object will be formulated and in Section 4 the problem of identification
I PDs for two objects will be solved,

LAO Testing of Hypotheses for One Object

\We remind the results of paper [7] for further use. We need the divergence (Kullback-Leibler
distance) D(Q||G) of PDs @, G € P(X), defined as usual (see [8]):

= Q=)
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For given positive elements Eya. Eatae--
R, 2 {Q: D(QIIG) € Eu}, 1=TM =T,

. Ext-yu—1 we can divide P(X) on M

ML
Ry 2 {Q: DQIIG) > Eu 1=TM—-1}=Px) - H R

and consider the following values:
Ey= u(Elal);"Em- 1=M-1,

Efn = ,Iﬂ{fﬂﬂ g J.E{‘D(Q“G-)o m= Wl m# L 1= I- M= i-

E;ﬂ"‘ = E.;ﬂ!q(Elll """ Eﬂ—ll"—l) e H’ D(Q“Gﬂ)t m=1, Iu - I.

Eipe = EypaelBajps - +Exi-appe1) 2 ,_%Efw-

The main result of paper [7] is:
Theorem 1: If the distributions Gm, m = T M, are different, that is all elements of the
matrix {D(G:HG...)}. are strictly positive, then two mt.em?nts hold. y

a) when the given numbers Ey, Exa, ... , Exg-1ja—1 satisfy conditions

0< Eyp < l;mir%D(Glen}, (9.a)

<< g, P, - 0

then there exists a LAO sequence of tests ¢*, the reliability matrix of which E(¢*) = {Ej
is defined in (8) and all elements of it are strictly positive;

b) even if one of conditions (9) is violated, then the reliability matrix of any such test
includes at least one element equal to zero (that is the corresponding error probability does

not tend to zero exponentially).

Corollary 1[5): If in contradiction to conditions (9) one or several element £,
m € [1, M — 1], of the reliability matrix are equal to zero, then the elements of the matrix
determined in functions of this Enjm will be given as in the case of Stain's lemma (8]

Eri(Emim) = D(Gu|IG1), 1= LM, l#m,

and the remaining elements of the matrix E(*) are defined by Eiy > 0,1 # m, [ = TLM=T,
as follows from Theorem1:

Ein = g ol <z, P(QUIGH),

Bl = inf 5
Mk @ D(QUG)> By =TT DQIIGx)
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[dentification of the Probability Distribution of an Object

“ilirst it is necessary to formulate our meaning of the identification problem for one object,
ifthich was considered and solved in [1] and [2]. We have one object, and there are known
- M > 2 possible PDs. -

~ What is the identification? It is the answer to the question whether r-th distribution
“secured, or not, as in the testing problem, must this answer be given on the base of a sample
o and a test g (x).

There are two error probabilities for each r € [1, M] : the probability pgirimer (Pn) to
wccept | different from r, when r is in reality, and the probability Crimy-(px) that r is
wreepted, when it is not correct.

s The probability o4im-r (o) is already known, it coincides with the probability . (gx)
drhich is equal to t_:%r oy (1w). The corresponding reliability Eitrim=r(p) is equal to E,.. ()
frhich satisfies the equality (3).

And what is the reliability approach to identification? It is necessary to determine the
igptimal dependence of Ej_,,. . upon given B, _ = +ir» Which can be assigned value
Iatislying conditions (9).

The result from paper [2] is:

Theorem 2: In the case of distinct PDs Gy, Gy, ..., G, for a given sample x we define
s type @, and when Q@ € R we accept the hypothesis r. Under condition that the
sirobabilities of all M hypotheses are positive the reliability of such test Eierimer for given
{Agrim=r = Ly}, is the following:

Eterimpr(Err) = mig M(qﬁg{,s&er(Qlle}. r€[1,M]

Identification of the Probability Distributions of Two Independent Ob-
jects.
We begin by main results from [6] for two independent objects and M hypotheses testing
toncerning each of them.

wemma: If elements Eym('), m, 1 =T, M, i = 1,2, are strictly positive, then the following
rqualities hold for @ = (¢!, ¢?):

2
By tajy ma () = §E:.:m{w’h if my#AlL, my#l, (10.0)
Bt falms ma (®) = Eyjm (¢'), i mai =lat, mi# by, i=1,2. (10.5)

The LAO test ®* is the compound test consisting of the pair of LAO tests ¢*! and "2
or respective separate objects, and for it the equalities (10.a) and (10.b) take place. The
llatistician have to answer the question whether the pair of distributions (1, 12) occurred or
iot. Lel us consider two types of error probabilities for each pair (ry,r2), ry,m2 € [1, M]. We
@n0Le bY Of 1) 4(ry re){(m1,ma)=(r1,ra) the Probability, that pair (ry, r5) is true, but it is rejected.
lote that this pmbability is equal to aﬂn"’lﬂnﬂ f@n}. Let Q‘NI]JQ)EII':,I")l(m:.IN:#(ﬁ ) be the

¢ 2

wobability that (ry,r5) is accepted, when it is not correct. The corresponding reliabilities

e B ay(esradlim may=(erirs) = Bryialriira 809 Bt faym(r rg)|(my ma)é(ry,ra): OUr aim s to
letermine the dependence of B, Jy)=(ry,ra))(mima)(ry rz) O0 EiVED By, poiry ().
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Nows let us suppose that hypotheses
2 ..0':"1? and consider the probability,

Pr((my ma) # (i), (ho1a) = (muvs))
aff iminralimemainin) = Pr{(my, ma) # (F,72))

Ga, ..., Gy have a priori positive probabilities
which we are interested:

ﬂc-..-amuml’rt{m yma))

Pr{my, ma)

(g )y ma b (r1rs)

(o mz)grrra)
Consequently, we obtain that
Evy eximymae ¥ (1 :

Egy s5i=ir r i malw{rnrs) = Cm.mlllﬁ!'-nh]i(ﬂ."ﬂ

For every LAO tests * from (6), (10) and (11) we obtain that
(B i (Brie): B (Erie) {12}1

E! . (Enin) EIl_ (B ) are determined by (8) for, correspondingly, the first and
e e ecte. For every LAQ test " from (6) and (10) we deduce that ,

B = 0i0 (E.-.q.. B ) (nh‘%h)' (lal.:

myEr My

Eit, hay=lr ralimyma)i{nnrs) = m,ﬁmm

satisfy the following conditions (see Theorem 1, condition (9)):

and each of E},, Etiry

0< By, <min |, pin Fiu(Bl).,_min DIGICH)]. (a)
0< Erjp, < min [,_g;a_,ﬁamwﬂ ), min D(G.uc.,)] : (148)

From (8.b) we see that the clements Epn(EQ), 1= Tr=T and Ej(Elf), t =
.72 -1 are detmmned only by Ef, and EJf. But we are considering only elements Ef
and EIl, . We can use Corollary landnppa'uumm (14.0) and (14.b) as follows: '

0< Ery, < min [;.T% D(GnlIGi),_min D(GHl|Gn )] ' (15.0)
0< E,f,‘ < min [ min D(G|IG). -—hD(Gl"Gq}] (15.6)

Let us denute r = max(r;,r3) and k& = min(r;,m). From (13) we h.aw! le, wllen
E.\ nierrs = Bl then Bl < Elf and when By, iy = Efiry, then ElL <
Hence, it can be implied that given strictly positive elemen Fy, ., r, must meet buth

equalities (15.a) and (15.b), and the combination of these restrictions gives

Ey, rairyry < min [,31‘;_111. D(Grilﬁ':)-hl}f{w D{GI“GIr}] ’ (16) ‘-
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'ﬁ;hing (14) we can determine reliability Ey, 15jatr, r3)i(ms maysirs ra) In function of E,, ... .. as
':lhl]owa:
3 Et; 1oty r2))(ms madsbtes 7a) (En »'!f"j."!) =2

= m,,,“,'i" o [Er:i'-'s(EnannJ- Eu{na(Ersnhn)} ’ (17)

sthere By, im, (Ev, ryiry.ra) 800 Epyjomg (Ery ryjrs ;) 87€ determined by (8.b).

Finally we obtained

Theorem 3: If the distributions G, m = T,M, are different and the
“tiven strictly positive number E,, ... . satisfy condition (16), then the reliability
J"X"'ﬁih}’rﬂ n)ll’m.ﬂ[ﬁh‘(ﬂ-") is d&ﬁl‘l&i in “7}.
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Gpym wiywfu opjtlnlliph pwyfunuiGhph GnyGwlwGugtwb dwuhG
G. U. dwpmpymub L ®. U dwynpjwi
Udthmhnul

Upnfinhl L dwpmpymGyubp imdby b6 Jupywdtbph Goybwlwiugiut fuGnhpp kil
IPILYwh nbujpnud: _

Uyu honguop Glhpjwd b pupjunuiGiph GoyGulwugiul fulnnh jnoduitp tplm
nljwhu opjiymGhphg Gwaqijud dnnbh hudwp:



