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Abstract

In this paper we present Walsh-Hadamard transform (WHT) based on the fast
discrete cosine transform (DCT-2) algorithm. The basic idea of this algorithm is the
following: at first we compute the WHT coefficients, then using so called conversion
matrix we converl Lhese coefficients to the transform domain coefficients.

1 Introduction

The increasing importance of large vectors processing and parallel computing in many scien-
tific and engineering applications requires new ideas for designing super efficient algorithms
of the transforms and their implementations. In the past decade fast orthogonal transforms
have been widely used in areas such as data compression, pattern recognition and image
reconstruction, interpolation, linear filtering, spectral analysis, watermarking, cryptography
and communication systems. The computation of unitary transforms is complicated and
time consuming. However it would not be possible to use the orthogonal transforms in
signal and image processing applications without effective algorithms calculating them.

A class of Hadamard transforms (such as the Hadamard matrices ordered by Walsh and
Paley) plays an imperfect role among these orthogonal transforms. These matrices are known
a5 non-sinusoidal orthogonal transform matrices and have been application in digital signal
processing (1] -[14]. Recently, Hadamard transforms and their variations are widely used in
audio and video processing [2], [4], [12]. For efficient computation of these transforms fast
algorithms were developed [8],(9], (11]. These algorithms require only A log, N addition and
subtraction operations,(N = 2*, N = 12-2*, N = 4* and some others [1},[11], [12]).

Inthepmdwadefastmhogomlmmfmmshavabeenwidelyusedinsuchareasas
data compression, pattern recognition and image reconstruction, interpolation, linear filter-
ing, and spectral analysis. The increasing requirements upon the speed and cost in many
applications have stimulated the development of new fast unitary transforms such as Fourier,
Cosine, Sine, Hartley, Hadamard, Slant, transforms. We can observe the considerable interest
to many applications of the above transforms.

In this paper we present Walsh-Hadamard transform (WHT) based on the fast discrete
cosine transform (DCT-2) algorithm. The basic idea of this algorithm is the following: at first
we compute the WHT coefficients, then using so called conversion matrix we convert these
coefficients to the transform domain coefficients. These algorithms are useful for development
of integer-to-integer discrete orthogonal transform.
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X = Fxzx, Q)
- Y . - § and output column
where = = (T, T2, -« Jzao1) X = (Xoa X3y .. Xx-1) denote the input g
vectors, rwpucli:vl_\. und Fy is an arbitrary discrete orthogonal transform matrix of order
N.
“’emwﬁquﬂi&n{l)inthefaﬂwinghm .

X = Fyz = - FaivHEz, @

whﬂeﬂ.wismﬂadnmudtrandnnnmurlxoforduﬁwf'. _ .
Denote Ay = $FxHy or Fy = AxHx (recall that Hy is a symmetric matrix).

equation (2) takes the form
X= A,\'HNI.

In other words, the Hadamard transform coefficients are computed first, then they are
usedmobuintheooeﬁdmtlofdismaeunm{ormﬂv.misachimﬁby the transform
matrix Ay which is orthonormal and has a block-diagonal structure. We will call Ay a
correction transform. So, any transform can be decomposed into two orthogonal transforms:
a) Hadamard transform, and b) correction transform.

Lemma 2.1 Let the orthogonal transform matrix Fx = Fim has the following representation

= (50 ). ®

where ~ stands for an appropriate permutation, and Bae-1 is a on=1 y 9n=1 the submatriz of

A'P o diag{?"""h.?'"B,H’g, et | Bﬂ"‘"‘”"'l}
=1L @2 2B Hy @ ® By-1 Hyun,

Q)

ie. Ay matriz has a block diagonal structure, here & denotes the direct sum of matrices,

l’mol’l.i ' Clearly this is true for n = 1. Let assume that the equation (4) is walid for
N =2%".5e

Ap-r =2 L @2 ByHy @ - © By~ H, (5)

nndhshw that it takes place for N = 2%, From definition of correction transform matrix Ay
we have
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- n Zf'gn-:ﬁy—: 0
Ap = FuHp = ( 0 2By Hys ) : (8)

Using definitions of Fj-: and Hy-: once more we can rewrite the equation (6) as

e ) e (B 2,

Aps = diag{4Fp—sHps, 4Bau-3Hyi-z, Bys—s Hays }
From equation (5), we conclude
Ap = diag{2*' L, 2B}, ..., Bai-1Hji-2}
]

For example, Hadamard-based discrete transforms of order 16 can be represented as
following (see [15]), where X denotes nonzero elements,

(X0 0 0 0 0 0@ 00 0D D 0 0 0
0 X 070 01000 0" 0 0 0 0 oD 0
0.0 XX 01000 40 0050 D 0 0.0 0
0. 0. X X @ 0.0, 0 0.0 .0 0.0 .0:b 0
09 9.0 X XX X 009 00900 0
0 000X XXX 0000 0 0 0 0
Q. 00 X XEX XD 0 S0k 026 D 0
0000 0 X XX A 000 T 00 0.0 0
00 00 N0 MSET XX XXX XX
00 000 000 XX X XX XX X
0i='0 000 V0 00 DE X X Y ey
LA ol Sl IS T R R il R S S T T
0 0 000D 050X X XXX XX ¥
000 0080 F0sE0N 0Dy X WX ¥ XX X
00000 VIR0 00T X X XX oY X

LA T B[R O TR R R NS A R TR X X X/

3 Fast Cosine Transform Implementation
Let Cy be the (N ® N) transform matrix of DCT-2, that is

k(2n + 1)x N1 g 1
Cx = {amas T}gm‘ where ag = v2/2, a = 1, k # 0.

We can check that Cly is an orthogonal matrix, ie. CyC% = % In. Denote the elements
of DCT-2 matrix (without normalizing coefficients ai) by

wos KO+ 1)

ck|ﬂ= ——W——‘ k.ﬂ:o‘l,..”N"’I-
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One can show, that

N2Z-1
Cikn = Ok N-n-1y Clb+la = ~Cl+LN=a~1 kn=0N2-1

Mmqmtﬂnmmmmmcstmhmmmdﬁ

é,\’)—; f'x,-‘l )
Cnw ( Dy =Dyp )

{7

Hence, according to Lemma 2.1, the matrix Ay = §CyHy has a block diagonal f}lm-
ture. where Hy is a Sylvester-Hadamard matrix of order N. Without losing the generaliza-

tion, we prove it for the cases N' = 4,8, 16.

Case N=4: The discrete cosine transform (DCT) matrix of order 4 has t

we use the notation ¢ = cos§):

s iy Tl
Y (-] g -0 —a
ol U L
a o -a —a
Using the following permutation matrices
B g R gl e N )
o1 o _loro00
Pi=lg 1y 00| P#=loo0o01
0001 0010
we obtain
Yo | TS | Vi
tePCh=|2-2 a-al (G G)
1mRCAR=| gy q -a -a D, -D;
a a —-a -q

Therefore, the correction matrix in this case takes the form

R e 0
125 s 0 2c 0 0
A= jdiag{2CaH 2D e} = | o Gyt o) 2 e

0 0 2ea+a) —2c-—-c)

he form (here

Case N=8: The discrete cosine transform (DCT) matrix of order 8 has the form (here we

o the notation
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Using above given matrices we obtain the block representation for DCT matrix of order

1
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Therefore, Lhe correction malrix can take the following block diagonal form:

S
_'Bﬂ ]
_D‘
s ¢ o5
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G —0 G o
=& -6 o

G & &
B, -B; B,
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(=]

=fﬂhﬁ==(
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wiere
m=q+at+are. O=a-G-&ToM
Gg=O+0—G—0n y=aq—Ggra—on
h=g-a+atoa bhb=a+a-at
h=a+a+ta-a bk=a-g-a-o
=+ G r=c- ¢
Case N=16: Denote ry = cos§]. Then the Cosine transform matrix of order 16 is given
m-lmc,.nvumemthmn:smﬁmd-n:=-ma§'i s
Ay shba I T T RO R N TR L e, IO VIO Tk
A A T T T e TR i M Milat-
S e I e IR T IR TR S (-
3 1] 15 =11 =5 =1 =7 =13 13 T 1§ 5 n -1s -0 =
i M S LT SR e T T i e R T T - S
M T e e R ST T e S TR S IR T - T T G -
§ -4 -2 -l 10 3 M4 -8 -8 W 2 10 = =21 -4 .
Couss [ Y/ =17 =2 18870 10 =B P ok o=l =l =) 3 n -
18 3 -8 -0 & A -5 -2 8 & -0 -8 E &5 -85 -3 8
9 -5 -13 1 =18 =3 1 T =T -1 3 B -1 n 5§ -9
o =32 12 6 -6 =14 2 =10 =10 2 -4 -8 é 4 -2 w
4] -1 ] 13 -3 7T B =5 5 =15 =7 3 -1 -8 1 i
1 -4 ¢ -2 -12 4 =4 12 1 =4 4 =12 -12 ¢ -4 12
L S - S T ) I T R R R T L
k 4 =10 6 '3 2 - W -4 -4 W -8 2 -2 6 -0 W
s L e S-S i (R - -yl AT T

From this matrix we can generate new equivalent matrix by the following operations:

a) Rewrite the rows of the matrix Cyq in the following order: 0, 2, 4, 6, 8, 10, 14, 1, 3, 5,
7.9, 11, 13, 15;

b) Rewrite the first 8 rows of the new matrix as: 0, 2,4, 6, 1, 3, 5, T;

¢) Reorder the columns of this matrix as follows: 0, 1, 3, 2, 4,5, 7, 6, 8, 9, 11, 10, 12, 13,
15, 4.

Finally, the discrete cosine transform (DCT) matrix of order 16 can be represented by
the equivalent block matrix as:

&G &6 G G G G G (63
Ay —Ay Ay Ay Az —Ay Ay =4y
By Bia =By -Bia B,y By -By -Bg
Cis = By, Bia ~By, =Bia By Bya ~By -Byn (8)
Byy Bya By Bya =By =By =By —DBaa |’
By Bia By Bys =By -Bia -Biy -DBaa
Bsy Bsa Byy  Bsa —Bgy —Bsa —Bsa —Bsjs
Bsy Bsa Bga Bos ~Bey =Bsa =Bsa —Bsa

Ol T =)

where
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2 8 = UTE ATin oy E
Bl"(rs —ru)' Bia (—ﬂo -—ﬂ)' B"i_(r:: __,.::). 33.2=(_: r’_:)
T3 o rroTg
Bu-=(,,,,). B""(-—mm)‘ Bs.s—(_g :‘_:).Bu=(_::: _f:)
TS Tis - - -r
2s(n ) 2e=(R3R) me=(2 1) mee(2 ),
[ o-ms [ n -ma =
B‘.;ﬁ(r” _rl)! Bﬁ.’ (-na -rh)! Bu=(_.::-: ::)r BQ.&:(‘_:: ::;).
ny -1y =f=m n mor -
Bﬂ'l"'(m —f:a)' Bea (—1‘! fn)' B“z(f; —:': : BM:(—::: ::)
Now the matrix (8) can be presented as
& &G & & 6 6 6 &
Cis = Ay —A3 A —-A; Az —-A Ay —A;
Dy =Dy Dy =Dy |
Dy —Dg
where BBl B B
31 D33 B3g Bsy
By Bm) By, By, By, B
D — ¥ -, - 4,1 '4,2 44 4,3
! (32.1 Bya Ds Bsy Bsa Bss By ©)
Byy Bsz Bgy Bys
Now, according to Lemma 2.1, we have
L=
A= ﬁdmg{wzﬂz; 842Hy; 4D, Hy; 2Dg Hg). (10)
Introduce the notations:
fi=n2+ru, @=retrT, bL=rp—ry, b2 =16 — 1y,
M =riths G=rtrs  a=rs+ry, a=rr+r,
by=ri—r5 ba=rs—rg  b=rs—ry, bi=r7—ry.
Using the equation (9) and the above given notations, we find
A 2 0 Ta+Tia Ty—r
: o = E 4 12 Ty 12
‘5t (0 2"5)’ DyH, ('-hc-i-fn r¢+m)'
:;:1 dig  dis  dyy (11)
Doy = 1 by dys  dy :
e iy dyy —dyy —dy,

—diq —dig dya dy,
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where
dix
dzs

Mm&m*ww

=q+q da=@G-
=—q+1t diz=q +i2

dig=t +l
du-'|+ﬁ-

The elements of matrix DgHx can be calculated as

H.l =¢1+°’+‘l+¢‘|
P‘Jzﬂ"i'ﬂ:-ﬁ’-ﬂc.
Hl‘h"‘h"’h"‘hv
Pr=h+b-b-b

Pu=-bh+h=b—as
Piy=by+by—b +a
Ps=ai+a+a+h,
Pz =—oy+o3+as—b

Pu llﬂt—ﬂg-i'ﬂa—b-l-
P;,aﬂ;*ﬂj-&dg-kh.
&5'—’01"53"'53"4‘!
Pr=-bh+h+h+a

Pu = —ﬂ;-—b:*-b‘-
Pis = —ay — ay + by + by,
Pis=—b+by—ay tay
},"l.?=b'l + by +ag +ay,

Psy=Pis,  Pa=Faz
Pss=—Pus, Pss=—Pua
Poa=—Psp. Pea=—Paz,
Pgs=Pss, Pos=Faa,
PT.I = P"l Ff.ﬂ - &'.‘n
Ff.l = _ﬁ.‘l P?.l . _&30
Pyy=—=Ps, Poa=—-P;,
'ﬁ.& b Pl,lt R.‘ - Pl.:n

Pia=ay—ay—az+a.
Pa=a—ax+ay— oy
H‘-h-h—b}l“‘b‘-
&.:h—bg+h—h‘

Py = =b +by+ by +as
Pig=—ay+e3—ay+ by,
Pis=ay+03—ai—by,

P3_1=—ﬂ:-¢:*ﬂa'+bl-
Pig= —ay + 02+ ay — by,
Pig=b — b+ b5 +as
Py = by + by + by — ay,

Pia=a0)+ a3+ b+ by,
P;,a=-d|.+ﬁa"b)+b-u
Pyg= —=by — by +az +as,
Pig=b —by—a3+a,

Therefor, the matrix P = DgHj Is given by

R; PRy Rz Ra
Py Pa Py Pug
Py, P3 BRa Py
Pia Pig Py “Par - Paa
Ps Pz Pis Pis —Pua

Poo Paa Py

—Pas —Py;

Pis Py B Py —Py
-Pgs =P Py Pa Pa Py

‘Pl.l -Pia

&! . Pl\.ll PB.4 o Pl.h
Pyz =P, Pyg=—Fu,
Psa=—PFag, Poa=-Fan
Poz=Fsa, Py = Par,
Pa=Pg  Pa=Py,
Piz=—-Pa, Prs=-Pay,
Pu = -Pu. Pu = "Pl,a.
Pl.?= PI.:" PM"-' Pl.l-
Az 'Rs Rx DPa
Py Psg Pz P
By PRs Pa Py

=Pia =Py =Py,
Py By Pa Py Py
~Py3 =P =Py

d‘.. = -t
daa = -fy *+ ¢

(12)
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Now we want Lo show that the Cosine transform can be done via fast algorithm. Denote
y = Hez Then z = Aygy. Using equation (10) we find

sl (3 (2) ) a2
From (11) and (12), we obtain (here s = /3) » Vs

Iy = 2“1 z = 8,

2z =r14(ya + 1s) + r12(yz — 1),

23 = —14(ys — t3) + r1alva + 1),

2= Qs +us) + @l — vs) + ta(ys + 1) + ta(ys — 1),
%5 =~ (vs — vs) + ta(ys + ys) + ta (s — ) + alys + y7).
25 = ~ty(ys — ys) + @(vs + vs) — 01 (ys — y7) — ta(ye + v
zr = ~ti(ya +vs) + ta(ys — vs) + @1 (vo + ¥7) — qale — ).

Now using the following notations

n =Y+ %, N2 = Yo + Y11, N3 = 12 + a3, Ny = Y14 -+ Y15,
M =VYe—Yo, TMa=Yw—Y1, Ma=Yi2— Ya, My = Ve — W,

we obtain

2z = a1(m +ng) + aa(my +ma) + ag(my — my) + ay(ny — ny)
+b1(n3 + 1) + by(ms + my) + by(mg — my) + by (ng — ny),

2 = =bi(my —my) + by(ny +ny) — ag(ny —ny) — by(my + m;)
+a(ms — ma) + aa(ng +n4) + by(ng — ny) + ag(ms + my),

zip = a1 (my +my) — az(ny — ny) + ag(ny +n3) — by(my — my)
=bi(mg +my) = by(ng — ng) + ba(n3 + ny) — ag(ms — my),

z = ay(m —ng) + by(ny + 1) — ag(my + my) — by(my — my)
~bi(ng —n4) + ay(ns +ny) + by(mg + my) — az(my — my),

Z2 = bi(ny —ng) — by(my +my) — ag(my — my) + ay(n, + ng)
+01(ng — ny) — as(my + ma) + by(ma — my) — by(ng +ny),

#z3 = ~bi(my +my) — by(ny — 1) — ba(ny +nz) + ay(my — my)
—a1(mg + my) + aa(ng — ng) + asnig +14) — by(mg — my),

814 = a3y =~ ma) + gy +155) = g (my <+ mg) — by(ny — ny)
+by (s — mg) = ba(ng +ny) — by(ms + ma) — ag(ny — ny),

215 = ~bi(ny +mny) + by(my +mg) — ba(my — my) + by(n; — ng)
+a1(ng + nq) — az(mg + my) + ag(ms — my) — ay(ng — ny).
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Algorithm 3.1 16—point Cosine transform algorithm using Hadamard tronsfor™

Step 1. Input column-vector T = (T, Frynne 3).

Step 2. Perform 16—point Hadamand transform, y = Hiex.

Step 3. Compute the coefficients % i=0,1...,15

Step 4. Perform shift operations (3 bits for 2o..... 35 £ bits for 2y, .-+ 5T and one bit
fDl':g...,.S“.}

Step 5. Output the results of Step 4.
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Udthnthmd

Lnnywond Gbplwywgwd t Nwnpp-2wnuiiwph dLunpnfunipjwl Yhpwntwdp DCT-2
dlwtinfunipjul wpwg wignphpdp: Wgnphpdh hhdGwlwd puwuwnp hbnljwl £ G
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